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HYDEOSTATICS. 


OHAPa?Ell I. 

1. We loarn from common exporienoo that such aub- 
etancQs os air and water aro oharaoterised by the easo with 
which portions of their mass can be removed, and by their 
extreme divisibility. These properties are illustrated by 
various common foots } if, for instance, we consider the ease 
with which fluids can be made to permeate each other, the 
extreme tenuity to which one fluid can be reduced by mixture 
with a large portion of another fluid, the rarefaction of air 
which oan be effected by means of an air-pump, and other facts 
of a similar kind, it is clear that, practically, the divisibility 
of fluid is unlimited ; we And, moreover, that in separating 
portions of fluids from each other, the resistanco offei'ed to 
tho division is very slight, and in general almost inappre- 
ciable. By a generalization from such observations, the 
conception naturally arises of a substance possessing in the 
highest degree these properties, which exist, in a greater or 
less degree, in every fluicl with wliicli we are acquainted, and 
hence we are led to the following 

Vefmiion of a- P&ifeot Fluid, 

2. A perfect Jkiid ia m aggregation of particles which 
yield at once to the slightest effort made to aeparato them f'om 
each o^ier. 

If then an incleflnitsly thin plane be made to divide such 
a fluid in any direction, no resistance will be offered to the 
division, and the pressure exerted by the fluid on the plane 
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B. H. 




2 DEFINITION OF A FLUID 

Will be entiielj normal to it, that is, a poifect fluid 
assumed to have no “viscosity," no piopeity of the natui'O ^ 
iiiction 

The following fundamental piopeity of a fluid is 
fore obtained fiom the above definition 

The pressuAe of a perfect fiwid is always normal to 
surface with which it is in contact. 

As a matter of fact, all fluids do moie oi loss olToi-' 
resistance to separation oi division, but, just as the idoa of ^ 
iigid body IS obtained fiom the obsoivation ot bodies 
uatuie which only change form slightly on the application. 
great foice, so is the idea of a peifocb fluid obtainod fiom 
experiences of substances whicli possess the characteristics 
extremely easy separability and apparently luilimibocl divisi“' 
bihty 

The following definition will include fluids of all dogioos 
of viscosity 

A find is an aggregation of pa/i'tioles which yield to 
slightest efort made to separate them f'om each omei\ if it ho 
OQiitmued long enough 

Hence it follows that, in a viscous fluid at lest, tboio caxt 
be no tangential action, or sheaiing stress, and tboiofoio, nS 
in the case of a perfect fluid, 

The pi essure of a fluid at i est is always normal to 
siurface with which it is in contact 

Thus all propositions m Hydrostatics aio tiuo for all 
fluids whatever be the viscosity 

It is in Hydiodynamics that we aie limited to the consi-* 
deration of perfect fluids 

3. fluids are divided into Liquids and Gases; the former, 
such as water and mercury, aie not sensibly compressible, ex- 
cept under very great pressures ; the latter are easily oom- 
Dressible, and expand freely if permitted to do so 

Hence the former are aometimos called inelastio, and the 
tter elastic fluids 


JWINITKW Ol-’ A n.UIl), 
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4 >. Fliiiila tiro ncUiil upon by tliu forcu of gravity in tbo 
BAino way aH hoHiIh; with roguid Ui Japiids tbiH is ubvioua ; 
ami Lliut air Iioh wciglit cau lai hIiowu dirootly by wuigliing a 
oloHcd voHHol, cxliauHtoil jiH far im moronvor, tno phe- 

lUJinoiwi of Uio li(b'H hIiow that aro Hulijocit to^tlio 

attrautivo foici'H of tin* Him ami imioii tis wall uh df tlio uartli, 
and it ia iu«Hnnmd, fnaii Lhcni) ami ntlior Himilar fiiolH, that 
iluidH of all kiu'lM mo Hiihjoot to Ltio law of gravitation, that 
ifl, that Llio^ atliraot, and aro atl rantod by, all otliur purtioiiH 
of inattor, ni aocordancij with Unit law. 


jlftKWJO'fl of ifie Promu'd of Pluidn. 

5. OoiiBider a nnuw of ihihl at i’u«t nndur tlio antioii of 
any foroon, and lut A Iju tljo nroii of a [>lan(j Hiirfaco uxpusod 
to Ihti uclion of thu llnid, that 1 h, in conbJiul with it, and P 
tho furou which w roipiirod tu oountorhalanou tlio aubiou of tho 
fluid UjKin d. If tho aotinii of thu llnid upon A bo uniform, 

thoD ^ in Uio proHsuro on oaoh unit of Llio aroa A, If the 

prosaiu-o bo nut unirorin, il inusL bu uoiiHidorcid iw varying 
continuously from point U» point of thu lu'ou A, and if «r bo 
tho force on asinali portion a of thu aroa about agivun point, 

then ^ will approxiniiiLoly uxprcttw iho raid of prusauro over a. 

Wheiia is iDtlofluitoly diininiHliod lut^ idtimatGly tbon 

p is doHtied to bo tho monsuni of tho [irosBuro at Uio point 
considurod, p boing Iho foruu which would bo oxortod on an 
unit of area, if tho rate of prcisHuro over tho unit wore uni- 
form and tho same oa at tho point ooiisMcrod. 

Tho foroQ upon any ainall area a about a point, tho 
prosguro aiwIiloU is p, is tlioroforo pxH-y, wlioro y vaniahoa 
ultimatolv in oompai'lwn withpawhoii a (and conaoquontly 
j7a) vauiabea. 

0. Tfut proMuro ai any point of a Jlaid at rent is i/ie mmo 
ifl 9V^ direotio/t, 

Thisia tho moat important of tho oharooterialio proportios 
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of a fluid; it can l)o dodiicod Aom llu> fmitlaiiu'ulul jM^tporty 
of a fluid in tho foHowitJif niamior : 

If ^Y0 consider the cqtinibrhiin nf aunmll Irlinln’diim of 
fluid, wo obaoivo that tlio pii'Hsiiu'H on ih niid l)io int- 
nrossed forco on its innsH, foiin a Hyxloni til I’ljuilibrnling 
forces. 

Tho foimor fojcoa di'jioiiding on llio aions of ilu' fju'ea 
vaiy as tho sqiuuo, and tlu- InlU'i dojii'iMliiig on llio \uliumo 
and doiisity varios as ilio oulio of ono t>f tho odgen of tl»n 
solid, which is considou'd to ho hoinogoncoua, ami ihon^foro 
supposing tho solid iudufiniUdy dimuii«liod, wji'do il totiujifl 
always a similar foun, (lio latlov lou'o vnnisht'M in otmijmriKon 
with tho pioasuros on the fiicoH; am) flio«o nroftsiiroa roin 
aequontly form of thoniHulvoH a systoiu of forcoa in (HjuU 
libium 


Lot j?,/ bo tho lalofl oi'prt'sauro nii tlin fucofl fiOI), 


and rosolvo tho foroos pain 


AD] thou, sinco tho pioiootioiiM of tho 
areas ABO, BOD on a piano poijjondi- 
oular to AJ) tuo tho nanio (uach tspml to 
a supposo), wo have ulUmntoly, 


lul to tlm odi 


or 


pu 

P‘ 


»P6f| 

«p'. 



And similarly it may bosliown that tho proiwuit'sou Um uthor 
two fneos aro each equal to p ur p\ 

As tho totraliodion may liu tnlcoii with it»( fnot's in nuy 
diTootiou, It folloNva that tho jnoSHViro at a ixiint in Urn namo 
in ovory direction. 


taJn from oSry's^jCL** 

Lot P and Q bo two pointn in a fluid at n flniU diataneo 
from each othor; about f^Q aa axis dowibo a eylliidor of 
veiy small radiuMlraw a piano tliroimh Q nofnimdioulftr to 


* Smiule Ann4e, 1887, p, 88. 
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'.flio pro.snui'('3 un ila umlH and on ita curvud Hurfaco, and 
tlio iinprnHwud fovccH wliich nob mwn it, fovni n syKtum of 
balancing forcua. 


Lot p, ])' Iju tlin pruHaui'oH ab Q and 2^, a ilio ai'oa of tho 

sootLon of tliu oylindor, and - 

a' of tho Ruotion thon blio f y^' 

proBHuvo 2 ^'ti on l.hi\ und I\ — y 

rosolvod jiandlL'l thu tixin t»f tlio oyliii<lui', Ih cipial to p'a, 
juul tlioroforo 


jj'a— tlio i mproKROil forco, rcrndvod imndlol to Q2^. 

Now wlmtuvor Im tlio dii’ootion of tlio piano tliron^di P, 
this improHHod foi'co, when tlio nuliiiK of tlio oylindov ih in- 
dannibuly diminiriliod, Ih ullinmtoly cipml to tlio iin})i'UHJjod 
foroG oil tho iwi’tion QP of tlio oylindor cut off by u piano 
through PporpoinUoulai’ to tho axin •, that Ih, to 

fi'q 

0 

whoro inf ia the forcu on a purliulu m of tlio (luid at a clis 
tanco (c from Q. Hoheu 

fpq 

p‘^p-h pflliV, 

■' * 

or^' IB constant for all poailionH i*f tho plium tlirough P. 


* Tho tollowlng oonylilorallonK ninor aomi>loto UiIm pari uf tho jiroof i 
Lot AD, A'P' bo Iho Iwo 

S limMlliroiigii/'i /j/i'lliouiomi I] u' 

ouitlloB uf APA', HPii'] 011(1 

/, /* Iho oocolomnous of Iho '*(•/ ''vn'' 

foMoiwUloliftronolliigonlhoM — 

poclioni of AuiO, 

Tbon lliQ (liiforouoo of Dm fnrooH on QAU nml ilA'lt’ (Iho vc^luinos of 
wUloh nro ociuol) 

»lbo difTorouon of Dio foraoi on Ai'A' iniil HPH' 
m{p‘p-p/),yol,APA’ 

/qf 0 

Tho forooi bolng oonlliiuousi Dio liut Uinn li obviouHlr oTAtioweiil ooin* 
porod wlDi Vho olhor qunnDDoi In tho ogaalloUi AUd j/* li tlioroforo ooiiiln»l< 
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TJliVN8MI8HION OK KhUIU IMIUSURK. 


'Jh'ammisaion of Fluid i'rmmro* 

8. Au}) p'ea&nre, («’ ttddilitmal pr^mii’, upphrd io thr 
surfaoo or io any other varluf a liyiud <d leni, ts tnnisinillcd 
equally to all 2^arla of tm liquid 

This pvopmty (if htpuiln ih tt diu'cl* irmill nf 
and, as(%nch, is HomcInin'H tisHuiiKul ll. !•( Iiowovi't* ilndut'ihln 
from tho dt'nni(.i(m of a fluid. 

Lot P 1k) a pond hi llio Kuifun* of a Ii«|ind at n’!«t, nnd Q 
any otlior point in Llio lupild; ahoiiL lltu Mliaiglil lino PQ 
doHcnbo a o^ylnuUir, of voiy Hiiiall iuiIhih, lininiil«<il hy ih<. 
Buri'aco at P aud by a plant* tlium^h t^^pfipomlu ulai to QP. 

Tf UiQ piosHino at /‘ bo inoioiuo'd by p, iho iidthtional 
force on tho cyliudoi, loaolvod ni tho ilnottum «»r dM uxih, ih 
pa, a being tho area of Iho Hoclion of Iho oylindm porpon- 
dioulav to itH axiK, and thia inimt Im oimnioraclod by mi oipml 
foioo pa at Q in tho dirootion Ql\ Hinoo ibo )iU'wuiro of tho 
li(|iucl on tho cuivcid mnliico ia iimptMulunlar hi tlu' uxift 
Tho proasuro at Q ih thoiofoio iiicronHod by p. 

«■ If tho Btiaight lino PQ do not lio cuLiiidy in Liu* lupnd, 7^ 
and can bo coniu'ctud by a numbi'i of nlmight hm% all 
lying lu tho liquid, and a repotition of tlm abovt* ron-Honing 
wll show that tho pioBsuio p in tmiiHinitlod, unchanged, to 
tho point Q. 

0. In conHoquouca of Ihiu pnqK’rty, a miwiii of liquid rau 
bo iisod «« a 'machino' for Iho purpuno of nmlUplying power. 

Thus, if in a olosocl vohboI full of water two apt»rtufe« bo 
made and pistons A, A' fitted in them, any forco P applied 
to ono piston must bo couuloractod by a forco P' on tho other 
piston, Buoh that P' : P in tho ratio of tho area A‘ s 4, for 
the inoroaaod rato of piosauio at every point of A in trans" 
mittod to Qvty-y point of A \ and tho Ibroo upon A' depends 
thorofovo upon its aioa *. 

Tho notwn botwoou tho two is analogous to the notion of 
a lover, and it is clear that by inoroosing A* and dimiotshing 
A, wo can make tho ratio P^ \ Pm largo as wa plooso. 

' loBtRaflfi oI bItQ prflflUenl ttg« of Uife pfopoHy of 
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]0. Tho proBHuro of a goHooiiH lliiul is fo\iml to dopoml 
upon it.H (loTiHity nml tonipomturo, iia well rw iipon tlio niituvu 
of tho (hiiil itflolf. 

Whou t)io toin]X3i'atnro is confltiuifc, oxporimonl; hIjowb Umt 
tho prosHUi'o vuvioH invornoly us tho spado ocoiipiocl by lilio 
rtuicl, that is, ilirootly tis its doimily. 

This law was flint staUiil by Iloylo, but it is a (ioufftjuonco 
of tho inoi'o guiuiml law that tlio jjrdssui'o <(f a inixtiu'o t)f 
gasoa that do Uf>t act ohoruiiially on t'jidh otliov is tho sum of 
tho proHHuroB tho pvaoH would nxoi't if tluiy IllUid tlio iituitniu- 
ing voBHcd sopamtdly. ilonhUiig tho ipuiulity of gaa in 
tho VQBsol wonhl doiihlo tlio iH'ussni'Oj and a similav jiropov- 
tionato oliango of prussuvo wuiihl take plaoo for any othor 
chango of quantity. 

Hotioo if pbo thodnuHity of a Goi'tain quantity of agafluous 
fluid, and p its proHHuro, Lhon, an long iw tho toinporaturo 
romaiiiB tlio wvmu, 

p » kp, 

whore k \h i\ uoiiRtant, Ui bo doturinlnud uxpdi'hnoubally for 
the huid at a givon toinporaturo, 

If V ho tho volumu of tho gas iit tho pn'sanro p, and v' 
the volume at tho prowmro 7/, 

pu wpV, 

or pv is coiiRlaut for a glvoii toinporaturo. 


11. Tho EloHlic/ily of a fluid is nidiwmod by tho ratio of 
a fltnall inoroano of premsuvo to tho cnhloal roniproflflion pvo- 
dnoed by it. 

If V bo tho volumo, tho Binall ouhioal nompruBsion is 
and tho nioMUi*G of tho olusLloity is 



In tho oaao of a gaapi^ is ooiiBtanb, 
and p-h Oj 

-flp that tho moaauro of tho olostioity Ib equal to that of tho 
pr 680 Uro. 
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]ife<(mroH of Wnijjht, M(m, aud ncmitji 

12 Tho woight,masH, find dcnmiy of a llnid aio int'iminod 
in llio samo way Jia Ibi' hoIkI hodu'H. 

Tf irbo tlio wuiglit of II imwH M of lluM, I lion, m iwoord- 
ftiico v^Lh l/lio uHiuil coMVontions uluoli dolino Iho iinitH of 
mass and forco, \Y^M(j, 

Tf Fbo Uio voliinio of Liio iiiims M of fluid of doninty p, 
thou 

and ]Y 

For tho Htaiidaid Hiihstancu, p 1, and Ihoioforo tlio unit 
of volumo of tho Htaudard Hitbstiinoo in thu unit of iuahh 

L3 Ju tho provioiis iuIu’Ioh no acooimt low hoim talccm 
of flnids in whicli tlio donnily Ih vaiiablo, but it i» onsy to 
ooncoivu tho douHity of a iiuvhh of liipiid viuying ountiiiucumly 
fiom paint to point, and it will bo boicartoi found that a 
mass of olantio iliiul, at rust uudor tho ncLion of gtavily, and 
having a oonHtaiit toinpoiatuu' llnoucdiouf, in nocunnauly 
hotorogouQouK * tlio duiinity at a point of a fluid inunt Mioro'* 
foro bo mooflurocl jn tlio wuno way a« tho pio»Hiuo at a point, 
or any oLliov contiimoiiHly vaiying rjiuuitity 

Koiisui'o of Iho domilp at any point of a holorogenoous Jlaid 

^ Lot m bo tho nm-ss of a volumo v of fluid cncloning agiveii 
point, aud niippoao p tho doimity of ahomogonooim fluid 0 uoh 
that tho inasH of a volumo v in iii[iml to in, or auoh that 

pv\ 

thon p may bo doflnud oh tho moan doimity of tho portion v 
of tho hotoipgonoouH fluid, and tho idtiinatu valuo of p whoii 
V is inclofliiitoly diminishod, Rupnosing it always to onoloao 
tho point, is tlio doimity of tho fluid at tliat point. 

14 To find iho wovh dono in oompr&sdny a gaa. 

Lot V bo tho volumo of a gas at tho nrosimro p, dtt an 
olomout of tho surfaoo of tho voesol oontaming It, and dn an 
olomont of tlio normal to ds drawn inwawlB. 
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Thou tho work duiio iu a ainall uoniprcttaion 
’=>2i^fhdn «=i — jhZu, 

and tluj work done iu oi)iupruM»iuj» fruiii V to V 

( Otlv 


K K 

« ^M(ig y. 


KXA.MX‘LKS. 


(In lliDsn I^xnmiiloH n U tnkun in Im 1)2, whun u fool imtl n hoooikI nvo iinllH.) 


1. Iu u ITydrauUu I'roHH tliu dianiotiu' of LIjo ram i« uiuo 
iuckoH and of thu pluugui' of thu puini) Ih duo inuh ; tliu 
iongchuf iho pumpduvoi' ih tlirou root,iiU(i tiiu dUtauooof bho 
point of ullaciimout of tim pUnigur from tliu rulonim in iiiuo 
moli 08 . If a foi'OQ of L5 Iba. weight hu a]>])]iO{l at blio end of 
tho luvor, fiiul blio fui'cu oxui'tud by tho nvni uf tho proDD. 


2. AJiOD^ w a ruotangulai* aim Hubjuct to tUiiil proHauro ; 
AB ia a HxckI linu, aud tho pi'OMHiu'o uu liio arua 1 h a givou 
function (P) of thu lui^Lh JW (kj); piovu that tho pro«auro 

at any paint of GD in t- , whoro a •» AB. 


If A bo u flxoii point, and AB, AD Oxud in diroolion, and 

d'D 

If AB «■ (0 and A D « i/, tho prowanro iit (I » . 

3. In tho aquation W'^ffpY, if tho unit of fuvoo bo 100 
lbs. weight, tho unit of length 2 foot, mid blio unit of bitno 
^bh of a sQOond, find tho density of wator. 

4. If a mluubo bo tho unit of lima, nud a yard tho unit 
of' apood, and if 16 oubio inolioB uf tho Btandavd substanoo 
Oontaiu 26 oz., dotcruiino tho unit of foroo. 


6. In the oquation, W^k^pV, tho mimhor of aoconds in 
tho, hnit of (imo is equal to iho number of fool lu tho unit of 
longbh, tliQ unit of foroo is 760 lbs. weight, and a oubio foot 
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of Lbo Htmulavcl aubatancu oonlaiim 13500 omiit'H; llntl tho 
unit of timo. 

tl. A volooity of 4* foot iwu' mtoiuI ih tlu* iiiiil of 
volooily; watoi' ih the Kliiiuki<l mul flio unit of 

foiGO iH 125 lbn wdigJitj liiul llio unitH ol Uium miuI lpii>>th. 

7. Tho numhor tlio wiu^hl ol a ciilur hint of 

water ol tliat iIh volumo. idi ol (luit ox- 

pi'OHSinijf Uh niasR, and ol lln* nimilii'i I'xpH-amnjr 
woik dono m lilting it I fool h'lnil iho itnitH nl longUi, 
nmsH, and tiino 

8 Muioury (donmly IJ)'(I) w tho hlamlaul Mnlutiinro, 4. 
incliCH is tho unit of louKlh, and (ho lu’udciahon duo to 
gravity if! donotod by 54; liial Iho unil «>f fmoo in alwoluto 
Inot-pouiul-Bocand unitH. 

9 rr rt foot and h HoooudH ho iho nnilH nf Hparo niid timo, 
and tlio dcuaity of wator tlio Hlaiidnrd doiauiy, Ihid Iho rcda> 
Lion butwoon rt and h Jii oidor that Uio i'i[nahon, \i/pV, 
may givo tiio woight of a HiihRlanoo in poundn 

10. A velocity of 8 fo<*t jior Hoonml ia llio unit i>f voloolty, 
tho unit of accoloiatiou in that of a fidlnig body, ain! tho unit 
of mass 18 a ton j llnd tliu dmiHity of wuior. 

LI, Tho doiiHity at any point of a lujunl, o«»ntauiul in a 
cono having ita unih vortical anil voilox ^l'■wnw«^ls."h^grolvLoT 
than tho doiisity at tho miilacn by n r[unnlilv varying aa tho 
clopth of the* point 8how tliat the doiiHiiy o| i,hn mnnd when 
mixocl up HO fw to bo unifoiin will ho’ that of tm* liquid 
originally at tho dopth of ono'-foni th of tho axia of tlio cono. 

12, Tho clouflity of a Hind vmioH from point lo pointj 
oonsidoiing clirootiorm piocooding from a given point, pmva 
that tho cloiiflity varioa mo»t mindly along tho normal to the 
aurlhoQ of equal donaity ooulaimiig tho point} and of dJroo- 
iions in tho tangoiit piano to Ihw aurfaco, llm tiuigimls to llai 
principal soctiona aro thoao iu which tho mto of variation of 
donsity is gioatoat and least. 



CirAriMiR II. 


THE CONDmONH 01^ TIfK EQUIUlllUUM OP FLUIDS. 

Ifi. Takino tlio irioHt {.(onolul ooflo/auppoac a mas« of fluid, 
olaatio or imn-oliiatic, hoinugcnoouH or hotorogenoous, to bo at 
vast iinclwr tlio (Wbion of gtvou fui’ccH, luid let ib bo roquirod 
to detormino tho coudilioua of o<iuiUbriuni, mid tl»u pi'OBSiive at 
auy point 

Lot (T, 1/, « bo tho c<»-ordhiatcB roforrod to rootangular 
axoB, of any point P in tUo fluid, and let Q bo a point near 
it, 8u taken that PQ Ih x'^andlol to the axis of w, 

Tako oj + Sjj, y, t, aa tho co-ovdmatOB of Q; about PQ 
doaoi'ib© a small prism or oyliiidor boundod by pianos por- 
pondioulur to PQ. 

Lot a|bo tho area of tho oootion of tho oylindor porpon- 
dioular to its axis, p tlio proBSiu-o atP, and tho pressuro 
at Q. 

Then, a boing very amall, tlio piossuro at any point of tho 
piano Pwill bo very noarly equal to jj, and tho prossuvo upon 
ft ^Yill thoroforo bo 

C;j+7)«. 

whole 7 vanishoa in comparison with p when, a is indefinitely 
cIlminiBhod. 

Wo otm therefore oonaidor a ao flinall that 7 may be neg- 
lootod in oomparlson with and tho prosauro on tho end P 
of tho oylindor may be takon oqual to pa, and similarly the 
^l^ure on the end Q equal to 
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Tf p bo Llio moan clonaity of Lho oyliuiUir PQ, its iniiws 
^po.Bxj and XpaS^' will rcpitw'u!/ Urn ioici' on J‘(^i namllel 
to its axis, if YBrn, /Stit bo tin* conijjoiu'uts «) tlio foicca 
aotmg uu a particlu Btn of Huid (vl tlio jjoint ,n /2 

Itonco, for tlio oqiiihhuuin iA' IU^f, 

(/i*| /)« XfiuBi', 

01 Bp pXBj\ 

Proooodm^' to tho Ihmt wlion fi.i', and llu-iofou' 5 ;j, ia 

iridofinitoly duuiniHbod, p wdl bo tlio doiiHity al /‘, and wi* 
obtain 

dp ,,, 


pW 




Py a similai' piocoHs, 

dp 

>¥ 

S"'"- 

, ' . dp*»p{ Xdfv ‘h 3 7/y -l- Xds) (ft), 

the oquation which dutonunioH tho jiU'KHuro. 

10. It is tlioi'ofuio an uHaoiitial cumliUou of equilibrium 
that p {XdwA' iVy-i Zdz) Hliould bo a purfoct dilToroutial of 
floxno funotiuii/((W, y, 3) \ and 


d 

cle 


(p^) 




• Uio ftlovo proof, a iR tnhoii lo Bmiill Ui«( Uo Uu«ajr dlmeB«loi^ may 
00 noHlootod In oompariRoii wHh Uml li, ilia chimaa to n, immiSMadtQg 
to a olmago to In «, Is oouBidoiod, undlstiirbwl by any aUamUoaa (s y aid m. 
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Trora wbioli by difforoutiating, multiplying the equations 
roapoctively by X, Y, and Y, and adding, wo obtain 



a nOGOsaary condition of eq\xilibriiim. 

Tbo geometrical intorprotation of this equation is that 
tho lines of force, 

dm dy ^ 

X" Y" Z' 

oan be intersected orthogonally by a system of surftices. 

17. Homogeneous Liquids, If the fluid be homogeneouB 
and incompressible, Xdx + Ydy + Zdi must be a perfect 
cUfforontiol in order that equilibrium may be possible. 

In other words, the system of forces must be a conser- 
vative systora, and tbo forces can be represented by the space- 
variations of a potential function. 

Wo then have, if 7 be the potential function, 

dp^-^pdY, 

and -2 + 7=0. 

^ P 

18. If, for instance, tbo forces tend to or from fixed 
centres and are functions of tbo distances from those centres, 
wo have 

where (a, h, o) are co-ordinates of the oenti’o to which the 
fQrco (f> (r) tends, 

Now r* = (fl) — a)“ + ( 2 / — “ o)*i 

, Xda}+Ydy + Zdz=>ttfi{r)di', 
ftud dp^p^<}i(r)dr. 
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puiiiKHUJiii: OK tr.iiinH, 


In tins caso, siiico 




w - a 1 / — 
r r 


I) 



f 


I 


and 



- u 


r 




it is obvious Ihiit tlio ('((uatioii {7) h al'vm*^ oiliHlit'd. bul it 
is not to bo inlbriod lliat llio (‘mnlilniuni '.f n 
fluid is always poHsiblu witln sucli a i-f fnu’i n 

Whou tlio donsily ih coiiHlanl, llio i-i|uah«'in (^4) lH(.inio 

<iy tlX il^ 
dy ^ d,(l^ dy dz ' dis tir ' 

wluob fuo in tins ciihi! always mliHlicd, nnd tlicrof-urt* tliy 
oquilibrmm of a linmagiMicious fluid nnrli.r llio n<’tion "f nirb 
forces is always possiblo. 


ID Mastio Muick, Wlion tliu fluul »« pbwtir*. im ncU 
diiional oondiliou is nittodiuanl, for, if Iho loinfa.iiUiini 
oonstaut, 

p » kf) j 

j; ('A'rfia -b 0 ), 

If tlio foiGOS ttio doi'ivablo from a jaHtuiUal K. i,<?, If 
iHaj-b Ydy-\ Zdz bo a poifoct din’uicmlifj t/T, 

k 

3 > 

^log ^ V, 

a -Y 

ov Oe *, nud ^ s 

Whou tho forces tond to fixed coiita and am fbunlfotw 
)f tho dislanoos; Art (18), this equation Ukt»B tha form 

k^vaXtf) ()') dr, 
and^) can bo dotormiuod. 



aURKAtlEK oi!' 

-kqual pbessuue, and free surfaces, 16 

variable, the relation between the 
proBa.no, clmiaity, and temperature is found to be 

p = Ap (1 + erf), 

'temperature, measured by .a Centigrade 
llionnomotor, and « = •003666. 


h'mn Lilia wo obtain 
p = hpa 


+ t\ = ii:pT, 


wboro 


“ST = ka, and = - + i. 


iiho absolute temperature, the zero, of whicb. is 

— 27‘> v^i 


In Lilia caao = Xdw- {- Tdij + Z(h 

p KT 

and T inuab bo a function of m, i/, z. 

^ In nny^ of tlioao cases, if tlie pressure at any particular 
point bo givon, the constant can be determined, 

In Lbo COSO of olastio fluids, if the mass of fluid and the 
Bpaoo witUiii whioh it is contained be given, the constant is 
cfoLorminotl, 


20. The equation for determining p may also be obtained 
in tbo following manner. 

Lot PQ bo til© axis of a very small cylinder bounded 
by pltuiGS poi-pondioular to PQ, 

Lot y and ^ ^ be tbo pressures at P and Q, a tbo 

orotkl aooLion, and Sa the length of PQ. Then, if SBm bo tho 
oomponont, in tho direction P of the forces acting on an 
elonlGnt tm, 

ip + Bp)a'-pa = pcuSffis, 
and tberofore, proceeding to the limit, 

dy^'pSds. 

la, tho rato of increase of the pressure in any direction 
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HUlUi'Ani'-s or vquAh rnijiMuim 


ifl equal Ln llio pi*otluct<if Uie ileiifily ami tlu» it’wilvnl partof 
iho foioo in that cliu'otioii, 


Tf (V, y, z 1)0 fchn ('o-oohniitoM nl i\ aii<l -A'. I*", Xlhis ooin* 
pououfcs of pamllnl to Uu' 


^ X 


(l.r 

(iff 


•h 1 


ih/ 

iU 


y. 


r/s 


ami >=n /) (A''f(!.rq- IV/y I- /</■;) «H j)j All IH. 

If Lliu poBitiou of /' 1 h' givoii ijy tliu ^ yiiiiiiui iil eo oiiif. 
naLoa r, 0, and z, anti if /’ 'l\ /lio llin rtnupononlit of ,V in 
till) tliioeUuiia oJ r, 0, a, 


(h 


jy, VilO 

^ dn 


y. 


d'i 

(h 


anti Lho oc[uaUon for;; bacoinoa 

y,h] 

Affain, if Lho poailion of /Mio by lho nnliimry polar 
co-oichnaloa ?, 0, (/>, and if (ho I'timjioiicntH of tlm fent’o bo 
/?j X, and 'I', in the ditaolioiia of r, of llici porpoiidiaular to 
the piano of lho ando 0, ami of the lino iHsipendicnlat to r 
in that piano, iL will ba fmiml that 

Ud)'~\- iV^'aiu Od<f) t- TrdO. 

In n Himilar inannor the exproHsion for dp umy be obudnocl 
for any olhor ayateni of t’o-tirdiiiaU^H. 


21. SurJ'aoos of equal pressure, lu all ciwea, m whieli 
tho oquiUbrium of the fluid is posniblo, wo obtain by inte- 
gration 

y, e). 

If p bo oonatanfc y, (A), 

ia lilio ot^uation to tho amfoefi at all points of whieh the 
proaauro is conatanC, and by giving dillbmnt valuoa to p wo 
obUin a boi'jqs of auifacoa of equal pro«8um, nod tbo extopnol 
aurfaco, or froo aurface, ia obtained by making p oquol to tbo 
prossiiro external to lho (luicl 
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If tho extornal pressure be zero the free surface is tlierefore 
(ji{w, y, z) = 0. 

The quantities 

d(f) d(f) d(j> 
dw * dy ’ dz* 

which are proportional to the dhectiou-cosines of the normal 
at the point (oj, y, z) of tho surface A, oi'e equal to 


respectively, 
to z, r, 1 


^ dp ^ 
d(r' ~cAj^ 

i.e. to pX, pY, pZy and ai’o therefore proportional 


Hence tlie resultant force at any point is in direction of 
the normal to the surface of equal pi-essure passing through 
tho point. 

Tlie mrfaoea of equal pressure are tlierefore the mrfacaa 
i'nt&'SQOting orilwyonally the lines of force, 

It follows from this result that a necessary oondition of 
equilibrium is the existence of a system of surfaces ortho- 
gonal to the lines of force, a conclusion derivable also from 
the ofl^uation ( 7 ) of Art. (16), for that equation is tlie known, 
analytical conclition requisite for the existence of such a 
system. 


22. If the -fluid be a bomogenoous liquid, that is, if p 
ia constant, Xdw + Ydy + Zdx must be a perfect differential, 
or in other words, tho system of foroos must be a oonaorvative 
system. 

In general, when the force-system is consoiwative, p 
must he a function of tho potential V. 

For dp = — pdVf and dp being a perfect differential, p must 
be a function of V ; hence V, and therefore p, is a function 
ofpf and surfaces of equal pressure are equipotential surfaces, 
and are also surfaces of equal density^, 

■ I * Those reflolts may also bo obtained iu tho following maimer : 

1;. Ck>i^idor two oonBeoutlve snifaooa of eaual pi'ossute, oontainlng botwoeu 
them a atratnm of fluid, and let n small oltole bo donrlbed about a point P in 
D^e' Burfaoe, ;and a portion of .tho ilnld ont out by normals tbiougb the 
b|M|amferenob, Qlbo portion of fluid Is kept at rest by (be Improsaod foroo, 

' ■ ' B. H. 2 
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SUJU‘'AOISH 01-’ KCJUAJ. I'HKtihUnK. 


If tho fluid bo oloatio and Iho Uiinpumlum vaimblo 



c/r 


Honco by a aimilar piOL-oan (if loiiMduinj^ T in a fumainti nf yj, 
and sinmcoH of equal putsHiiro aic ulmi Nurraccs cif ciniai 
tomporaturo. 


If howovor Xdoi h IWy | /ih Itt* iml n pi’ifiM I, ihfil'n’nlujJ, 
those suifacos mil nnt in Koiuual mirn'iili*. 


1st Lot the fluid bo lioU'iog'ciunnjN ami 
then tlio surfaces of e(iuul jiuwnuki ami of rtpial ileuaUy am 
given respectively by tho oquaMmiH 

dp ^ 0, dp *'“1 U, 


or 


X(h’\- Ydjf I 



(H). 


Those then are tho din'erDiit.iril (Hiualidim nf Murfiinta vvliloh 
by their intorsootions doLonnino cuitwr of otpial pre^wurw aud 
density. 


From (B) wo obtain 




AxJl dorlvftlilo fioui a poteuUivl. tb« im 

clioulai to Uw oquIpolonUftl Biirfacea, anti sdrfattfta 
thorofojo Icloalioal willi tho oqiUyolonilal lur/flcea, 

tlio 0(i«iIlbrluui lUo (^lAinAutal 
of w«"«. fs oflUAl U» Ihfl dtffLi 
divided py tho (liatanoo bolwoon the aat/aoea of (huiaI hm 

rS3tSSa?«=^S“s, 


iwiUilog iH prpifin^ 


And m 




SUUPAOKH (JK KQUAL rUliHHUnE. 
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Bub from tlio oonditiouR of uqiiililn'Iuin wo liivvo 
fix ydp 

P 1 d'A j ' 

(hj 


(lY , ydp 


dtt) 

dY , ydp dZ , ..dp 

p r«p ,.r+A ^ 

dZ dp 




fZA" 


(/.t; (to ^ r/a (/£! 
tuid tlioroforo Lliu urjuatiouH (0) Imooiuo 
fill d]f ds 

iryv “ Tzyji “ wyi 

dy dz dz dx fZ.i* dy 

blio clifforonlial oquiUioiiK of fclm curvos of ocpiiil prossuro aud 
donaity. 

2ad. Lob bhu (luid bo uliwbio uiid of variables tompomtiu'o ; 

,, dp Xd.O’i^YdvA^ZdB 
then 

aud tho autv<38 of oqunl prosHUru and tomporaUiro iivo given 
by tho uimultanooua equations 

dp ■■ 0, (W'« 0 j 
or XdiiJ + Ydy + Zdz «» 0] 
d1' , rf2' .rf7' .| 

Bub, sinoo ^ is a porfoot difToruntial, bho oonditiona of 

oquUibriam nro in this onso 

d Z d Y . 
dy-T^h-l" 


or 


r.dT ydT 

dr. 


ydT rydT ,„((IX dZ\ 

„,/dY dX\ 


ydT ydT 


2—2 
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But, fiom tlio jnoci'dmjf I'qimliuiis, 
(U ill/ 


cU liy 

iVriT' 7T^ 


liy (Is ili iU ih' tiy 
uquatioiiH of Uiu Kaiiui ioim ita (0). iup in ituN iviMu Uto 
cliffoi'ontial ocpuitioiiH nl' Mm* ouivi'h nl Buujwuro and 

tompouUiuo, niul tlunofoir hIho uf i<<]Un] diMiNity. 

2n Wo hIuiH luiw ptoviftliat (linrouililkinK nt I'qmlitaiuin 
of a iinilu iiuihh oC llmd uio MuliHliod Ity Uio I'qnatiotm uf 
Art. 15. 

C'onsidor tho ilmd witliiii a chwisl MUirato and take 
m, 71 (iH tlio diu'aUciiHMwiiu'H of iln> iioiiiinl lU any poiut 
drawn ouiwat da. Rcaolvin^ [Muidlid luu’.and Udcin^ iuoinuntSi 
tho oquaLkma of oquilibuuni luo 

///jWiS'r fJfpXtlj(lj/cl8, 
ffpdi^ {ill/ - ma) < JJJf) {% - J'i] Mi/fls 

Kow, iutcgialiiig along a linn [iiiinii pnmilol U> a;, which 
nocoaeniily ciobhoh tho tnnfiwo iV mi ovtm luimbor of llmca, 
and cuts out olomciUs dtS,, d.V,, dH,, d,S^, 

IJfdv ''ff 

botwGon tho limiU I\l\, Ac , 




niMlVKH OP KQUAf, VlUvSHdlUC AND DENSITY. 
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(tt- + (tt- + 

tiikiny (9,, 0 ^, ... ns tlm iucliimtiiniH totlio axis of ni of fclio 

ontwanl-ilniwii noniuilH. 


I’ oviir tliu wliolo HUi'fnco. 

'.rmiisroi'inin^' und in Uio wiino innmior 

nucl takhiff nmiuiit.or tliu o(inut,ioim|^^|a3/)A'', 

^vu BOO that tlm i'oiuliLioiiH nl' ('<|iiiU])riuiii am HatlHliod. 

Coiivorsoly wo may lanjiloy tliis motliod in onlur to obtain 
tho oqiiatiuiiH alliidod to. 


24 . Wo can also pvovo thai. p{Xih ■\-Ydy’\- Zdz) innat 
bo a jmrfuot dillbroutitd, by uunHiiloiing tlio oipiilibrium of a 
Hphorical cl('nmnt of fluid. 

For llio proRHurufl of Uio Iluid on thu mirfaco tif tbo olumont 
ara all ill dirootion of its conlrvo, and llmrororo tbu moniont 
of tliQ acting foi'coB iibonb tho coiiU'o nniHL vanish. 

Lot n>j » III) co*oi'diuatoH of tho oontro, and oi *h ci) 2/ d’/S, 
« d* 7 of any piint iiiHulo thu mtnvU Hplinro. 

Thon, p being the duuRiby at tho coiiLl'o, tho cxpi'csaion 
I7) bocomoH 



Now JJfadadPdy »■ 0 , tliu coiitro of tlio Hnliuro boing tho 
•oonlro of cavity of tho volume, &c., and, 

if G) « dadp&y, 

///o-o) - - ///Vo) « A /;/ (a* d- d- V) to 


^ , f 4!7n^*dr «■ 

■' e 


Tho oxprosflion for tho momonb thon bocomofl/noglooting 
iiighor powera of «, 7, 




4 i 7 ?T* 
16 * 



1*KKMSU«B OV Fl.Uilia. 


and, in ovclor lhat this nmy Ik* nvmn'woiii, w^^ muKi Imvc 




jpyi 


26. Mtdd at rml untlar Ow uvlimt of iftutuli/. 

Taking tho axiHof* vmiW, ninl immainnx^? d«mmsardii, 

A'-o, r u, 

and thci oquatiou (a) bocniimH 

tip > t/pth, 

an oquatlon which niny mIhm Ih» nhiaiiiiMi diicplly W wnuldyr- 
ing the oquiiihi’ium of a Hniall tylitnU-i. 


In i)l\o ooao of UuuuigonooiiN 

p-^ffpsA (\ 

and tlio sLirfaooa of oqiial proiumro an' hoji^ojUnl piarioa 

Hcuoo iho fi'oo aurfttco m a horusrtijtfil pfaiio niid ukJhtf 
the origin in tho fiuo Hu.fiico, mui 11 .u. iluAIXunS |m^u^ 

p^ypa 1 - 11 . 

If tUovo "bo no ptosamo on Uio iVco emrfaot*, 

^ to Uto dopth kkm 

In tho oaao of holorogonoous ihinid, iho oquftthjn 

Wizontnlplanr ^ ^ ^ « 

As an oxamplo, lot p oc 


then 


/Tl V«« JWmt 





phessure of fluids. 
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26. If two liquids, which do not mice, meet in a lent tube, 
the heights of tJie f'ee surfaces above tite common smfaco are 
invei'sdy as the densities. 

For the proasnres at the common surface are the same, 
and if «, s' bo the heights of the upper surfaces above the 
common surface, and p, p the densities, these pressures are 
respectively 

gpz + U, gp'z' + n, 



27. It is a well-known law tliat if a system be in equili- 
brium under the action of gmvity and the pressure of smooth 
surfaces, the equilibrium is stable, if the centre of gravity be 
in its lowest possible position. 

Hence it follows that, in the case of heterogeneous liquid, 
the density must increase wth the depth, for othenvise the 
equilibrium would be unstable. 

Thus, if heterogeneous liquid be poured fi’om one vessel to 
another, it will settle with the heaviest strata lowest, the law 
of density of course being changed. 

A quantity of liquid, the density of wlmh is a given 
function of ihe dipth, is contained in a vessel of given sham ; 
if ihe liquid be transferred to anoihet' vessel, it is required to 
find ihe nmo law of misity, each vessel being in the fin'm of a 
sivrfaoe of revolution with its acds vertioaX. 

Measuring o) upwards from the lowest point of the liquid, 
let M the generating curve of the first vessel, and 

y rt ^ (oj) of the second. 

Then, if the stratum at the height a in tho first vessel 
correspond to tho stratum at tho height d in the second, wo 
obtain, since the volumes are oqual, 

and performing the integrations, we find ® in terms of , and 
.therefore p, vdiioh is a given function of co, becomes a now 
iiinoflon of ctf. 



2 - 1 - 


inniJ^sinu? cii-' FM’ijiH 


Moroovor, if h and K Iw Uio dt‘i.lli^ of (ito h«|uid in Ui« 
lAvn vosHulfl, h in given m lerniM of h\ and Uierefcue iho 
cbnflity, p, can bo found m leriiiH itf/i’-/, tlio di'plb. 

If I, ho now law uf dmi4it> be giviMi, himI U lie inpiired to 
Rnd Iho Bhaiio of tho new V('HHeI, we may pioreetl tei Inllowa: 

'I'ho (loiiHiLy boing a given fuiielmn .if ami aktof 
/i'-m', wo can, by (Kiualuig iho lw«» exiueMHimm, lind .« m 
toima of (o\ 

Alfio, oguaUng Iho vcilumen of eeireHjjondiiig^ Klialn, wo 
obtain whieh at onee, liy Mni»-iUlnlnig fm ui im 

valuo in tevniH of gives the ennatmn leijimed, Tht* vaino 
oHif will bo then «iblmiieil by (sinaling lo nieli etlmi Urn 
whole voluinoH. 


15xa.mi*w? (1). Tito (kmili/ of a Utiitid in u r///i‘nr/nW 
VGssol vitnos tts t/iG (hjith ; Jliid llit^ ueii' Utu* «y thnftii/ if l)i$ 
Uriidd U [mrod inb a conical mml hmmj irritw' rfowa. 
wm'ds, 


tluF) caso 


and 

also 


p “(T), 

mh) |w.e'* tan" a ; 
TraVfc '’I jiir/i" Ian" « j 


/i'" — fo'" 


/3«</4tau"« - 
if « bo tho dopth. 


U(i 


ExAMi’r.K (2). A qmwtUn of Umml iho dcnniin of %chkh 
mnQ8 m Iho d&pth, fills an invorim paraboloid io tt giom 
height I it is reqiiivod to find iho shape of a vmd, in Uieform 
of a mfaoo of rovokUion, such that if Ibis lupoid b$ punr&d 
mlo it its donahj willvainj as iho Htpuiro of its dopUi. 

In this oaao p^ /*' [K »“ ®‘)*, 

(A' “•«?*)", if 


Tho equation iawdio givcvi 

oy“-.8a(A'«(e') 

To oomploto tho uolntion, wo must oquato tho total 
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vnlurnuB, aiul wo tlioi-ohy oblain K*^ch oh tlui nooiiswary 
I’olalioii luilwouu 1C luul o, 


2H. KltiHiw Jlnul at refit nwlor Iho dclion (ifgrimlij. 
In tliin ciwi, 


and 


V 




it K 


'J’ho Hnrfju'.oH <»r oipml jnvsnnni tiro in lIiiH oiwii uIho hnri- 
^nntal nInncM, ami l.lio ooiiHtnnl. (/ iiiuhI Ihi ditlonriimKl by a 
knrjwli'ilga of tbu ]»ii'hkui'«* for ii f»lvou valno »»r s, i>v by Homo 
olbur fimt in connootiou wtlli llio paitioular casu. 


TiXAllPl.K. A drmd riflimlcr, the axin of which w vortical, 
tion^avw tt yi'yoa of air. 

Moaanring s from i1m» bip tif tlio t^ylimlor, 

p V 

if M be Uiu given inaaM, a tlio rmliuH, and h l.lio lioight of 
tlio oyliiider, 

M f pTralUx “« mt’ (e* — 1 ), 

J I 

wboDco (7 U dutormiuod. 


20. /Uustraiiim^ of tlie a«9 of Uu) oq\iAitio)\, 

(1) Lot a givoii vulumu I' tif lujuid bo aotial upon by 
forooB 



roBpeotivoly paroUol to llio axoa ; 

then - P ^ o'® - , 

a.d ,. 0 -fg 4 V:'), 
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UK KMUIJS. 


'I'he stirfacoa of pri'aauH' «u‘ thnK'fnri' siirnlar ollipw 
Boids, ami Llio oquahoH lu tin* lum siunmo la 


/‘p 


asaumiuff tlmt tlimc U iiu rvli'inal 

Tho comlUuiu wUuli ili’hauiiiH'a I In* nuisinnl i« ilmt fclie 
volumo of till' llulil Ih Kivni, ami w<‘ Ijuvi* 



(2) A given mltnite of li'giiid h ii( rt>H on aji^vd phM, 
undur the action of ti foivv, h n fuvd {nonl ♦» pUm$, 
varying as Iho diHtanca. 

'J’aldng Lha fl'icd |Kiiiit iih luig’m. fl>*’ pxpicwioii for tlifl 
profisuio at any immi i« 

pm 0~ y' \ T. f / - 

wlioio r ifl llu! (lifltaiico tlia nriglii , lUid if §wti* bo Ibc 
glvoii volumo, tbo fruo Miiifaco jh a lii'inmplu*n,' ol radiua a 
aucl 

p 4/ip (tt* •“ r*) 


Tho poiUou of Lito piniin In oouLact with (Uihl in a oirdi 
ofradluB a , and UiokToih Iho [iioxhuiu upuii il 

mJ* j pi’drdO 

*3 iirppd*. 

Thie rosLilt may bo wuUoii in tho form whid 

is tlio oxpi'Q8«iou for tlio attraction on tho whole miw^of /luiti 
auppoaocV to ho ooudouaod into a malorial particlo at Itn aontr 
of gravity, mid miglit in foot havw boon at tmoc olifcaiflcd b, 
oousicloniig that tho fluid in kept at rent; by the aiitmoUoa i 
tho oontro of foroo and tho reaction of the iilatie. 

(8) A given volmio of heavy lupdd i$ al fmt %hi\der 
aoUon of a Joroo to a Jhoapoinl varying as iho dislunoo/rpi 
that pomt, 


nOTATINU FLUID. 
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Tako tlio fixed point luj origin, and nioaauru z vertically 
downwardn j 

then A'w — /x,c, mid Z=>g — ixz] 

dp^p ^ui'-djo ixiphi ‘V ig - p>z) dz\, 


and 


'Vyz. 


'riiii flurfafcH nf ixpial preHHiu'o iivtj HphoruH, and tlio Iroo 
Hurraou HUpiKising ihu oxtormil proHHuru ^eri), Ik given by the 
oiiuation 

, , » 27 20 

Tbo volnrnu nf lliin H[>liore \h 


/20 7 *\*. 


oq^uating tld« to tlio given voliuno, the coimtant 0 in dotor- 
minodi and tlio pruKHuru at any point ih limn givun in turinn 
of r and e, 


liolaling Fluid. 

DO. If a iiuanlity of (laid mvolvo nnifonnly and without 
any relative diHplacoinonfc of ita partioluK (i.o. iw if rigid) 
about a fixed axis, the procoding oiiuatioiiH will onablo im to 
dotortniim the proKsiu'u at any point, and the naliiro of tho 
aiufacoB of ecpial protumro. 

For, in such coauB of rolativo oipiilibjiinri, evovy pavtiolo 
of tho lluld muvoa unifurndy in a oirulu, and the roHnlUint of 
the oxlenial friroos acting on any particle m of tlio (laid, and 
of tho Haul proeauro upon it, must bo oipuil to a I'orco tjmoV 
iowarr^ tl\o axis, <0 being tlio angniar vuloeitv, and r tho 
dUtanco of m fh>m tho axis; it follows thoruforo tlinfc tho 
oxtoruol foroos, oomblnod witii tho iluid prenMuruH and foroos 
nwV acting Ibo axis, form a Hyalem in Hlatical oqul- 
libriuin, to which the oquationa of the previous articles ar© 
applipablo. 

, A \ mae8 of Jioviogonmis lUpxid, oonlaimd m a vossol^ 
fwovm wdJh'ivAy about ft aatiti requiivd to deter- 
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ito’r.sTisiJ 


mine tho pmm'e at rut.'/ >iml Ihc ,if 

prossm'G 

Talcc Uia voiUcfii it\in «« r<M9lvitig 

iKo foK'O woV piuiilU'l l'‘ ("!iij«iiM-uf‘* ^uc« 

aud and lim /^I’ln-ini «M(uatirfH i*J ilmd njuildjnuni 
bocomoH 

and thoiofoio 

I '/)■ *lA I 

1'ho siufac’CHo/ I'ninil itn’‘i«uiM nin 

revolution, and li Un^ voiwi-l lu* upon ji{ ihu i».p. ilu^ frc^u 
faco 18 given by tlm (>t|nuLitin 

I y'} *■'%/« 1 ^ . 

whoio if iH tlio extol iml pioMturt'. 

Tho oouBiaul* nniRt bo ilnUn'inini^l by linl}i uf ibe dnlA of 
oaoli partioulai' eiiHu, 

li'or insLaiioo, lot Uin vnH«t*l bn eltwod nl i)u« injt rjuIW 
just flllocl with Inpiid, and lai U ^iO , tbmi, ibi' nrisitt 

at tlio bighost point ol llin rixiH< p 0 nlum jr, « junl # van^h. 
and thoroforo and 

Noxl consider ibo iwi' of obvslif' (biid nndum'd lii) a v»«^l 
wluoli rotates about a vertical axis ; 

as boforo dpaap [a,* {wdm pd$], 

aiul p ^kp I 





''T?’ ^ f^i'liudar aboufi 

axis, and supposo tho wholo mm of fluid given j ibe». 
clotormine tho constant, consider Urn fluid anangd k i 


WllOI.K I’llKKHimK. 
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inouUtvy hori/diitivl oiwU ol* iiiiitbrin OunHiLy : lot r bo 
tbu milms of ono of LIioko »'ingH ub a hoi^'lit «, 8j‘ itH iuirwoutal 
aucl 8« itfl vortical Llai'kju'fw, h tlie lioigliL, and a Lho rtuUuH 
of tho cylimlor : 

Liiu nuwH uf tlia ling ^ 27r/arS/’Sj, 
anil tho wliolt) miiHH {M) of tlm flitiil J J ’’I'lrprdrds, 
tho origin being lakon uL tho huso of litu cyliitilor, 


(• ■ ’ifjg 


Now />•«€*.(• 


f)— p Dit 

anil e* — 1) (I — G *), 

on (Kiimtiiin by Avliich in (loturininecl. 

31, In gniioml thu oiiualiiiii of oi^hliln-iuin for iv (Iniil 
revolving niulbrmly lunl uoloil npon by fovooK of any kind, ih 

(Ifi p \Xfh -I -I- ri)*(.ivAii •[’>/'///)]. 

lu order that lliu oqnilibriuin may bo poKHiblu, Ibivo 
CKiuntluiiH nf coinlitiuii inUHl bo Matmiioil, oxpror^King \]mtdp 
is a perfunt dinbruntiul, and, if Uiuho cuiidilionH aru HaliHilud, 
tliQ aurfacoH of ofpial proNmiv, and, in curtain ciwun, the I'roo 
surfaou can bo dulorntinod ; but it iduhI bo nbmn'vod tliat a 
froo Biirfaco \n not always poHsiblo. In fiutt, in ordor biint 
tboro may bo a froo mirfinto, tlio HurfaccH of utiual pruHsuro 
muat bo Myimnolrical with ruapuot to tho axis of rotation. 


Whola VriiHHuro. 

82. Bkk. y/ifl whak prwmrc t\f a Jluiil on any sni'J'uj^ 
mill iukioh it in in contact in tlio nuni a/ tlio noi'iiial prsnauvon 
on saolk of its olomanta, 

IT then p bo ibu proatairo at a point uf an ulomunt hS of 
tho BurfoQO, 

is tliQ prostniro on tho olomunb, 

Qod IjpdS is tho whole prossuro, tho suinmablon oxtoudiug 
ovor tho whole of tho eurfaoa oonsidorod. 
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WltDl.K PUIHHIMIK. 


rr tlm fluid bo lummgtMiouua h«|Uid, and ^mwiy tlmonb 
foroG ill actian, p^aps, mpflautiiiK ^ vortu'iilU duwnwftroi 
I'lom tho HUifnco of tlio iuiiiul, 

niul 

Lot 1)0 tho dopth III lilt' {‘('iilrf ol f^iavlly tif flu' mir/nceS, 
iIr'Ii ^ . iS' //£(/*S', 
mid • llio wliiilo juf'^tuu' ' 

i.o. till) wholo pit'Htmu' m t'i|uid (a iho uoij^hl of n I'vlnitlHod 
column of (Itiul, llio hoip^htof wliioh ih s, nml tin* Imsi* » piano 
area equal to Iho luoit of Iho miifimo 

Wo now aild somo cxnmpU'M uf tho dotonuiimlion of wholo 
proHBiiro, 

(1) ji'l Immphmval howl fiUwl with imkr. 

Lot r bo iU iniliUH, p tho douHily uf water. 

Thou the aurfaou aTrr", 

and a « !! . 

«s 

wholo piOHsuio t^^fjpirt*t 

1 0 wholo proBsuro ! tho weight of tho fluid js 8 s S. 

(2) Tho domUy of a heaop liquid mrm «ji Me aquaH 

of the depth; it u roqiu ml to fml ilw whole on a 

semioiroimr area immarsed voiticaltp wiUt itamindinp dia» 
motor m tho anrfaQO. 

Lot OPi'-j")*, A()P<^0\ 

thou (Art. 25) if tho doimity 
(dopth)'*, tho proBauro at P 

sa (r ain 0)", 

and tho wholo proBSuro 






WllUMi I’RKfWUUK. 


ni 


(8) A cyliudnctd imHol in doned nl Iho top, and vci'ij 
jioarlpJiUedmth inctnnprrnHililoJlidd, luhwh rdatex nmfmnhj 
uboiU mo axin uf Iho vpliudcri tu Jiiid tho inhohi in'mnro on 
Vie ourvod Hiirfaco ami wi the tap of iho iu/liiulei'. 


In thin cm), Uikiii^^ l.lu* I'omru of lli(» tcjp tus origiii, and 
nicftiiiiriuK a lUmnwiivdH, 

t. w . + ffg, 

() « 

Ixjt a lio lIui nidiuH of Urn rylimlur, h iU lioight; thou tib 
u doptlj z, Llin pH'SHiUd Ilf. itrt HUifuou 




/M^t" \ 

( 2 ■' i/®) • 


AD olcnioiit Ilf KurfAi'o Uttu . 8« ; 

iho wluilo jmiMUPn on Iho ourvod Hinfiuio 

«[ 2?r((p (iuV-|-(;i) dfl, 

■’ll 

« TTprtVfW’ + 7 rpM^/*"i 

Tbo nrowufro on tins l-np nt a iliHtnucn r IVom bho origin 
■ ipon^ 

and on uloiuunt of ilH aroa » 27rj'S?' ; 
thoroforo tlio wholo ju'ofwura un the lop ^ 


I'* vpa}*t* di ' « i7rpo)*(t\ 




V 'i 


(4) A hoUoiu ephetdcal dioll ia juat JlUed wiVi homo- 
geneous liquid, and Vte liquid in at real mdtn' the aotitm of 
a/oroSt io a. poiid un Via inner HuvJ'aco of Vie shell, propor- 
Honal to Vie distanoe from that imni ; \L in raqnirud lo find 
the whole preastire on tlio ahoU. 

Lot 0 bo tbo centre of fovco, and r Ilia diaUvnoo of any 
point from 0, 



KXAMN.F.h 


Xho proBsmo viininlit'a ni llu* **tlit'r ("(tU'iiiity nf Omdb 
motor OAi and ihoutfoui ^ 

g). 

a boing Llio lailiuB ^1 0. 

If Pbo apointiu tlm h)iIii'i** niid A(*V &. 

0 

fhon (if* iifd'HH „ , 

(i 

and tbo proaauio at 1 * ~ ^ 

If PCQt^BOt 111 till* nlniH* »»l (K I If* fei 

tbo lOVoluUou of tlmau* /‘C,/ nlwHii dA 

. ti wm 0, 

and tbo wliolo proHBUio on Uio mirliu'o 


<8iu'g«ill(Wtf 


1 1 47r/*pa' 

f 0 

'f-Trupa* r (I “fo«( Oj Hill (hiO 
•*0 

•\i 7 rfipa\ 


KXAHlMd'bS. 


1 . A oloaod tiibo in ilio ronii tjf an otiir;^ ^ilb ili^ tnfttof 
axis vorlioal is fillod willi throe tlifforHil lim.ij, ..r 
Pv Pv pa I'oapQOtiyoly, If ihu of tins mrtiwm nf 

aepaiution from oilhor focim lio r,, 


> 0 . 


(Pa - Pa) -I* t’a {pt " /?,) -t ' % (/J, - p^) 
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3. Tho particles of a given mass of homogeneous liquid 
at rest attract each, other according to the law of nature ; 
find the pressuro at any point, 

4s. The density qf a liquid varies as the square of tho 
depth below the surface ; find tho whole pressures, let, on a 
rectangular area just immersed vertically mth one side in the 
Surface, 2nd, on a circular area just immersed, 

6. A parabolic area, bounded by the latus rectum, is 
just immersed vertically, with its vertex in the surface of a 
liquid; find the whole pressure upon it, 1st, when the liquid 
is homogeneous, 2nd, when its density varies as the depth. 

6. Find the surfaces of oqual pressure when, tho forces 
tend to fixed centres and vary as the distances from those 
centres. 


7. A regular tetrahedron is filled with fluid, and held so 
that two of its opposite edges arc horizontal ; compare tho 
pressures on its several sides with the weight of tlie fluid. 


8. A spherical moss of elastic fluid is compressed into 
the cube which can be inscribed within the sphere ; compare 
the whole pressures on tho surfaces of the cuSe and sphere. 

If a mass of air in a cubical vessel he compressed into 
the sphere which can be inscribed in the cube, tho whole 
ptesauros on the two aurfacos are equal. 


9. In a solid sphere two spherical cavities, whose radii 
are equal to half the radius of tho solid sphere, are filled with 
liquid ; the solid and liquid particles attraofc each other with 
forces which vary as the distance ; ^rove that tiro surfaces 
of equal pressure are spheres concentric with the solid sphere, 

10. Shew that the forces represented by 

X=fJ,{if + y 2 + 2 ‘), + + Z = fi a)y + f) 


will keep a moss of liquid at rest, if the density 

from the plane «) + i/ + 5 = 0} and the curves of equal 
pressure and density will be circlea ^ 

^jtl, •. A given quantity of olastio fijiid is contained in a 
sphere, oud its particles are acted upon by a force to 

B, H. 3 
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tho centre ot tho Bphovo viuyit.K nmmvly m thv . mtany«, ; 
The sphoro being RuppoflOfl U. vaiy m Nis'n limt tU : 

whole pressure on its siufaco vmieH mve^rm-h rftdias, , 

pioviclod <3 a:, ‘'j”' * tli& 

ratio of the piessiuo to the «li‘iisity •'( llu’ lluul 

12 A closed oylinrlnoiil vi-HHol is vpry iiisnU lilb^l wtlh ' 

incompreasiblo fluid, winch ih ncled upon l.y a varyiug " 

as the distance, to tho niuldlo jinintnl tluuumnf ihi- • vhudorj 
if 2a bo tho length of th(' axis mul r tlm liidiii i .d ‘’Hh.-i ] 

show that the wliolo piTHSiuo on iho eiuvod am Ifuo ; tbe 
whole piosRiuo on tho onds • Ha”’ • Jla*. I 

Also find this latiu wlieu tlio conth’ «>( foMN* h «i tha i 
centre of oitlioi end of the (ylindor 

13 If a conical cup lio lillod wilh Inmid, tluo , 
pressuie at a point in the voliinio «»(’ tin* liqmd m U> ilio mm 
pressure at a point in the Hiu’face of tlio enp n« *1 4, 


14. A vossol is in the foun of a right, tniwr* wJUmui- 
weight, tho vortical angle being 2n; tlio llllul with 

liquid and then susjiendod by a point in (lio tiin it /il in* tlm ' 
inolmation of tlio axis of iho coin' to the vcrticnti ah«w Umt ' 


cot 2/9 »• oot %i -« 


4 


C 0 R('c* iirt. 


16 A mass of fhiid vorIb upon a jdiuu* lita it 

central attiactivo fovoo ^^ 9 ^, situated at a (IisUuito (' from thi& ' 

plane on tho side opposite to that on which tho n«ht \h\ and 1 
a is the ladius of the free aphevical Hurfaeo of lh« fluid * shw . 
that the whole pressure on tho piano 


trpii 

a 


(ft-o)* 


16 Find the surfacoa of otpial proasiiro for fluid imtef 
upon by two forces which vai'y ns Ulo inverao fiouuru of ih» 
distance from two flxod pointa. 

Provo that if tho siiffaco of no proaauto Im a to 

loci of points at which tho pruasuro variea inv^imly aa to 
distance fiom one of tho oontrea of folrco dm 
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17. Tlio unit of volooity being a velocity of one foot per 
aoooiid, and the unit of ocoelerabiou tliat of a falling body, 
find tho gravitation unit of force in the equation p = gpz, 
water being taken as tho standard substance. 

18. A cylindrical rod, of radius one inch and length 
oighb inchea, is placed in a vessel of water ten inches deep, 
with one end on tho bottom of tho vessol, and is inclined to 
the vortical at an anglo 45® ; if an inch be the unit of length, 
a yard per second tho unit of velocity, and tho density 
of watov the unit of density, find tlio number of gravitation 
units of force in tire wholo prossuro on the rod. 

10, A closed cylinder, with its axis vortical, is just -filled 
with liquid which rotates uniformly about a generating line; 
find tho whole pressures on tho base, the upper end, and the 
curved aurfaco, 

20. A vessol in the form of an inverted cone is partly 
filled with fluid, and closed with a lid; it is then made to 
rovolvo uniformly about its axis ; if a small hole be now 
made at tho vertex, dotennino how much of the fluid will 
oacapG, considering tho different cases that arise according to 
the magnitude of tho angular velocity. If this be indefinitely 
inoroasod, prove that tho surface of tho fluid is a cii’oular 
oyliudor, and find its radius, 

21. If tho force at any poiut is given by a potential (j), 
and if a tube of small but variable circular section be 
imagined in tho liquid, the whole pressure upon which is P, 
prove that 

where r is tlio radius of the section, and s is measured along 
the axis of the tube. 

■ r 22. The density of a liquid, coptained.in a cylindrical 
■VbSsbl,- varies as the depth ; it is transferred to another ve^b 
ill' whiph dePsity varies as tho square of the depth ; find 
the shape Pf the new vessel. 


3—2 
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23. A oiroular couo, of vaitical fiuglo ,j, ik just fillml 

with watoi, and luma gonoialiug Imo ugidly atladu'd (« a 
homonUil piano Tho piano in «‘aurtpd in ruvidvo with uni- 
form angular volocity afimU a vnilical axia llmnigh lUo apux 
of tho cono I find Urn gmaU'Mt vnlm-jly wliioh will ullnw of tliu 
pioasino hoing ;cou) at tho highoat point j and in thin piiso 
find tho wholo pumfiiuo on tho Itawo 

24. A fltvaight lod, ovoiy jiarticlo of whioh nttuiok with 
a force varying invornoly aa tho Hcpmio of iho diwtanoo. is 
fliiiroundod by a inaRH of homogonoouH inooinpnwihlo llnul; 
find tho ioiin of tho huiIIwi'H of uipuil picKKiiro 

25. A quantity of heavy liquid in attiacLod to a fixed 
contvo, by a constant luico tho iuluimity of which in orpml to 
tho fovoo ofgiavity, and ih snpimiiod by a honssontal piano. 
Find tho form of tho mnfacuH of (>qiuil nrowmro; ami iiiso tho 
prosBiu’o on tho piano, proving that wiion tlio phiim pmmoji 
thiough tho ooiitro of Aneo it Ih taiim] In fcmr4hlrd« of Iho 
weight of tho liquid. J'’ind alHo oxprc8Kininii for tho proiwuro 
on tlio piano whou it Ih olthur above or bolow thu ountro of 
foroo. 


26. riio intonor nf a homogoiuioua alioll, bounded by 
two non-oonoontiuo Rphorlcal Rurfaros, and attracting aooortling 
to tho Inw of natiuo, in jiaitially fillod witli homogoupnua 
liquid which I'ovolvoH nnifoi inly with it raund tho lino pn^Ring 
through tho contios of tho aphoroa j prove that tho free aurfnai 
18 a paraboloid ol rovoluiion. 

■ sphorical hIioII ib filled with hoitiogoiiooua 

meloatiQ fiiiid, ovory^ [lartiolo of whioli attraols overy other 
mill «; forco varying iuvoiaoly na tho aqunro of tho d&tanooi 
show that tho chlloionoo botwoim tho preaauroa at tlio iurfoeo 
and at any point within tho finid varios oa tho area of tho 
loast Bootion of tho sphoro through tho point, 
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't a 

fi^ee Fairfiico, If llio vulnino nf llio bo 7ra*ooH*~ 

•i M 


prcivu ibat tl>L' wIimIo prrHMiiro uii tlio HnrfiU’o of tbo cono 
m^fifnrti* k\\\ a, whuro p in lliu uf Llioli(pikl and fi tho 

abhulutu rurct'. 


2!). Ail o]iiai voHHid liipdil in iiiiulo tii I'ovolve 

about a voilii’iil iixi^ with uiiilonu iiu).{nliu‘ vuloiiily. l>’hid 
ibn roi'ui Ilf (ho vl'khoI uikI ita diiiuuminua in onlov that Ibiiiiiy 
bo juHt oiniilioil. 

no. A i[uunlliy of Ihiiihl (gravity lining RUppoKcd not In 
act) junl (ill« a hnllow Hphoro, anil im iiijinllod IVnin n point in 
tha Rurfin-'o of lliv aphoro l»y a lornn x dinhinw ! if tbn 
lUpiid rovulvn round llm dtuinotoi' thrnu^h (liu cunbvo 

of forcQ willi unifonn uiigular vnlutdty ri), (ind tlio wludo 
proMuro on tho iurfm'c of tlio Hplioro. If, by dindiUKbing bho 
anmdnr vulociiy ono half, thu prof^mro im also diininiabod ono 
half, allow tbul < 0 * " U/a, 

81. A rootanunlar pinto of Uiin innbnl of given Ri7.o is 
bout and bold w blint two opponilo cslgi'H are paiidlul and in 
tho aniiio hurixonbal ]tlann, and llio vurbiual ondri ivi'o then 
oloaod by (lal plalca; if iIiim vomkiI bn llllud with wutor, Rncl 
ila furin whun tbu wbulu pmuHtirn upon its uurvud Huvfiuso is 
a mtucimuin, 

82. An inHoito mana of honiogonoouH /luld Hurrounda n 
olusod mirfnCQ and ianlbmotud to a point { 0 ) wibliin bliOBurfaoo 
wibb a faoQ wliiob varioa InvoraolvaM Lliouiibo of tbo distanoo, 
If tho proeauro on nny olomohi ofblio mirfaco about a point P 
bo rosolvod alona PO, prove ilml llio wludo mditd proBHuro, 
thus oatimabod, la oonatant, wlmtovur bo tlio sba[io and 8i/.o 
of Iho surface, it being givoti limb bhu prosauro of tbo fluid 

I yauiabos at an induilo diBlaiiou from bho piiiut 0 , 

83. A flgbt 00110 , wlioBo wolgbt may bo nogloobod, U aua- 
ponded from a point in its rim ; il contalna an inuoli fluid as 

: (t oau : provo limb Ibo whole proMuro iqKni ItH aurfadois 

! ' 1 ,, slnaooa 0 foos (5 + a)\l 
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whero /t, 2cf, aio Llic hoiglii ami vrrlii’nl nngli' nf tljo 
and 0 18 clotoimint'd from II «in 2^ ' I-kih 2 {t! 

O'l'. A vosHol fiimiod liy Ihn io\ojufnm nf n, jnrdlnid 
r«sa {1 —coatl) abouli iu iixih wlm-h »« vothmJ (vmlo't up. 
■\vaulfl) is JurL filluil with wafer iiinl uifalna uImhu ili„i 
witk luiifoim angular velouty. Kind ihm vi-lorjiv. wlum 

tho lino of no itu'KKUio is givoit by (h Kind aho ihd 

2 n'osBuro a(> any olluu iioinl, and Liu* poinH of maxiiuum 
2)iosHino. 

36. A olosod voHHol full of liifuid jh nindo lo lovolvo with 
lUiifoTin angnlai volooily m ahmiL avoiljenl nxi« ibroimli Ua 
higlioflt point, hIiow tliiit dm tul^d piiwiro nf llm lii|md nil 
tho suifaco m iucrtMiard by A beiujr the iirmi «f tlm 

Burfftco, and k tho ladiiiH nf gyriitiun of dm aurfmm abuiu Um 
voi'tioal axis. 

80. AH Bpfwo boiTig fluppoHoct nilt’d witli im uliwtlle niild 
tho paitioloH of wliioli aro aUiaotcsd Ln a given immiiI by a 
foroo varying as tho diHtaimo, iind tho wbnlo nm*w «f ibo fluid 
bonig givou, fliicl tlio prciftiuo cm a eiroulnr dige plimod with 
Its conlio at tho ooiiUo of fciico. 

87. A thin ollipsoiilal hIioH, attracting rmonrding to Ibo 
law ol natuio, m Huuouiubnl by ImiimgtmomiM liquid j find 
tho surlacGS of equal prossuro, iicglooting tho nltraoUon of 
tho liquid on iLsolf 



'ii (I - ooBt?) Tnm 


forces, on atv 
at J . , along OP, along the iangont Ui th© 
porponclioLilar to tho iiTauo of tho aitolo, 


ftt of fbraid 
ftt am! 
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30. A maaa m of olastic fluid is rotating about an axis 
■with uniform angular ■velocity to, and is acted on by an. 
attraction towards a point in that axis equal to ^ times the 
distance, ^ being greater than to* ; prove that the equation 
of a surface of equal density p is 

40. A quantity of liquid, the density of -whicti varies as 
the depth, fills an inverted paraboloid, of latus rectum o, to a 
height h\ prove that, if it be poured into a vessel of the form 
generated oy the revolution round the axis of re of the curve, 

{a - (c) (2ct — co), 

where a is any constant, its density wiU vai-y as the square 
of its depth, 

41. A mass of self-attracting liquid, of density p, is in 
equilibrium, tbo law of attraction, being that of the inverse 
square : prove that the moan pressure tnrou^houfc any sphere 

2 

of the liquid, of radius r, is loss by g TrpV* than the pressure 
at its Centro. 
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CHAPTER III 

THE RESULTANT PRESSURE OP FLUIDS ON SURPACEfJ 

33 In the precediug Obaptor wo havo shewn liow to 
investigate the pressuie at any point of atoicl at lest unclor 
the action of given foices, we now proceeifto doioiraino tlio 
resultants of the piossuies exeited hy fluids vpon m'faoos 
with which they aie m contact 

We shall consider, fiist, the action of flincls on piano sur- 
faces, secondly, of fluids under tlio action of giavity upon 
cuived suifaces, and thirdly, of fluids at icst undoi any given 
forces upon curved suifaces 


MiVid P? essures on Plcme Sm'faces. 


The pressuies at all points of a plane being porpondioulax* 
to it, and in the same direction, the resultant prosauro is 
equal to the sum of these pressures, that is, to tho whole 
pressure, and acts in the same direction. 


Hence, if the fluid bo incompi*essiblo and acted upon bv 
gravity only, the lesultant prossuie on a plane 

= the whole pleasure 

= gp0A, 

where A is the area and z the depth of the centre of gravity. 

In general, if the fluid be of any kind, and at rest uudor 
the action of any given forces, take the axes of and y ' iu 
plane, and letp be the piessuie at tho point (a;, y). 
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The prcRSiiro rm im fU'inont «if jirou S.rS// » pS.(:Sy ; 

Ihi' roHultniil proKMiiri* 

Uio iulngnilion nxtoiulinx ovt*r (ho wlmlfcof l.lio avofv uon- 
Bidorwl. 

ir fkilnr ni'rinlinali'M l»o «moi 1 . tho rosjUtant j^rcHRUi'o is 
given by Llio i’xpri’) 0 'i«m 

JfimlriW. 

'14. llK.P. 7 Vjo rnih't* of jnrHHurti in tlio jun'nl at wliwh 
ih$ dii'ectioit of thr* jf 'nofifi J'oi'fp, vlitvli in (•iinlndiml h lJui 
Jlnid proJKiircs on tloj itlnne Hurfao', uii'tln tln^ mivfima, 

Tjio ct'uLri’ jif proHrturo in lioiu dolim-tl with I'ospncit to 
piano Biirfaci'w unly ; it will U* won ariorwaiilH (,Uat tlio ro- 
aulUmt action uQliU't on ii curvod mirl'ani \n iniL always 
roduciblo to a sinPn hiico. 

la ihu coAu Ilf a luHivy iliiiil, it is oloiir iltivl. thu cnnti'o of 
pn:wu(|u uf a huri«>>nul area, Uio piuMumu on ovui'y point of 
which is tlio wuiie, is its cciilro of gravity ; aiid. Hini !0 proa- 
sura inoriMuoK with lito ilopth, tiio ('Ditlrit of jiroHMiiro of any 
piano tiran, not horizoiiUd. is bulow its ihmiUu of gravity. 

Ta obtain /onnnltp fttr OiC doloi'mimtlion of Ifio oontro 
prnsure of any niwi. 



, Iifit p ho tho pwMuro at Uw point (ar, y), rororrod to root- 
BthffalAP Rxos La the piano, «+&», y + Sy, tlio oo-ordlnatos 
of ® 

3 , oo-ordin&toa uf the oontro of prenuro. 
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cijN'pnK or 


Tlion 2 / nmmc*nt nl' t)u- r«‘“<uluijt 

{■iliotil OXt 

BdUu'atim (if lim iiioiiH'iitH of l!io nrc'S' 
^ ffuumoii nli tln^ ('K’Iui'MImhI nn’jiiunuit 

ax, 

wi X />% &»* . y 

amlmmMy.r . 

tho iiitogiulH being Inkon m fw U* iiieludr* the t\mi I’ontiult'rod. 

If polar oo*oi(limituH lio omiiluynil, n Ailur prcKcw will 
givo tho oquatioDR 

„ ffpr' cos 0 dr dd ///tr® siu d itr tW 
ffprdfdO • UprdtM ' 


86. If tliQ lluul bo lioino^oiioims and iuolar<lie, and if 
gravity l)o tlio only fcnco in aclioii, 

P 

wboro/i is tlio (lo]>tlt of Ihn point P Mow tlic xurfaco; a«d 
wo obtain 


(d ^ 


jjhmly da 
jjkhjdm • 


li 


Jjh}id^d.t 

///«/^ fix' 


It ifl flojnoiimes ueoflil to take for ono of the axt*a tho Hao 
of inteiacotiou of Uio nlaao with tho aurfoco of tho fluid : if 
wo tako this lino for tno axis of /», and 9 na tlio ItiollDatioa of 
tlio piano to tho liorizon, rui 0 , and Uioroforx' 


ffi saa 


!Smfdiida> 
SJydilda * 



From thoso lost equatioiia (^) it appoam that tho position 
of tho oontro of proasuro is Indopondoiit of tho inelinatloa of 
tho piano to tho lioriaon, so that if a plane aroa bo iininewod 
in fluid, and thon tuinod about its liuo of Intorseothm m'th 
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the giirfacQ as a fixed axis, the centre of pressure -will remain 
tiuohanged. 


If in the equations (a) wo make h constant, that is, if we 
suppose the plane horizontal, x and ^ are tlfe co-ordinates of 
the centre of gravity of the area, a result in accordance with 
Ai’t. (34) ; but, in the equations (/9), the values of aj and y are 
independent of B, and are therefore unaffected by the evane- 
scence of 6. This apparent anomaly is explained by con- 
sidering that, however small B be taken, the portion of fluid 
between the plane area and the surface of the fluid is always 
wedge-like in form, and the pressures at tho different points 
of the plane, although they aU vanish in the limit, do not 
vanish in ratios of equality, but in the constant mtlos which 
they bear to one another tor any flnibo value of 6. 


The equations this avticlo may also be obtained by the 
following reasoning. 

. Through the boundary line of tho piano area draw vertical 
lines to the surface onoloaiug a mass of fluid; then the reaction 
of the plane, resolved vertically, is equal to the weight of the 
fluid, which acts in a vertical line through its centre of 
gravity ; and the point in whioh this lino meets tho phvno is 
the oontro of pressure. 

Taking the same axes, the weight of an elomenbary prism, 
acting through the point cOy y. is gphtmhy cos B, whore B is the 
Jnolination of the plane to tho horizon; and therefore the 
centre of these pamllel forces acting at points of the plane, 
is given by the equations 


_ jlgph X COB B dy da 
Jfgph ooa Bdydw 


V 


Jfgph y 008 6 dydx 
//f/p/i cos B dy dm ' 


. ;'.pr . 


_ dy dm _ Wiy dy dm 


f, - Hehoe it appears that the depth of tho centre of pressure 
dquWo that of the centre of gravity of tho fluid enclosed, 

The following theorem determines geomoti’ioally tho 
of the centre of pressure for the case of a heavy 



CKNTllK t»l' I’RI^SHUIIK. 


H 

If a 8lmif/hi line U taken m Ow plancof theatmi,]famUel 
to the mfuce of the hnuul uuil u<i far hhin Ow ecnite of 
inertm of the arm an the Min/aee of the Ihfiiul ih nbuve. the 
2 }ole of lhi'> ntvaif/ht line mth to the /iiomriilnl ellifm 

at the contie of inertia lehm nenn-a vvh me e>iwtl iu ihn priri’ 
oipal radii of r/i/nilion at that point leill he the centre of 
premne of the area, 

TalciiiR: fm Uio W(*u, iiml h, a for Hu* priiieipal uuhi of 
gyiaLioii, LliOHO aiu Ooli'iiuiiiLH) by ibi* I'ljuulums 

yt/i” Hlfduhp Aa^ i^vUirdp, 
aiiil Lho oquaLioii of t)u‘ mompiibil tOlijmu ik 

tho oo-orclinato axos baiiig tlic [aiinMpal axo« nt tho confro of 
iuoiiia 

Loli oj, y bo Mio (•u•uu)illaU*>( t»f tho coiiLro of iuvsmiro, and 

0} COH 6 I »/ Mill 0- p 

tho oquatiou lo iiio iino in lho miiTnou ; 

//( - .0 COB 0”'y Bill 0) ivdatly 

JJ{p — ti' OOH 0 - // Bin 0) dmly 

, . h* 

and fiimilaily, // « — sin 0 j 

{w, y) IB llio polo ol tho lino 

rtJcoB 0 1 y «in 0 "i — p 
with I'oapoot to tho nionionlal ollipso, 

37. hjmmpks of the dekriiiimitim of oenlm of pmmn, 

(1) A qmdrant of o omlejaU imnm'md vertically in a 
heavy honiogonoous liquid, with one edge in the mface. 

If Oil), tlio odgo in tho nurfaco, bo tho axil of 

tho limits of tlio intogmtions for y Imlug tha bojh© u fol* 4 


thou 


COB 0 , 
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j^ydady = \j{a'~(d)d{a = ^ct®, 
jjxydxdy = .{a'~af)dco = ^a\ 

3 3 

®=*ga., ^ = — 


Employing polar co-ordinates and taking the line 
the initial lino, -we should have p =gpr sin §, and 


Ox as 


f f 7'* COS & sin 9 dr dd 
I ?‘® sin ddrdO 


S 

‘ ^ a. 


and ^ 


Bm*0 dr dO 


?■“ sin dd 


3 

IgTra. 




^2) A oiroiUar area, radius a, is immersed with its plane 
vsrkoal, and its centre at a depth o, 

Take the centre os the origin, and the vertical downwards 
from the centre os the initial line ; then if p be the pressure 
at the point r, 0, 

p Da gp(p + r COB ff), 


and the depth below the centre of the centre of pressure 


*A 

?’* oos ^ (o + r cos 6) dr d9 

j 


2 


7’ (o -f r cos 0) dr d9 



be seen that this result is , at once given by the 
J;';,:itRSoi:6ni of Art, 36. 
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aiiNTHK OK I’UI-ilHlUUl 


(3) A vortical roclntiffla, arjxwul to the action of the 
atmosphere at a camiant tempeiaturr. 

U H bo ilio tiLmoHpboiK* pit-min* at Hio liami nf tho 

loctanglo, tho piVBMine iil a ln’igU( r U lie **, Ai(. (SiH), aatl 
if h cloiioLu tho biotukii, lliu {ironsuru a Htrip 

ol’ tho lucUuiglo 

* j lit ** fiHSf 

tho lOKiiltaiil ]aosHtiiii, if n bo tla^ liiMght, 

»= / lie H (1 tf *). 

(incl tho lu'ight of tho ociilio of pio^ttiuu* 



(4) A hollow Cuba %h vorp umrlt/ filled mith lupnd, and 
votaios miJovml\] about a lUaiftmil which is vertwal; m/aiVvc/ 
to fmdAho prosHures upon, and tho veiUiixi (f pressuie of iht 
several faces, 

I. Li'ov olio of tho uppoi fiicoH A HOD, 

tako AD, All, iw iuoh of a liiul m; b, i\ tlio vuiUoal ami hoiv 
s^outal (liatfiiiooH of any jioiiit /*(.r, y) fiom A, 

thon 

pi'ojooting tlio brokou Uao yliV/^on AM, 

?’* «» jd P“ " «j" -p 3/’ - ^ H .p 

tho prosflui'o (/') on A/tOD^J*J pdydm 
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,v 



Tlio oonlro nf pronimi'u in ^ivnii liy ilui oipiiitloiiH 
fflP - - p 1*^ (aj* *H (/ " ff/.v) + (flJ H' ,v) J (i;/ ^ ; 


2W'!-as/nwV 


II, For o»o of Ihu lo\Yor Huics 
toko JSF, KO (M axon, tbon, fur ii puint Q, 




I 

.^d tli8 rost of tho prooew ia Lhu baiuo iu In Uio first oaee. 


r Aquadtani of a oi/rcla in jiul imnovsad vertioally, 

'rJuAltu iiiM 


ij I ' - y ^ ♦•vrwi wr«v ^ W tf wm jwum vm vcrtwi vwm* w i irrvwvr^ | 

^ 0£^« in Ui 6 iurfac 9 , m a liquid, iho d^ndly of lohioh 
an tho ^Ik 


Ji 
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CENTEE OF PEESSURE, 


Taking Oajasthe edge, in the siufaco,p=/x,yand^=i/u.^y‘’j 
the centre of piessuie is tlierofoie given by the equations 



or, m polar co-oidinates, 


- /•» 

Qo^ddrdd 

» , and y = 


r* sin®^ dr dO 


?’*sm®d di dd 




and it will be found that 


_ 16 a 

16 TT 


and 5 


^ a 
16 tt' 


( 6 ) ^ semi(nroula/r a/rea ooinpletel^ mmeraed in water 
with %ts plane vertical a/nd one end A of its homdkg dia/tnoter 
in the surface 

Let a be the inclination of the diatnetei to the suifacD, 
and (B, y the co-ordinates of the centie of pfessuie lefeirod to 
the diameter and the tangent at A, 

Then a!//r^sm {9-^d)dAdd — // 1 -® cos $ sm {Q -f a) drdO^ 
and y //r^sin {6 + a) di dd = // /sin 6 sm {9 4- a) drd6, 

r bemg taken fiom o to 2ft cos 6, and 6 from o to ^ 

38 If a given plane aiea turn in its own plane about a 
fixed point, the centre of pressure changes its position and 
desenbea a curve on the area. 

^ , Take the fixed point 0 as origin, and the horizontal UjiO 
in the plane as axis of 
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1 P^\ in the aiea ; then, if h be the 

aoptli ot O below the suiface, (3 the inclination of the aiea 
to the voi tical, and x'Oa = 9, 

p ~ ffp {h + 7/'coE> /9) = (jp [k + X sin 0 G03 ^ + y cos 6 cos /9) , 

j^_//i^^_d.i_dy_aj-&smdHhccos0 
//y dxd\j a -{- jS sin 9 ■[- 
and Ti — ^'d-csin^-i- o' cos 9 

« + /3 sin + 7 cos 6? ’ 

a, h, a, &c, being known constants, and the oliminaLion of 9 
gives a conic section as the locus of the contie of piessiue. 

We can also obtain this lesult by aid of the Ihooiein of 
Art. 3(3 


laking tlio piinoipal axes thiough (?thG contio of giavity 
as co-oidinate axes, and taking a, /3 as the co-oidmates of 
the point 0, the ocntie of piessnio is the polo of tlio line, 

fti cos 0 + y sin ^ /i d- a ooa 0 -f* am 9, 

with regard to tho momontal ellipse, and is given by the 
oqnatioiiSj 


a*oos(? i®8m^ 

,u y~ 


h -I- a cos 0 -h /3 bin 9 


o 9 i 

If 0 and d? comoido, tho locus is —s + n . 


39. A vessel having a plane lase and plane vei tical sides, 
contains two liquids which do not mix, to Jind the lesuUant 
2 )res 8 uio oti one of the sides, and the oentre of piessure 

Lot p bo tho donsity and h the do23Ui of tho uppoi liquid, 
p' , h'l coiTosponding quantities foi tho lower liquid ; the 
common auifaco must bo a hoiisiontal piano, tho piossiuo at 
any point of which is gph, and tho piossuio at a depth 0 
boIoAV tho common suifaco is gph-^gp'z. 

Taking h for tho bioadth of ono of tho vortical sides, the 
,1 pressuio of tho uppoi liquid upon it«^ypiA®, and thepios- 
sure of tho lower liquid 

fh' 

“I y (/>/< + p'z) hdz = ghh' (ph d- ^ p'/i), 

J 0 


R. IT. 


4 
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GENTltK OF rRKHNlfllF. 


Tli0 loaulUuit poHSUui is Lliu svnu oi (Iu’sh uiiti is 
gmph' + p}.h'.\ >ph“) 

ThoinnmonL nl’ thn llmil pn'Ksmu itii UiiH hhIi' iilmut its 
lino of iiil.ois 0 oLiuii witli tiui HUifui'n 


Ba J fy/)6iV3 *1 J // (pA I i “) ' ‘ 

porfoiminj? Uiti iuloji;iulitnH, miil Ity (In* 

lor llio roHViUant pH^’snn' invrHlij'ult'd ttlioM*, wi* oblaiii tliu 

doplli of tliu oiiuUo til' pu'HHurn. 


JhsuUant J^iesHiucH on Cnn'cd Sinjiurn, 

40. To Jiml iho )OHnliuid mto'ol pit’txun' on (iHy mt'J'nce 
of a homogmoous Itf/ind nt ifnt undtu' thv tiriioo oj 

/X-^boniK asiufrifo oxpDSt'il Lo (In* i« turn of ft lioavy 
IqI; Aii bo tbo piojt'cLiou of PQ tm ibii suilnuo of tlio Ih|uu1, 



Tho mAssu-KJ is supported by tbo luniisoutal pwsuro of 
tho liquid and by tho leftcUmi of /‘Oj thU rBaotion resolved 
vorticaily must bo equal lo tho woight of and eonveisely, 
tho pi’OBSui'o on PQ la equal to tho weight of AQ, and flots 
through its oonfcro of gravity. 

Tf PQ bo prcHscd upwOids by tho liquid m in tbo figure, 
produoQ the aurfaco, projoot PQ on it aa before, suppose the 





Than the pvcsauves at all points of PQ are tho same as 
before, bub in tho oontravy difeebion, auJ since the Yovticnl 
pressure in this liypobhotical case is equal to tho weight of 
AQ, it follows that in tho actual cose, the resultant vertical 
pressure upwards is equal to the weight of AQ. 

If the surface be pressed partially upwards and partially 
downwards, draw through P, the highest point of the portion 
of surface considered, a vevtioal piano Pll, and let AGB be 
the projeotion of PBQ on the, surface of the liquid. 
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flCNTUK or I'UI'flKUHK. 


mul tlio wliolo voilic'ul ])ioHmnr' ^(lic w<Mghl of Iho li«nutl in 
weight <»r tlu' luinul in l‘li. 

Tins iniglil ilIho liavo hren »]<uluri'tl frum the 
arlicloH, foi PH can ]>o thvnloil liy llu* him of runliut (if voi'- 
iicnl tangonl iiilu l\N(i pintiuii*! llio 

pieHsuu's luu ii)H[ic‘tiliv(ily upwiiiiN mul iln\\u\viti(]‘<; uiul biin’o 


piOHHiun on PS 
ami. Sit 


M'oiglii III liipiul A PS, 
ISH, 


tho thn’iMoiicc' of LIu'HO, i u llm vi'ilirnl pu'ssuu' on PH weight 
of lliial PH. 


In a Himilav iiuunii'i otlmi ciihi'h may lu* iHki ukuoiI, 

It will ho ubsoivcil Mint lliin Invimligation u|inIn'H uIho to 
tlio caHo of n hoUnogi'UiHniH Jiipiul (in which llm (liMiHily mnist 
bo a funoLion of tlm ilcpth, hiiico nmrapi'‘i of i*qual pirKNUio 
aio BLuiiu'os of nipuil (Inii'HiLy), jmivnleil wo cnnsulor tlmt tho 
hynoLhotioal c'ctoiiHion of l.lio Iniuiil fnilnws Lho aamu law of 
clonsily. 


‘Jfl To find lha imilUmi honsonlal imnttun, hi a gmn 
divootwn, on a sitv/uGa i’Q. 

Pi'ojocl PQ on a voitical pliino |K‘ipourIifuhir to tha given 
tUi’GcUon, ami lot /k/ ho (ho jinijcoLion. 

'Phon tlio inafls /V/ ia kept at lost by tlio proHSuro on prf, 
tho rosnltant liormoutiil piuHHiivo on /’tj, and foiooa in voiLicul 
pianos piuallol to lho jilano /up 
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Hunco lIju liurizonUil juvHsun^ nu VQ U liqmil Id tliat on 
j)r^, ami acU in tliu samu nlvuiglil Him, i.o, Lliruugli tliu cuutio 
oi jiroMimro nf pq, 

IliMici', in gi'imml, In ilfh'nnini' Llio vi'Hullant lliiid jmw- 
Ruro on ivny winriu'i', liml llm vriLical ]ii'rHHiini, ami Urn vusult- 
aiit Imri/.Miital nrn>wuri‘H in two ilim-lions at right aiiglos to 
cauh «ilhor. 'liiowo tliroo loirt’H may in Hinno iraHOH lio com- 
poumhul into u Hinglci lonii', tln^ a«m(liticin lor whicli mny bo 
tlotormincil by iho uhiuiI inothodH of StaticH. 

Ex. A heminpheny ix j'dhul with hmuufmmnR liipdd: ?'(!- 
(ptirad to dud Um roHiillanl tot one of Lhn foni' jun'Uons 

into which it w dirukd hif two vorlicid jdancn Ihrouiih ita omlre 
at idghl anfflon to ouch ot/wv, 

Taking Lho centru 0 iw origin, Iho bounding honzo|ital 
radii ax axoa of and y, and tho wrlioal riuliiiH uh Llio ivxU of 
«, Liiu proRBiira }mmll«'l to .r in oi|nal to lho proHRiivo uu tho 
mnuirnnl ^0,7, wbiidi iK ilm pi-ojimtion, on a piano porpoa- 
dioiilar to Ox, of tbu cnrvod Hurfuno. 

Tlioroforo, tbo proaauro parallel to Ox 
Tra* 4u 1 , 

and lho oo«ordinulo8 of iu point of aalitm aro 
(o, I a. Tra) , Art. 37, Kx. 1 ; 

Bimllarly, tboproMuro pamllol to Oy * and acta through 
iko point, 

i , (g“- K™)' 

: ' 54.0 roflultant vortical prosauro- lho weight of tlio liquid 
.-" 1 ' 3 

; ' and Mta In tho direction of tho lino « ■* g a - y. 
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CKNTini OF rJlKSSURK. 


Tho duGcUoiia of tlio Llnoo foicc's all pnaa llirfaidi tlio 
point 

n n :i \ 

8 “' 

ami tlu'y aio tlunufoio mpnvaluiil. lo a sui^U' foiois 
|.,( 7 paV(?r’‘-l'H) m llui limi 



o 

or 8, 


a stiai^lil lino Uu'ougli tho cmitio, aa unmt oliviouMly Itn Uio 
caHQ, siiico all tho lluul ]acHHmvH aio unnnal to tho Hiirrac'o 
Tho poinl in ^vluch it niooU tho Builaco ul' tliu hoiruMplioro 
may bo civllod ‘ tho contio of pioRsino * 

42. To find the mrUtant pi imnre on Ih mn'Aire of a solid 
eilhor whoUj/ or inmnml tii a heavy tUinid 

Suppose tlio floHd loinuvod.und thn MpacoilowiiikMUillotl 
with licpnd of tlio aanit! kind ; iho rc'HuHuut proHMuui upon it 
will bo tho eamo as upon tho oiigiiml m»Iid. Hut tho licjuid 
moss 19 at lOHt uiidor tho aotidu of Uh own weight, ami tho 
piQHsuro of tho lupiid ftuiiouiiding it: tho roaultniit jiropsuro 
18 tlipioforo oqual to tho weight of tho liquid diRplaaed, and 
aclH ill a voitioal lino through il« contro o( giavity. 

Tho aanio loasoning^ ovhionlly hIiows that tho roaidtanfc 
proBSLivo of an oloatio lluid on any Bolid is oqual to tho woiglit 
of tho okatio fluid displaced by tho Bolid, 

Thia result may ako bo obiaiiiod by inoaiiB of Arts 40 and 
4'1, as follows! 3)iaw paiallol horizontal Inioa touching tho 
BUi’faco, and forming a cylinder which eneloaos it; tho ourvo 
of ooutaot divides tho surface into two parts, on ’wliicU tho 
rosultant horizontal prossuros, parallel to feh© ajria of tho 
evlindor, ttt’O equal aud opposite ; tho horlzcmtal pr(i««auro8 on 
the solid thoroforo balanco oaoh other and the veaultant is 
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wliolly vorlicftl. To doturmiuo llw Amount of tho reRultant 
vortifial luoHsuro. ilraw^ immllnl vorticjil liiiun tmichiiiu tlio 
Burfjuv, Hiul clivWinj' it into Iwo ]mi-tioiiH on ouu ufwliioli tlie 
rDBulUint vnrlicnl jiroHsuro upwardH, iiiid on tliu ollior 
clownwiinltt ; Iho dllldiomn* of tho two is uviiluuLly tho woiglit 
of LIiu Iluid displaood hy tho solid. 

4-3. If a S'llid of givon vohiiiio (K) liij i-omplotoly im- 
morsod in a lioavv li«)Uid,and if (hosuifuco of tho solid consist 
pnrtly of a curvod surfacr, and of known pliuuj avoaa ; 

lliu ruMuIting proKsunr iiii l)io oiirvi'd suiTiico can bu dti- 
torminod. 

For tliu piano Breus ladng known in hI/.o and position, wo 
can cuilciilato ihu ri'snllant hormniUd and lln^ rosultaub vorti- 
cal pmMuro, A' and npan tlioso areas; and, sinco tho 
roauUmg proiisuro on iho wliolo smiaco Is vortical and cijnal 
to pp V upwards, it fnlhavs Ihut tlin rosuUant liori/.ontal and 
vofblcsal preKsuroa on lim ourvuil Murfucoaru rospuctivoly (jcuml 
to A' anu gp F- J' 

Ex. A aoUd is fovmml hg larning a cimnlur arsn round 
a UtngeaL line Ihrough an augla 0, and thin f<olid le held uudor 
water wiiii tie Uneev phtna face horieoutiU and a given depth h. 

In bins oaifi, 

F* nra'^O, X «■ gpira^ {h — a sin 0) Bin 6, 
and F *• <7p7nfi* (/* — h noa ^ + u ain 9 coa 0). 


44. To find Oie I'mdUinl preamre on any eurface of a 
JIM ai rwt UTuler the action vf any given form. 


Let p bo tho proMuro.dotonviinod as in Oliaptor 11., at any 
point (^, V, s) Ufa aurlaou, u •*>(). oxpoBocl to tho ootion of tho 

luld. Then If 

: jjdn 

iaicd'thd cUcoOtdoQ-ooilnoB of the notmol at the point {co^ y, x). 
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CENTRE OF PRESSURE. 


Let SS be an element of the suiface abont the same point* 
The piessmes on this element, paiallei to the axes, aie 

if X, T, X, and A M, X, be the lesultant pie^siues pai allol 
to the axes, and the lesultant couples, icspectively, 



the integiationa being made to include the ^Yhol 0 of the sur- 
face undei consideration. 

These resultants are equivalent to a single force if 
XL+ YM+XX=^0. 


45 The surface maybe divided into elements in thioo 
different ways by planes parallel to the co-ordinate pianos. 

Thus, BwSi/ = projection of S)Sf on a:y = P ~ , 

and /. Z — jj'pdxdy, and similarly, X = jl ^pdydz, and 
Y= W-gdedcc, 

P = //p {ydocdy — ssdzdx), 

ilf=s//p {zdz — dy, 

N - jjp {<eda} - yd^) dz, 

46. If the fluid be at rest under the action of gravity 
only, and the axis of z be vertical,^ is a function of g, (j> («) 
suppose, and therefore, 

' ' X^jS^{g)dydz, ‘ , 1 
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wliicli Ih nvidiMiU.Y thi- rxiiii-sMoii Tor tlio pamllel to 

(t, npnn llin jirnjoi'tion nf tin* Knifiu'n on tho piano 7/2\ 
anti Biiniliirly 1 \h utpiivl to llio profwnru upon tlio projuction 
on 

Ajfuin, ir tin- (lui«l btt iui-ompivKHililo mul itntod upon by 
gravity «*iily. 'vi-iglit of Llio portit^^i of 

nniil uoulainutl Ik'Iwcou fi.S' lunl iUs projotiUoii on tlio mu’fuoo 
of Uio lluiil ; 

woiglit of Lint HUponiummboMt fluid 

Tlu'so rt'Hulla wconl with LIioho pioviouHly obtniuod, ArUs, 
40 niul 41. 

47. If anolitl IwHly bo wholly or |iarl, hilly iinmorHuil in 
any fluid wliiuh in at rosL uridor tho action of givuu forcua, tlio 
roBuliant lluid prowsnm on thu biHly will bo oquiil to tlio 
re«ultanl of Lho ritrcoH which wttnhl act mi tho iliHpluml fluid. 

For wo can iinaj|(inf5 (ho Molhl ronmvuil and tlio gap flllod 
up with tho fluid, which will ho in inpiililirinin uiiuoi' tlio 
notion of tho forcoM and llio jiroBHUixi of Lhu Hurrouncling 
fluid ; niul tho rwuillant proMirn'o niUHt bu oiiuul and opposite 
to tho roBulUvnt of lhu furcoR. 

In filling up tho pap with fluid, tho law of clouBity must 
Iw maintniiuKl, tlmt i*, tho mirfaooH nf uipial donsity must bo 
OontlnuouH Nvith ihoao of tho Kurruiindiug lluiih 


EXAMPLES. 

1. A heavy thick ropo, tho douBlty of which 1b double 
tlio donalty of water, is BUMpoudod bv oiio oiid, outsido tbo 
\yatar, BO M to b« partly immorRod; nnd tho tonsiou of tho 
?0j)0 at llio middle of bho ImmorBod portion. 

B, Water t» pourod into a hollow Bphei-o, dotermlno tho 
vrtopbliof tho wator whoo tho roiultant proBaure is half tho 
: Itotol, normal prOBBuro. 

iB. ;, A oduioal wina-gla« li flUod with wutor and plocod 
a table ; 1C tho whole proBsuro ovh 
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iho water on Llio glass lio doublo i(h icsnltant )>ro«8iire, find 
the Yoibical angle of Llic cono, 

4 A vofisol in tlio foiin of a vogiilni pvi'unid, wIioho base 
is a piano polygon of ?t hIiU'k, is iiliirod willi its nxm \nlieid 
and voi’Lox downwauh and is filb'tl wilh llnnl ICiioli mdr* of 

the vessel is movoablo about a Iniip* at. tin* Vfih'X, anti is 
kept in its plaeo bv a atring rnsUaioti !«» Ibo mnltlln ]»nni of 
its base and to Uto nmUo of Iho ptdygon * ulinw Mini llio 
tension of each sUing m to tlio wludo wingbl of llu* linnl jw 
1 to a sin 2«, -whoio « is thu iiudinalmn of onoh anlo to tiu) 
horijion 

6. Find tlio contvo of prossitro t»r a Ktpmrti Ininiua having 
ono angular point in the wufaro of a hituui; ninl auppoKing it 
to bo moved about tho nngiilar point in ItH oi\n piano, which 
is fixed, and to bo alwaya hiUilly iinniciMud, find the looiia on 
Us own piano of its ceutio ol jiroaHiuo 

G Fmd tho oontro of pro<uiiun of an tdliptlc lamina just 
immorsod in water; and Riipposing it tinned round ni Iho 
same voitical piano, so us to bo always junl iuiinonird, find 
the looua with respect to its axes of tlio centio of pu'snuro. 

7. A cubical box, filled with watoi, \m a closo-fitUng 
heavy lid fixed by smooth binges tn ono odgo; enmnaro the 
tangents of tho angles tlnougli wliicli Iho box nuutb bo lilted 
about tho sovoval odgoa of its base, in order that ibo water 
may just begin to escape. 

8. A system of coaxal oircloa is iinmoraod in water with 
tho line of centres at a given depth *, jirovo that tho controa 
of prossuie of thoso oiroular aioua, wldoh aiti oomphitoly im- 
moraecl, lie on a paiaboio. 

9. Find the eentro of proaauro of a aoml-oUipso (asoa 2a 
and a) which is bdundod by a dlamoter hidinod at tbo angle 

^ to its mt\ior axis, its piano being vortioal,and Ihfe diamotor 

in the surfaoo, 

^ 10. A somj-ollipgo bounded by Ifca osdii minor, k Juab 
immcraocl' ip a liquid tlio donaity of which, variaa m tho doptlij 
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if tho fula minor lin in llm Hurfnrc, flml tho RccanUiclby in 
ortlor (Imi Llm r«j(;u« may hn Lin- la'jil.ni of proKaiiro. 

11. A wjunrc* lamina A/U'J), wliinh is iimnciaoil in wator, 
hnw tho nitli' A It In llm Hiirfm’** ; draw n lino Lo a pnint J'J 
ill Oli M\v\i limt llm prt'.sHun'H on dm two ]ioi'[.i(mH may bo 
or|ual. I’rovo that, if tliiHlm dm onso, dm ilintiiin’o hotwnon. 
Urn coiitroK of pri'KHnic 5 llm aido of di«' mpitmi :: JfA)’) ; 4H. 

12. From a Romloirolo, wImwo dianiolt'r in in dm Hiirfaco 
of a liipiid, a oiroh- ia cnt out , whoso dimnoU'v is dm vortioal 
radius of dm somioirolu; lind llm conin' of prossiirn uf tho 
ronmimiov. 


13. A HomioiiTular lamina is com[ilolnly iinmoiHod in 
^vnto^ with its pImm vortical, ho dud dm oxlrcinily A of iU 
bniinding dinmnlor in in llm mirlaco, and du' diaiimUu' makos 
with bho Hurfaco nu anglo a. 

Prove that if A’ bn Llm cniitrn of proHsmre and 0 bUo angle 
bebwoon .^lA' and die diuinolur, 


Ian 0 


.Iff H- 10 tan a 
10 -h ITitt tan a ' 


14. If dm dopdiB of I, ho angular pomba of a triangle 
below tho HurfaQQ of a liipiid ho n, //, c, pi'tivu that dio depth 
of iho centro of proiwuro hcluw tho ooutru of gravity is 


1 2^ H- 6 •[- y) 


18. A plnne aroa iminomod in a fluid moves parallel to 
l^iolf and wiLli it* centro of gravity always in dm flamo vorti- 
cal itreight lino. Show (1) that tho Iucuh of tho contros of 
ptCMUTO is a hyperbola, ouo nayinptoto of wliitdi is dm given 
yertlool, and (2) that if c, a + K, a -I- h\ a •!- /<", bo tho deptha 
-dCtlie c.a. any position*, y.y+k ,y + A?", those of tho 
of proMuro In tbo samo posiUons, Limn 
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lOXAMl’LTiS. 


1C. tlioconUo of iiiwaum of aHo^jiiioiiLiifa |»riialioln 
bounclocl by l-lio oiuvo and tliu kUiH-iootrOni, thi' fit 

ono ond of Llici bounding oulintilo iKirngiM Lliti Hinfiico If Llin 
liquid I’lao, tlio pmabola lonmiiiiiij;; alntuuniiy, nlunv ihuL llin 
OGuUo of pioa'iiu'Q dosoi'ibos a stiaigliL lino. 

17 A cono ifl lntall 3 ' immoiflod in wiitoi, Iho dojitli of 
tbo conl-io of its bano bomg givnii Piuvo Liiui, /’. r\ r, 
boing tho voHuUanl puwnruH on its i-nnvox sinfiint, \vla>u llm 
sinos of Uio inclmiiUoii of ita umh to tlio lioiumi mo 
rospoobivoly, 

(s' - s") -!- /*'* («*- s) -h (s - a') r. 0. 

J8. Kind tho contro of pioHsmo of Lho iiioa bntwofn tlio 
ciu'vo Jx'Vjij^kJa, ami tho a\ 0 H, taking lUo axes loftiuigu- 
lar and ono u^ tboin in tho suifnuo. 

to, A quantity of liquid nctod upon by a ouniml foroo 
varying aa tho diatanco la oonUunod hoLwoon two pandlnl 
pianos ; if ^1, bo tlio aioaa of t)io jilaiioH in contact with 
tho fluid, show that tlio prosauioa upon thoiri uvo in tho ratio 
•^1 « 


20. A hollow splioio is full of liquid, Ilia donsiiy of whlali 
varios as (tho douth)’*; bIiow tlmt tho wholo prosauru on tho 
surfaco of tho splioio : tho lOBiiUmit prcasuio n a -h U s n d- J . 

21 Ono aaymjiloto of a hyperbola lioa in tlio fiurfaoo of 
a fluid; find tbo depth of tho coutro of piossuio of tlio arna 
inoludod botwoen tlio imniciHod nayraptoLo, tho curve, and 
two givon horizontal linos in tho piano of tho hyporbrda. 

22, A oouQ is immorsocl in wator with tbo oonfceo of iU 

base at a diatanco of ^ of its iiUitudo bolow tho Bui'faoo. A 

paraboloid of tbo aama haao and uUitudo is also Immomod 
with tlio oontro of its boso at tlio samo distanoo below tho 
suriaoo na that of tho oono, and with ita axis itiolltiocl at tho 
same angio to tho vortioal Find what tills angle must bo In 
ordor that tbo rosultanb prossuroa on tho oonvox surlboos of 
the two solids may bo cquoL 
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20. A oUwiuil cylinilur, vary uoarly lilUnl wiLli llmiid, 
roUiU'H uiiirnrmly ulinul a KonphiliiiK lino, whidi jh Yortiual; 
fiiul tlm ruMnltniiL pruHAuri* iiii i(K nm vuil mirfnco. 

Doturiuiuc al«ii tlin jiuint of luitinu of litu ]mi8anro on itB 


uppor oinl, 

24. Show that tlio <loplh of llu' otmlro of ]wokhuvo of tlio 
area ini'hoh il Itolwom ilio jin* iiiiil tlio asymptotu of tlio uurvo 

{r — rt) ^ *1’ )'/• '‘^ynjiLotu buing in Lho 

Burfuoc.' nml llio )»liuio of tlo' o.nrvn vorlii'iil. 


2.V Ac'ouo iHlillod willi liipiiil, iiuil litlod with alioavylid, 
movoiiblo »1 h>uI a Idiigo; it in (looi itmdo In rovnlvo uiiifoi'mly 
about tlio goMi'niting lino llii'ou;,;li tlm liiiigi', whioli in vuv- 
lical; find tlio groaloNt iiiiguliir voloolly iiniisiHLont with no 
oscAp<! of tho Inpiiil, 


20. A iMU'lion of II HjiluTloal .nholl is uni oil' by a piano, 
and lho ronmining iKirlion is pim'oil on a hori/onlal piano ho 
lliat tlio uirculiir rn'otimi is in iionlaiit wilh llio piano and in 
then (ilUiJ with water thnnigiL n aniall hole at lho highuRt 
point. Find tlu^ largest pieuo whiuh uan bu out nil' ho that, 
tiowovor light tliu hIioII may be, tlio water may nut uHuapo. 

In ibin case, provo that the wliolo ]iroKHnro on tlio bIiuU 1h 
to tlio weight uf tho liquid iu Lliu ratio 2 : 1. 


27. If a piano area iiumersud in a liquid rovulvo about 
any axis in iu own plane, prove that lliu centre of pvoBRUi’o 
OoBcriboB a atmigbt line in Che [ilanu. 

4!8. A eubo wlnuie edge U 2 n, and wIkihq Huiok aru linri- 
lontal and vortical, i« surruundeil by a iiuikh of heavy liquid, 
tha volume of whiuh i« ” 1] I liquid ia acted on 

by ft force tending Ui the oontro uf llie cube, and vuning as 
' ;tho dlataneo, the furoo at tlio dbUince a being g) mid the 
' : form of tho froo mirfftoo and the proBauro at any point : also 
|if ope of tlia votiioal face* of tho cube be inovoabio about a 
li^Whwntol lino In iu own piano, bUqw that tho fiirco will bo at 

'■ iEiBit, If ibla tine bo at a diatanoo ^rt from tho lowest edge of 

fixco. 
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29. A solid iiauiholoid, ouL plT liy a tlio 

focus poi'poiidiculiir t(j i(-s ums, is tuiJupU’ti'Iy nmiuumd, uh 
voilox being at a givun doiitli.aiul its iixm iiu'liui’il ul agispu 
angle to Llio vcuLioul. L'’ind Uio diu'i'Lion ami luaginluili,* ul 
tho losuUaiit prossmo on iU ciuvoil suiriu’u. 

30. A solid IS foiiiiud by till mng ti imndmlii awn, 

od by llio latiiH-uiulinii, nlmnl, Iho latnw iri-lmu, lliwu^h mi 
angled, and Uuh scdnl is lioltl iimU'i' wjih’i, jiisl niimi>iHr«i. 
^vith Its lowoi piano I'aco luiii/onliil. I’niu' lluU, il 0 In- ihu 
inclination to tlio Itoiizon oi tho uihulUuil inoHamo uii llm 
oiuved sml’aco of tlio solnl, 

f 

3 sin® 0 tan 0 ^ o sin 51 sin 0 i’i»a 0 " 

31. In tlu) midst of a mass ol' (tnld ntlraoiiug roMitrduig 
to tho law of imtuio, and lolaling iii wtnluo ui|uihl)ituin 
about an axiSj a small paifii'lo ik mtioihu'L'il.nnd i-Hlmtid with 
tho velocity of the lliud whiisu ]»liu’o it omipu-a. Will it 
appioacU Ol' vocodo fiom tlio axis? 

32. Tn an infinito mass of llnid of dmiwity p, nvoi\ part 
of wliioh attracts every otlier j*nit aocoitlmg in tin* Fnw of 
naturo, aie placed two hIicIIh, whoso iiilnrnal and oxtonial 
radii are a, h and a', b' icHiioctivoly, and (UiiHitirs tr, (r\ Tim 
sholls also attract oach otlim and the iliud aa in iiuluw Kind 
tho losnltant Ibrco on each sludl, and show that in coitmn 
cases this forco is a lopulsivo one, 

83. A given aiea is linmojsod veitimlly in a lmn\y Inpiid 
and a cono is constructod on it oa base, tho com? lioiiig wl^olly 
immersed! find tho Iociih of tho vertex wlma Uio it‘*»idUua 
piesaure on the oiiivod suifaco is coiiHtaul. nnd bIiow fhat 
this pvossuio is iinaltoied by turning the onno muiid the 
horijsontal lino diawn tliimigh tho oeutm of gravity of tho 
base perpendicular to tho piano of tho bnao. 

H. A oonioal vessel, axis vortioal and vortex downwanj!*, 
is divided into two parts by a piano through lu axis* and the 
parts are proyontocl from sepaiatmg by a airing which U a 
cl amotor of tho nm of tho vossol, and k pmmumeukr to the 
dividing piano, and by n hingo at tho vortox, 
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Tlio voasel boiug filled with water, compare the tension of 
the string with the ^veight of the water. 

36. A hollow couo open at tho top is filled with water; 
find the resultant prossuro on tho portion of its surface cut 
off, on ono side, hy two planes through its axis incliuod at a 
given angle to each othor; also detonnine tho line of action 
of the I'OBiiltant preasuro, and show that, if the vertical angle 
he a right angle, it will pass through the centre of the top of 
the cone. 


36. A howl in tho form of a hemisphere is filled with 
water; find tlie direction and inagiiitudo of tho resultant 
pressure on the upper portion of tho bowl cut off by a plane 
through its centre mclinod at a given angle to tho horizon. 


87. An open Gonicnl shell, the weight of which may ho 
.ueeleoted, is nlied with wator, and is then suspended from a 
pomt in the rim, and allowed gradually to take its position of 

equilibmun; prove that, if tho vertical angle be cos'^g, tho 

surface of tho water will divide the generating line through 
the point of suspension in tho ratio 2 : 1. 


38. A regular polygon wholly immersed in a liquid is 
niovoahlo about its oontro of gravity; prove that the locus of 
tho oontre of prossuro is a sphere. 


if' 


3&. A hemispherical bowl- is filled with water, and two 
yerblcftl planes are drawn tiu'ough its central radius, cutting 
-;i,Qff a somi-lune of tho suvfoco ; if 2a bo tho angle between the 
^planes, prove that tlio angle which the resultant prossuro on 
tjbq surlftoe makes with the vortical 




itau 


t-v)' 




, J.i' A vessel in the form of a surface of rovolutioh has 
property ; if it be placed with its axis' vertical, 
;^v ;M)i|^r';&ny quantity of water bo poured into it, the ratio of the 

pressure to the resultant vertical pleasure varioa 
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na tho clopUi of Llio water pouiojl in. Whow Unit tlu' nqualitm 
to tho goiioiating cuivo is 

cs .ry. 

4-1. Viiid tho oquatioii nf iv rnis'i* ^jiumi-lrind nlmiit a 
vcitical a\ia, fiU(5li Uml, wlien il Ih nnnu-isi'd wil)i iH lugluiKt 
point at liair tlio dopLh ol its Iowi'hI, the ceiitui of pieKhuu- 



CHAPTER 17. 


THE EQUILIBRIUM OF FLOATING BODIES. 


4(8. To find the conditio'ns of eqnilibi'ium of a floating 
body. 

We shall suppose that the fluid is at i*est under the ootioii 
of gravity only, and that the body, under the action of the 
same force, is floating freely in tbe fluid. The only forces 
then which oob on the body aro its weight, and the pressure 
of the surrounding fluid, and in order tlkat equilibrium may 
exist, the resultant fluid pressure must be equal to the weight 
' j of the body, aud must oob in a vertical direction. 

Now wo have shown, that the resultant pressure of a 
, hoavy fluid on the Bui’faoo of a solid, either wholly or partially 
,, immersed, is equal to the weight of the fluid displaced, and 
; acts in a vertioal lino through its centre of gravity. 

Henoo it follows that tho weight of tho body must be 
- equal to tho weight of the fluid' displaced, and that tho 
oentres of gravity of tho body, and of tho fluid displaced, must 
' lie, in the same vortical line, 

. These conditions are neoessaiyand suffloient conditions of 
s:' eqtiilibrinm, whatever be the nature of the'fluid in which the 
;;; ,; |i9.^y is floating. If it bo heterogeneous, the diaplaood^ fluid 
n!, be looked upon as following the some law of density aa 

Surrounding fluid; in other woitls, it must consist of strata 
;aame kind as, and continuous with, tho homontal 
uniform density, in which the portioles of tho aur- 
fluid are necessarily an-anged. 


5 
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If for instance a solid body float in water partially im- 
mersed, its weight will be oqual to the weight of the -water 
displaced, together with the weight of tho au displaced ; and 
if the au be removed, oi its presauio diminished by a diininn- 
tion of its density oi temperatuie, the solid will sink in tlio 
watei thiough a apace depending upon its own wojglit, and 
upon the densities of an and water. This may be further 
explained by observing that the piessuro of the aii on tho 
water is greatei than at any point above it, and that this sur- 
face pressure of the air is tiansmittcd by the watoi to tho 
immersed portion, of the floating body, and coiisequontly tho 
upward preasuie ot the au upon it is gi eater than tho clown- 
waid pressure 


49 We now proceed to illustiate the application of tho 
above conditions, by tho discussion of some particular oases 

Ex 1 A poition of a solid pari^oloid, of given height, 
foixU vjith its Clans veHical a/nd vevtew downwards m ct hoTtiO" 
geneous Ixqv/id, leqxiirsd to find its position of equ\libri\(/in 

T^inff 4a as the latus loctura of tho geueiating parabola, 
a its height, and a the depth of its vortex, the volumes of 
the whole solid and of the poition immersed aie lospocfclvoly 
27ra/i and 27raa3* , and if p, c, bo the densities of the solid 
and liquid, one condition of equilibnmn is 

p . 27ra/t* = <r , 2waa)* • 

which determines the portion immersed, the other condition 
being obviously satisfied. 


Ex. 2 It is lequvred to find the positions of equilibritm 
% j Ictmina fioaMg with its pme vffi'koal, tn a Uomd 
of double %ts own density y 


The conditions of equilibrium are clearly Satisfied if th© 
lamana float half immersed either with a diagonal vertLoah or 
with two sides vertical. * 
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To oxftiTiiiio tlmm \h imy utlior jjiinitioii of oqui- 

libriiun, Icl. t)io lunmui hu liulil with tlio lino DGO in bho 
surface, in wliioli ca«o bho firnt ooiuliUun Ih natiNfioil, 

lint, if tiio angle (IGA uinl if '2a hu fchu hLJo of tho 
square, tlai inonioiiL ilImiuL 0 of bho Iluid jiroHnuro, whioh is 
tlio sanio jw tliu tlilVoronott iiobwtion bho nioiiionLw of blio root- 
onglo AK, uml ul’twioo tho brianglu GJU), 



o , rt . I, rt a «uo ^ + (t coH 
oc 2a , Bin -■ a'tnii v. ~ , 

oc sin 0 (1 — tnii'il) ; 
and tills vanishoB only whoii ^*>0 or 

Henon tliuro is no nthor pOKiUou of uquilibriuin, 

Ex, 8. A tria7t{/nlar pt'umt ^floats wWt its edges hoi'inmtal, 
to /W ^ potilioM of eqaildjniim. 

Lob tlio Aguro bo a soalion of bho prism by a vorbioal piano 
^ougb its ooutre of gravity. 

i- JPQ is tho line of floatation and JT tho ooiitro of gravity 
of the liquid displnoed. Wboii thorn is oquilibrium the aroa 
; 4PQ 1b to A]S0 in l.lic ratio of tho donsity of tho prism 
to bho doDsiby of tho U([uid, and blmroforo for all possible 
po^itfoDB of bho area APQ is aonstaiib; honoo PQ always 
'tou^as, at its middlo point, an liyporbola of wliiob AB, AO, 
' & the asymptotes. 


5—2 
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AJbo n G muat bo iioipontUoular In f’Q, and lliorofoi’c aiuco 
AUi m^o^AaiOK 


OT must bo poi'poiulioular Lo PO, tlifd is, FIi! ia Ibo noimal 
at Jj} lo tbo hyporbola. Tho pniblom is Lboiofoio roduood lo 
that of drawing uoumils fioni P lo tho ourvo. 


Lol ojyrao* bo llio o(piaLiou of lUo curvo loferrod lo AJ^, 
AO fts axo8, and lol 


^BAO^e, AJi^2a, AO^ 


Lol ( 0 , y, bo llio oa-ordinalos of PB, Uio oo-orcUnalos of P' 
aro a, 6, and Iho oqualiou of Lho normal at fC h 




And if Ibia pass through P] lho co-ordinates of which 
aro a, h, 


{h - y) (® 008 d 1/) (a a) (y oob 0 - a), 
or fl)“-(a*h&co8 (aGOBd’^b)y, • tit* (fi). 


Tho oqualions («) and (/9J dolormino all lho points of __ 
hyporbola, lho laugouls at wnioh can bo linos onloalalion, 
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Alao (/9) ia tlK» o^uatiou to an (Ninilaboml hypoi'bola, ro- 
forrod to conjngnto diainotorn pandlul to Ali, Au\ tlio pointa 
of intornoction of lb(» two liypoi'bnlaa aro thorofore tho posi- 
tions of E. 

To liiul CP, wu lutvo 

a/* “ (a H' b coa 0 ) . a;" -h (a coh 0 >!• h) o'm - » 0, 

an oijiuitioii wliioh liaa only oin^ nogalivi' rootjimil oiio or throe 
poeitivo rooLa, ami tliaro may ho Llmiofuro Liu'oo positions of 
oquilibriuni or only ouo. 

If Ibo dunHltiua (»f thu liquid mid tho prism bo p and cp, ■\vo 
havo, aiuao thu atm Q 

■■ 1 AP . AQ sin Om 2iri_//ain 6 « 2o'Hin 0, 

2po*Hin )lirnb aiu 9, 

or 

/Vom whioh o is dotcrminud. 

Bupposo tho prism to bo isoaculua, Ihuii putting a»Zi, tho 
oquatiou for a bocnmoa 

— 0 * _ tt (1 -I- coa 0 ) («* — o*®) « 0 ; 

from -which wo obtain a*'0, whiali givoa wmo, and makes 
horluontol, on obvious poaltiou of mpiilibnum, and alao 

oj ■» g (1 + oos tf) i (1 -i- ooa o’p 

• 0 008* ± (o*COH*g-0*)*J 

the UoBoolos prism will thoroforo havo only ouo position of 
oqu^brium, uoloss 

aQOB“g>o; 

(id, sinoo po'«(ra', this is equivalent to 
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Ex. 4 JDetei'mwo the pimilimt of cqmhhnum of a balloon 
of given size and wowfU, neglcotinff ihn mirhtiom of temima’ 
ture at different heights in m atmospfm'O 

If the tompoiatum bo cmiHtaiit, llin uf llio aii at 

a hoiglifc « '== rifl luid ila dt'iwity " ^ e *, 1 1 bt'iiig l,ht> atiuO" 

sphorio prosauio at tlu' lovol fioiii ^shu'h llio lioight in iiu'a- 
BUiod. 


The air diaulacocl conaislM of a wm it«« of atnd/i, of vaiiablo 
clonsity, and if z be tho lioiglil of llio lowimL point of tlio 
balloon, x tho JiaLaneolioiu tliiil point of any lioii/.(iiiUd Boctian 
(X) of the balloun, aud h its lioigbt, tlui woigld of a Htmtmn • 
of tho air displaced is 



((rial 

■ * .Ur, 


and tho wliolo woiglit of nli diaplnctal 


f>ng 


i- 

J a ‘ 


ICclto 1 




"j fl * Xdd\ 


Tho form of tlio balloon boiiig given, A'‘ is a known funo- 
tion of 4), and if IK bo tho woinhl of Llio bnlloon and of tlio 
gas it contains, tho height a wul bo dotormiuud ocpmling 
W to tho oxmoHsiou wo have ubUdiiod Jbr tlio woiglit of tho 
air displacoch 


60. A homogeneous solid floats, whollu immmed, in a 
Ugii/id of which tho donsilg varies as the depth ; io find tho 
depth of its oenl/t'o of grmitg. 

Lot a, 0 , bo tho dopthn of tlio higliasl and lowest i>oiutii of 
tho aolid, Z the avoa of a hun^ontal Rootiou of tho solid at a 
depth z, and pz tho dousity ; 

tho weight of tho bquid diaplacodasa f gpMZdz, 

Let 3 be tho clopth of tho oonbro of gravll^ of tho solid, 
and V its volume, tiioii 
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tboroforotha w^iglit of iliHpljuiml lir^iiicl «^gfizV, and if p bo 
tbo donaily nf tho wjlbl, iu woi^lil wppF; honco p>^fxz, or 
the Hoiid IUuiLh in mirli iv fKisiliun Llmt tlic doiiaity of tlio 
liquid ul tlio «lo]>tlj of (lio «;onLrti of gravity of tbo bolid ib 
equal to tlio donmty «•!' Ilni huUiI. 

61 . If iir Holiil llouL umlor ooirntmint. tins conditioiiH of 
oquilibriinn dopoiul »tn Llui iiiUuri- of tlm couHtmiiiingcircuin- 
BtaucoB, but iu_ any oiuso l,h(i roHiilUmt of tlio oonHLrtviiiing 
forcoa inuHt uul in ii vlii lIujiI dirooLiou, niiuio lliu obhur forcob, 
tbo weight of thu boily, and iho iluiil probKurci, imi vortlcul. 

If for iiiRUnoo olio ludnl of u Holid bo lixod, tlio cuniUtioiiof 
equilibriinn in that tbo widgbt of tlm Imdy luid tho weight of 
tho tlnid displiuioil Hhould have ui^uid inoinontH about thu Axud 
point i tluR uundiliou boing HaliHlioih tlio Kolid will bn iit roat, 
and tho Rtroui on thu lixod point will bo tho ililToruiiuu of tbo 
t^vo woighU. 

Aaiiu tuldiluuiul illuHlmtioii, uonaldur thu uiihu of u Bolid, 
(loabing iu wutor uud Munpeirtud by iv Hiring fiiHUmod tn a pomt 
abovo tbo Burfoau; in iW) position of uipiilibrimu tbo string 
will bo vortlonl, and thu lenslun of thu Htiing, togulhor witli. 
^0 rosullant (luid pruHniro, whiuh in uipml b) tho weight of 
tho diHpliujed (luid, will coimti'rbalnriun tliu wolghb oT the 
body; tho tonsinn is Llicrofora ojpud to tho (lifToronco of tho 
weights, and tbo wuighUt aiti bivuniuly in thu ratio of tbo dis^' 
UuiOGB of their lines of iiotiun froiu Ihu iiiiu of tho Btring, 
tiUese tliruQ linos boing iu thu wunu vortioal plauu. 

52. For Hubsoi[uont invustigiilionH, lliu fulluwing goomo- 
trloal propositions will bo found important. 

If a, iolM bo cat by ri ^lano, and ihia plnno ho mado to 
througk a vory mnall aruflo aboiU a atmiijhi line in itself, 

: i/w wkmo mU o^will romain Uio same, provided Uie straight 
i^paos ihrou^i the oonk'o tf gravity of the u/rea of tho piano 

,4,4: '^ prove this, oomddor a right oylindor of tiny kind out by 
tnaklng Its baa6 an angle 6. 
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Lot « bo tho diatauoc) iiom tho bnau of tlio couUo of gravity 
of tho Hootion S/1 an olomont oi tho moa of Lho Hootioii 
aud V tho volumo botwooii tho planoa 'L’lton 

. lUY) 

A • 

AcosO^t^X (SA ccm 0 , PN ) ^ V, 
or s (aioa of Iimho). 

Now tho coutio of giavity of tiio aioa 
A is also tho ooutro of guivity of all aoctions 
mado by pianos passing thumgh it, as may 
bo soon by pioiooting tlio softmiiH on ilm 
boso of tho cylindor; it follows thorofoio, 
tliat, z boing tho same for all such aootioiiH, 
tho volumos cut off aro tho samo 

In tho cuao of any solid, if tho (jutting 
piano bo turned through avorysmall anglo 
about tho contro of gravity of its socUon, 
tho surfaco noar tho ouivos of ao(‘tion may 
bo conaidorod, without sonsihlo urror, cylindrical, and tlio 
abovo proposition is thcuofoio ostablisliodf 

* 'i'lia lollowliig fouu of jnoof »>»vy al«n bo pivoa. 

tixm\u\i n t.maU aanlo W) alKiutfl 
Jlno Ox, ftuu lot <IA bo tui olomoat of tliu nroBi ' 




A *’’*5 volnnio eut off is wjual la 

vUy of A sliould lio in tho axis of aij and, takiuH w iifl Iho oautm of 
gravity, any piano through 0 Nvlll Boiliiiy tho samo oondmon. 
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In otlior wortlK, lliu ililTurunoo bi'twyun tlio volimio lost 
and tlio volnnio tfiiiiod l)y tin- in thu puHitiou of tho 

cutting pluuu will Lw indofiiiiLoly hhuvU coiuparod witli oiLher. 

6B. Vofinitiims. If a hndy (Inat in a lioriiogcmuous liquid, 
tho plana in which Ilia lunly jk intcrscotod by tho surfivco of 
tlio liquid ia tho of jlixUiUinn. 

Tho |>oi)it //, the aaiitia of gnivil.y of Lha liquid displaood, 
ia tho oeiUre ofhnayavci/. 

If tho bidy muvo mu llmt tlui vulmno of liquid displococl 
romaiiiH uncliau|{i'cl, ilia aiivolupu of Iho planoH of Hoatation 
ia tho wryftce oj JlotiltUiun, ami tliu Iouuh of /( U tlio mrfaoe 
of htoyancyi 

64. If a vlano nwua no us tu oni from a solid a oonatant 
wiunw, and if If bs tlm oontra uf nnmtu if the vohnio out off, 
ihe iangmt platut at II tu th sur/uoe wlM is the luoits of Ifis 
^araUcl to the ouUinrj }\Uioo, 

lu other woitlR, tho Inngont planoa at niiy })(iint of tho 



Qurfhoe of flontatioD, ojid at tlio oorreBpouding point of tho 
n^aoo of buoynnoy are panvUol to ono another. 

.W«mLY obwrra thit iho alcobnlod momaul about Ibo aiJi of v of tUo 
- •• • • lO, Ihftt li, If Iho axoa 


(ml off whldi vtnUliM \lS»yiA> 

bo tlio prioDljiM axM of Iho aroa. 
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'J’uru tho plane AOH, tlie cuLluig plane, tlirougli a small 
angle mLo Uu> pimitiou aCb, Uie velumeH of tlin wtulgea /I Ca, 
Hub being oqiim 

Lot G ami G' be tbo euntioK ef gjavily of these wudgoa. 

In OJf protluced Lake a point A' Hueh that 

m\ no i! Volume /lAV ! Volunm aDIK 

Join I'JG' and tako JP Hiuih that 

AVI' ! Wa' Vo] HdO : Vol. aDGi 
thou If ifl tbo coutiu ofgutvily of al)b] 

AVy ! UG A7/' : //'W', 

and Jill' is tlieuiforo paiallel to GG', 

Honco it followH that ultimately wbon tha angle AOa ia 
indo/lnitoly climiumhed, 

JITP is paialltil to AOIh, 

and HIP is a tarigont at II to tlio loeus of II 

Tina bohig trim foi any disphujiuntinb of tbo piano AOB 
about ita ooutro of gravity, it follows that iho taugout piano 
at // to tho locuH of // is [laiallol to tlm piano A On, 

55. 27^0 posiliona of mdlibnuM of a body Jloaiing in a 
homogenmia Uf^uid aro dotonniiml by dnming normals from 
Qy the centre oj gravity of the body, to the sarfem of bmyamy, 

J‘’or if QU bo a noimal to tho surface of buoyanoy, tho 
tangont piano at //, bqing parallol to tho piano of floatation, 
is houssontal, and GH ia tlioioforo vortical. 

Tho two conditions of equilibrinm aro tlion aatlallod, 
and a position of oquilibrinm is dotorminad. 

Tho problem comos to tho samo thing as detminining tho 
positions of equilibrium of a heavy body, bounded' by Olio 
Burfaoo of buoyancy, on a liorisontal piano. 

' 66, It should bo noticed that ilia shape of.fcbo ourvo of 
buoyanoy is ontboly doiormhod by tbo forHi of , tbo boiuldlttg 
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flurfaco, and l« iiimn«!Ctod l»y an ultnnvliini of tlu‘ form of 
tbal porlif'U of Uio Imdy wliich alwayn roniaiim immoiiiod. 

Lot llQ bo au ur<^ nf llju miiTuuo of buoyanoy for a 
bo\mdary ^iAO^ and fui iimiMTHi'd volumo K, and imagiuo 
a voluno' i», tlio ocntiu i>r ffravily of wliirli is /t, Lo bo out off, 



Taking hIV \ hJl n kQ' i UQ w i V -^v, Llio surface 
B'Q is Ibii imw uurvu of buoyanoy wldoit is obviously Blmilav 
to Burfncu IIQ, 

67. PavUoulur ofcnrvoa n/ buoijtmi/. 

For a triangular prism, w in Art, 40, tliucnrvo of floatation 
ifl the onvfilopc of wluuli ia an hypurbtila having All, 
AO for iwyinpLotos ; and, Bincu AJl’^ lAIH, tlio curve of 
buoyanoy is a similar ]iy|>urhuia. 

If tbo body bo a plnin’ lamina Ijonndod by a naiabola, 
tbo ourvoB of lloatabion and buoyanoy aro cfiuoi parabolas, 

If the boundary bo an ullipLio arc, tlio oiu'vcs aro area of 
similar and liinUnriy sltualod oonoontric ullipHOs, 

^ If the iromomed jKjrtion nf a lamina {or prism), bo a 
. jKotonglo, the onrvo of floalaliim njjparunlly m a ainglo point, 
tho ourvo of buoyancy is a jwrabola, 

i ■ To prove this, lot M, B' bo posltionB of tho oontro of 
^ oorroipoDding to tliO poalUous AOBi A! OB of tho 

floatation. 

if iUT-A O£f-o, and S-tbo 

out OIT, 
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Sy - £( . Cl'N » ia/3 . ~ J«/9 (- g‘) ■ ’ 1«’A 

Si> = 6 ' . //i\r „ j„/) ^0 + (0 - 

and 



This is a partiojilar ofiao o(’ tho tinangular prUm, tuul, as 
lu Lbat caso, tho curves of fldaUitlow ami buoyancy aro ennllar 
ourvos, tho fact being tlial iho curve of noatntion i« a para- 
bola, with its vortex at (1 flattonod down ia a atouiglifc lino, 
Tho identity of iho oasos will ho clearly soon by the appheo- 
tion of a powerful mioroHco[)o to tho llguvo, (iapabio of on- 
laigiiig iho ovauoflcoui pniaboln to a visible also. 

68. If tho body bo n lamina bounded by un hyperbolic 
aro, tho ourvos aro similai* hyporbolos. 
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ThuH. if <3 ^ l»nu of llunUiLion, and if 2 a', W bo tho 

diamotorH ofUijugJiU) and parallul to QQ', Inulhicd afc tin angle 
Q, 80 tlmt ah' «in 0 » ah, 


(•It 

tbo area ‘s/'n* — it'* hIh Qdr. 

80 that tho ratio of-ir' to a\ tluU. in, of UV to OP is constant. 


Moruavor, 



and Ihoroforo Uiu mtin of OU to ('P is cnnntaul. 

TIiom resulU can aIhu bo ublninod by [niroly gooinotrioal 
roOBOuing. 


60. If tho nunting body iio anch Uial tho boundary of tbo 
portion innnoraoil im tlio surfneu of an ollii^oid, it is oaally 
Sion tlmt thu BurfiiwH ul' ll(>at4iLiiin and biiayanoy aro portions 
of eimilar and similarly ailUHtoil cunountrio ollijWQlda. U'ur if 
tbo boimilury Im a ^lortion uf a Kniiortcal siirfaco, tins is ob- 
viously truu, nml tbo Kphuru am bo bomugonuausly siraiuod 
into an olli])»oid. 

00. A ntlid mfolntiw jUnilx tu u lifjnid which votalos 
as if i^id, alnud a wftHoal aarts, (Jus mis (f (Jio 
, jtoiW coineuhinn wiUs Ota ims of rolaJiosi ; roqiUrod to find 

QontUUon of e<fuilUuiunk. 

In a mnwi of ruULltig licpiid, sup[^o a surface of revo< 
,JutloD doscribed. having tts axis ooliioldont ivitb tbe axis of 
and oouRldar tho oquliibrlum of tbo liquid ivltldn 
tQrfoco. Tbo roeiilltuit of tbo duid procures upon iUe 
"Uqtdd tQu 8 t 1)0 equal to itn woigbt, and tbe samo proBsuros 
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boing oxoi'LdcI ou llici amfiwso of nny rn’cti^jyiug tlio 
aamo apaooj iL Iblluwfl tliat any mich will bu m oimi- 
Itbiiunii, if itH woigUt. bo o(|iiiU to llii* weight of Ibo lluia it 
(lisplttcoa 

Tt will bo Rc'im imuoovov llml it jr quilo mdKTonmt 
wliotlior tbu flolul loliilo with llio IIukI, hi witb jubfloiont 
angular volooity, oi bo at loat. 


J5x. J cylinder Jioals hi ruiuluif/ liijiiid; to find Iho 
doplh to wliio/i it in iminvnad 

[f A) bo tho anguliu volooilv, ibu lupialion to tbo gono* 
rating paiabola of tlio fioo Hiiiiiwo, taking iIh vorJox na tho 
oiiguij J8 6)V and if t bo tlio doptli of tho baau of tho 
oylmclor bolow tho onolo of flouial.ion, that ia, tlio oirolo in 
whioh tho IVcio fliuiaco iiiUnaucta tho Kurfaco of tlio o^dmdor, 
and 0 tho iwUufl of tho < 7 lindor, tho v«dnino of tho diHnlocod 
fluid iH tho ddforonco botwooii tho volumo of alioightifof 




tho oylmdar, and tho voliimo of it liuiglit of tho para- 
boloid. 

Ilonoo, if O' bo tho doiiaity of tho tyllndor and p of tho 
fluid, 


criroVi m p ^ , 


1 ^ 1 . a)*o* 

and 6*^ ' h*y , - , 
P d-y 


61. A moro gonoiul oiuao ia that of a body floating, 
wholly or partially immowod, in a liciuid at reat undor tho 
aotiQu of any givon foroos, tho aamo forcoa bomg Bupposod 
to aot on tho moloouloa of Uio body, 

Tf tho body bo in oquilibrium, tho reaitltinff forco upon it 
m bo oqirnl to tho resulting forco on tho liquid displaood 
- and tho Imos of action of tho two foroos will hq did Bamo. 


'I 
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For. if fill’ bill ly ln^ n-umvinl, mul iu pliu-,! ncnipiod bytbo 
dianlaccil llqniil, llit' prcsHur.^ df tlio !ii|ui(l uiioii tlio 

body will bfi tlio wuno iw upt.ii ilm ilirtplucod liipiid, and will 
ihoroforo bcj oijual rimi opjHwiu* to tlm romiluuit foreu upon 
iho diHpliH'oil liijuid, ^ 

Ex, yl h „l irsl nndcvthf^mUmmfafaroQ 

to ajlreil p\>iut viinjiun ns f/w t/ishnur, and a H(d{<l in 
of a sphorkid svcU,v is ni rvsl fsirtlp imuwrsvd in it, mlh its 
wWeJ5 at If^fj-fid ihnnt ; it is rs'jmrnd to nowpuro l/i/i dimniieB 
of liquid nnd mu sidid. 

Ill tho HUito of iHiuilibnuin. lol, r )io llm rmliun of tliu froo 
Burfaoo Ilf tho lii|uul, ami u llo* radium of ilm Hplmrioiil Hootor. 
Tho vohitno« of tho m-eUir ami of lim ilisplaouil li.piul aro in 
tho ratio of a* to r*; iiml tlm tlinUmcoH of tliojr cioutro of 
gravity from tho nmlro of fon'o uro in tho ratio of a to r; 

if p will tr )h‘ tho iloiJHitiiiH, pii^ w ar^. 


OB. PoUnUal etiertjij stursd vjt Ity tho twinMj’Maa of a solid 
^ a litjuid. 

If ft wlid tnaiy bo iiiiinorMid in a voiwul ctintainitiff liquid, 
work ii done, and thortToro pntontial onorgy In gainod by the 
OlQVfttion of tho contra of gravity of tho Ihpiid. 



s bo Uio d^th uf liquid, t tho doplb of iramenloii of 
italld, X and X Uio oorresponding aranJ Boobions of tho 
ftud tho ftolid. K tlio volume or liquid, aud V of tho 
^CDCmd portion of tho eoHd. 

’l' ' ' 
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Thon, 

Vm - f [V (a) •» s -h , 

Jo Jo 

and tho incrooHO of polonlial onoigy Ih Iho vavialiou of tbo 
expression gpVw, duo to an incieiwo Sa; in «?. 

Taking gp^l, Lius vaiiation 

- XA - (S.U - Bs) r' - (a; ™ «) m ~ XzBis, 

and, observing tliaL 



and that 

XS,t! M ^S^f, 

Lhe variation »» 

This roHuU oan of ouuiho bo obtaiiiod at once by observing 
that IB equal to the rusnltaut vortical prossuio ou the 
solid, and tliat S;!! -< Bm is tlio doscont of tlio solid duo to tho 
ascent 8.0 of tlio liquid, 


KXAMTLiCS. 

1. Provo that a bomogouoouH solid, in the form of a right 
circular oono, can flout in a Iniuid of twioo its own clouSty 
with its axis lioiizontal, and lind, in that oaao, tho whole 
pressure on the surface iininoiBod, 

2. A solid formed of two co-axial ligiit cones, of tiiosarao 
vertical angle, connected at the voiticos, is plocod with one 
end in contact with tho horizontal boao of a vossol . water is 
then poured into the vossol , show that if tho altitude of tho 
upper oono be Uoblo that of tho lowoi, and tho common don- 
sHy of tho spindle four-aovonths that of tho water, it will bo 
upon the point of rising when tho water rouohofl to tho lovol 
of its upper end. 


EXAMPLES. 
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8. A cone, placed with its axis vortical and vertex dowu- 
■wards in a liquid, floats with half its axis immersed, and, when 
placed in auothor liquid, it floats with three-fourths im- 
mersed : in what proportion must these be mixed, that it 
may float in the mixtm*o with two-thirds of the axis im- 
mersed ? 


4. A cone, of given weight and volume, floats with its 
vortex downwai*da; prove that the surface of the cone in 
contact with the liquid ia least when its vortical angle is 


2 tan 


V2’ 


5. A tnangulav lamina ABO, right-angled at 0, is ‘at- 
tached to a atiing at A, and rests with the side AO vertical 
and half its length .immoi'aed in liquid; prove that the den- 
aiby of the lamina is |thB of the density of the liquid. 


G. A square board is placed in liquid of four times its 
density ; shew that there are bhreo different positions in 
whioh it will float ^vibll one given corner only below the 
surface of the fluid. 


• 7. A body is floating in water; a hollow vessel isiu- 
yertod over it and depressed : what offoet >7111 he produced in 
the position of tho body, (1) with reference to the surface of 
the water within tho voBsel, (2) with reference to the surface 
|;of the fluid outside 1 




8. A hollow hemispherical shell has a heavy partiole 
to its rim, and floats in water with the partiolp just 


ibOVe the surface, and with tho plane of the vim inolined at 
i|Yan, angle of 45° to tho surface; snow that the weight of the 
iii'M-liemisphore : the weight of the water which it would contain 

::4>V2-6 : 0^2. 





, If-. 9, A sphere of given ludius floats in equilibrium in a 
y^dqftutity of water contained in a cylindrical vessel, revolving 
about its axis which is vertical ; tho velocity of 


SiSittiop 18 such that the centrifugal aooeleiation at a distance 
Sffiffi'' the axis equal to the radius of the sphere ia equivalent 

gravity; prove that the whole pressure 
bh© sphere varies as the oubo of the surface immersei 
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10, A cono of floini-vorUoal anglo 30“ ami axis h JloaU 
with its axis vovlical ami voitux dowuwaulH lu a fluid whoso 
donsity is oiio-tliivd gicatur than its own ; show that Lho lim 
of Its base will bo just iinifiovHod if tlio lliud rolatu, as if ligid, 

with angulav velocity about a vcilical Imo foiucidmg 
with tlio axis of tlio cono. 


LI. A solid cono is divhlod into two ]>arLfl by a piano 
thiough its axis, and tho parts aio coiiiiopUmI by a bingo at 
tho vortoxj tlio systoin being placed in water witli ils axis 
vortical and viatox ilownwaids, slmw that, if it float willmut 
Bopaiatioii of tbo naits, tho longth of tho axis imnuusud is 
preator than /isnra, h being tho lioight of tho cone, and 2« 
its voitical angle. 


12. A cono, tho voitex of wliicb is fixed at the bottom of 
a vesaol containing wator, is in cmnbbimin, with its slant sido 
voitical and Lho lowest point oi ils base just touching tho 
BurfooQ Oomparo the density of tho oonu witli tliat of tho 
watov. 


18. Tho ourvod suifaco of a cup ia foiinocl by tho rovoUi- 

■V 

tion of a poition of tho ciuvo y « about its asymptolo. Tt 
floats in liquid with its axis vertical niicl nauow end down- 
waids, and a heavier ll(|uul is poiuod into it. Shew that 
if the cup bo made of piepcr weight, tho distanoo hotwooii 
tho surfaouH of Lho two liquids will lio constant. 


14. A cylinder floats in a liquid willi its axis inoliuod at 
an angle tair' ^ to the voitical, and its upper end just abovo 


the surfacoj provo that tho radius is J of tho hoiglit of tho 
oylinclor. 

16. Two rods of tho same suhalanoo have Choir ends 
fostonod togotbor, and float in a liquid with tho angle 
immorsod ; show tliat tho curve of buoyancy is a pambolo. 

10. Find tho surface of buoyancy in tho ooso of a oon© 
noabmg with its vortox immorsod. 


KKAMl'IiKH, 
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17. A. Imllt^w liPiiiiMpliGriwil p.iip iu cloHOfl liy a lid of tho 
Bftmo snitill thiokmixH tind «F tlio kiuiuj ajib«tauco; sliow tlmt, 

If ifc floiit iu a lupiid witli ita coiiU-n in thu fluvhwo, Lho in- 
cdinaLinn of tho lid Ui tliu vortiml will ho IT 15'. 

IH. A ri^ht rih'nlnr I'onn Ihih k plnno Ihwo iu tlio form of 
an ollijmo; tluvcoiio IIoiiIh willi ita lon^uHt ^otiomting lino 
horixoiiUd ; if ila Ihi vi*ilii*ul iHif;;lo, and ^ thu luiglo 
betwoon tlio })lauu hnatt iiiul tint Hliortoab gunoraling lino, 
uhew that 

I’ni i;nl *ta — ^ COHIK! Ib, 

in. If tlio lu'ight (if a ri;')it. oimilur ( 201)0 booipial to tho 
diameter uf llx' luixu, it will llotit, with iU Klaut aidu hori- 
zontal, iu any li(|uid orKroiiU-r doiiHity. 

20. A coui.’, whiiHo lioiglit. w It and vortioal miglu 2 b, bos 
Ita vortox llxed iit dihUuu'o a benonlli tin*. Burfacu of a Ihjuid ; 
show llmt it will rtwt with iu lnwo junt out uf tho Ihpiid if 

CO* . CU«*rt . C( inO “* — b) .onrt (5H- a)]*, 

where c luul p aro tho doiiHitioa of Lhu lii|i)id iiud ccino, and 
$ is givou by tho oiiuatioii inj(iKB*“/i««>H(<? a), 

21, A UHmbodri'u llnau in wnlur with riiio oornor im- 
mersed. The Ihroo odgea whieli inoct in thiMcornovaru equal 
and inuLiinlly at right aughw. Hliow that thoro aro one, two, 
or throe distinct positiuitM of i)i|iiilib)-)iiin, auoording us tho 
ratio of tho density of the lulraliudron tu that uf thu wabor is 
greater, equal U», or Iosh ihaii 4 : 27. 

' 22. A homlsiiboriwil shell (mdiun iiti) nnntniniug water 

i^tttUw with an angular voluuity alniut its axis wliiohls 

^Ctioal : asiilmro (radius a) rests on tho waturmth its lowest 
Mint in contaot with tho shell without nroHsuro on it. If tho 
^S^ iurffwu poMo* through the cLrn of tlio b))o11, show that 

^' density of splioru : density of water u 128 j 189, 

An isoBOolM triangular bmiua AHO, right-angled at 
i|4oati8 with iu piano vcrdoel and tho angle 0 immei’sed, ip 

0—2 
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a liquid of which the doimily vtirioH aa tlio clcptli ; prove that, 

if ^ ^ bo tho angle which AJI inakoa wUli (ho vorlical, in 

oithor of tliG positiona of Qfjuilibiimn in whitdi AH ia not 
horizontal, tho valuu of 0 is givou by an otpuvtiun of thu form 

m siu*(? coh’'^J « (ttiu 0 -i- (H)h 0)\ 

21 A right circular cyliiulur, whoao axia in vortical, con- 
tains a quantity of li(pii<l, Uit5 dousity of which varicH iw‘tho 
depth, and a right coiio w1k>ho axis \h uiuiicidunt with that of 
tho oylindor and wliioli is of uqual haao, ia allowiul Uj eink 
slowly into Uio liquid with its vortux dowjiwimlH. If tho 
oono bo in oquilibrinin whon just imniorstul, ]>rovu that 
tho density of tho couo is equal to Uio initial donait^ of tho 
liquid at a depth o<puil to y^tli tho longtli of thu axis of tho 
oono. 

2B, A ouantit^ of Hciuid, tho cloiiHlty of which variaw cw 
tho clopth, fills an invortuil ])araboloul, of Itilus vuotuiu o, to a 
boigUt h ; provo that, if it bo pouvod into a vokkoI of tho form 
gonoraiod by tho rovolutiou round tho nxis of w of iho ourvo, 

aY (a - <«) (2rt — /a), 

whoro ti is any constant, its density will vary ns tl\a square of 
its depth. 

20. A solid couoj of height h, vertionl anglo 2ai and 
density p, is movoablo about its vortex, and its vortox is fixed 
at a depth o bolow tho surfaco of a liquid, tho density of 
which, at a depth e, is /iz. I'lio cono ia in aquilibriuin with 
its axis inclined at an angle 0 to tho verbiad, and ita baiio 
abovo tho surfaco ; provo that 

po" cos"o 008 6 (cos d -I- a cos 

27. A hollow paraboloidal voaaol flonlB in watey with a 
heavy sphoro lying in it. Tliero being an opening at tho 
vertex, tho water oooupios the whole of the apoao betwoon the 
yossol and;bho sphoro. If tho vosultaut prossure on theBphei'o 
bo equal to hall tho weight of tho wator whloli would fill It, 
■shew that the deptli of tho centre of tho «pliero bolow the 
, surface 'Of tho water is W 3o, whore diet ie tire latus rdotum 
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of Iho pauilnil«»ul, ami o llm ilmtiim-o of tlui planu of contaci 
fiom Uh' v»'>U'x. 


28. A iikIH, roue (Inals \sjih iu voitux (lowmvaulB in 
a flnul of uliiili llio ilniisHv \aiifH us llin ilonbli. Show that 
if itH n\m ran mako uu augln 0 willi Lhu voUiriil in a uoHiUon 
of (uunlilainiii, lluai 


6 I'nsa snr 0 



whore a ik (lir mouu \»'ilnal uuljIm tif tlin nmn, cr its duimity, 
p that of ihi* llmil at a ih-plli ri|iial to tlio Klaiit hkIo of iho 
cono. 


29. A iiKlit aiiKlril liiaiigiiiar primu (Inah in a fluid of 
which iho doiiHity vimoH lui Iho dr[>Lh willi tlui right anglo 
immor«i‘tl am! the rdgoB hou/.onlnl , (Im cmvo of buoyancy is 
of bho fonu 





aiFAPTMlt V. 


'X’llE STABIUTY OF TilK KQtrn.inUIUM OF FLOATlNd llOOIEH 

03 Jf a floating body bo wliglitly diHnlaocd, it will in 
gonoral oitbov tond to lotiiru to lU tingmal positiim, or will 
vocodo failUoi fiom tluit tiositioii; in Dio ioimoi ciuiu Dio 
oquilibmim is aaul to bo alahloi and in thu bittoi imUihU, for 
that partioulai diiootion of diaplaouniunt. 

Oouaiclor (list a Rinull voitical di»pIacoiuant, it ih oloar 
that, if Dio bod^ bo fluivtiiig pai Dally nniiicroc'd in lioutoguno- 
oils fluid, or if ft bo immoiHod, oiLhoi wholly or pailially, m a 
hotoiogonoouB fluid of which tho doiiKity inoioMoa with tho 
depth, a doprosaion will iiioiouao tho weight of tho fluid die- 
pjacod, and on tho oontrarv an olovation will dnniniBh it, in 
oithoi oaao tho Londoiioy of tho ihnd piuHHuro is to loatoro Dio 
body to its positiou of lOHt, ami tho oquilibriuin la atablo with 
rogard to voitical difiplacomouta. TluH.it will bo obsorvocl, ia 
only shown to bo tiuo of rigid bodies ; if tho iucroasod plea- 
sure, oausod by dopioBsion.Imvo tho oflbot of oomproaslug any 
portion of tho floating body, Dio ot|uilibi’iuin is not necoasarily 
stable, and in fact it may bo unstablo. 

An arbitrary disiilaoomont will iu gonoral involvo both 
vortical and augidar changes in tho poaitiou of tho body ; if 
however the displaoomout bo small, aa wo havo auppoaed to 
bo tho oaao, tho effoots of tho two ohangos of position oau bo 
treated indopondontly ; and wo pioooocf to oonsidor tho affoot 
of a small angular displaoomont, on tho supposition that tho 
weight of fluid displaood romaina imobaDgod, and oonao- 
quently that tho fluid preasuro has no tonclouoy to raiso or 
depress tho oontro of gravity of tho body, 
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0'j<. A Huhd.jlaiili'iiii tif tat m a hoinof/oncouf. liquid, is 
made to itun On outfit u vtrii hihuII tnujlo m a (jwon m'lioal 
plane, to ddviniinv wht’lhor Ilia jluid prmun will tend to 
roduto it to ita oiipiiiiU imsUum ur lud. 

tiu' vulninit (iC lii|iuil to uiinam un- 

ohaugod, jnul Ihul (lio ooiilitt oi’ buiiyiuify KoimiuH in tho 
voitiml i»bino of ihsjilm toni'ul (huMigh JKI TIuh will bo tlio 
coao il 6iV bo a piiuoijud axis i>r llio i»limu of lloatatiou 

Lot A lid bo tijo ougnial piano of (loalaliou ami IWb Uio 
waloj-lino aftci (Implm onnmt lbr«mgb uHinall aimlo 0, (I tho 
conUo of giavity ol tlm Hnlul, If ol' llio (Imtl oiiginally dis- 
placed, and Kl!»o Volume ul’ the lluid displaced 



In Um MiH'oiid Hgun’ CN" U ibu lino of jiiloiHccLum of tho 
two plaiioH /K-«, ifcb, which m poipuiulicular to tho piano 
AOU, in the fiiat (igiue. 



Tho remiUaut fluid proHsuro Ih tho weight of BJkib acting 
upwards, and la thorofuro ocpdvnk-itt to tho woight of Alh, 
' or gpV, acting upwimln through 11, of tho wodgo aOh noting 
upwarda, and of tho wedga AOU noting downwarda. 
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ThoBO woclgoB boiriff equal, Ihe iCHulUuit acti<tii of Iho two 
woclgos is a couplo, tho nuunonl of wlucb about 0 ia ocpitil to 
its momont about 0. 

Taking for couvemiouco gp an unity, tho wojglit of an olo- 
mont /W of ono (tf tho woilgoa 

whoio ffl w ON^ anti y » /W ; aiul tho tliHiaiuio frutn ON of iu 
coiitio of giavity ih |y} 

tiio mcnaont abinit ON of tho wculgoa 
2 (4/ 0 Sfli) 
ra . A k\ 

whoro A is tho nvoa of tho nootioii A Ca nf tho body by tho 
piano of floatation, an<l /• its iiwliuH of gymtuai lolativo to tho 
linoCW, Jlonco tho losUnativo inonunit of tlio fluid piossuro 
about a horisoutal axis (hiougli Cf, pnrallol to ON, 

and if this moment is noslllvo tho solid toads to rotina to its 
oiiglnal poBitlou, i o. tlio oquihbiium is sUiblo 

whoa /to < , 

and oonvoraoly, is iinstablo 

whoa nO>^ . 

If M bo tho point iu JIO Ihroiigh wliich tho reaultnnt vor- 
tical prossuro of tho fluid aots, in othor words, if tho vortical 
lino tlu'ovigh tho oontro of buoynuoy moot //(? In tho 
momont is 

V. QM bIu $, 

or v{na‘-m)0\ 

and tho oqullibrium is sfcablo or unstable aooordJng os ITM > 
or <M(jfs 

Tho point M is oallod tho mtao0ni7'e, 


V 
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ia 


ilAj* 

If J7 ^7 »“ , tlmt in, if vVaiiti OciiiiicitlOj tho oquiUbiium 

said to bo ncutnil. 


Koplaning gp, it will Ito m-ou tljiitllm rontovativo moment, 
for a diHpluui'iHcnl llirongh a Hinall anglo 6, in 

ijpOiAlc"- P'. 


Ofl, Wo havo aHHUini'd, in tin' ]in!(!('(llng invoRtigation, 
tlmt tlio centre <»f gravity t»f tlm (liHplaccd liipiid rnmainH in 
the vorticyil piano of tliKpiinionirnl. piiHHing through 11G\ when 
this ia not tho cmto, Llio oxpri'-^Hion 

gpiAlc^- V. 110)0, 

will Btill roproflent Lliu HMuniml «if tlio Iluid pronHiiroa, but tho 
lino of notion of tho roRullnnt thihl ]ir(WHuro will not necos- 
Borily lio in tho plana A Jin, 

Lot m bo the iliatoncn mnnaurml in Iho diructiun ON", 2nd 
flguro, of llio vorticuil thrmigli Iho uuiitru of gravity (IT') of 
tho solid Sabi thoa 

Vi6^/gp0,rij tlA, 

so that £ doponda upon tho proilimt of inortia of tho nroci, and 
vonlihos when Ca and Oy nro principal axoa. 

U tho prqjoction of tho vortical through ir on tho plane 
4Ba moot lIO in Af, tlu« innnmnt of tho fluid prosauroa about 
0- will Btill bo reproHontoil by V . GAfO, and thoroforo as in 
the provious ouao F . ffAI « and if rotation in the diroo- 
tion of the piano AfJa only bo allowed, tlio poaition of tho 
point if dcfinM Iho atnbility of Lho otpdlibrium. 

GO. It miiat bo obaervotl tlial tho above investigation is 
esMntially alatloal ; it ia simply an Inquiry into tho dlmotlon 
in whloh tho luomcnl of thu fluid prowuro about a oortain 
ihoEiiontal nxla through 0 is acting in tho pusition of dis- 
'i plaoomont oontomplatod. 

OoMldorod dynamlonlly, if Iho horizontal axis through 0 
; bft not a prinolpal axis, tho forcoa introduced by diaplaooinonb 

oauM noodlomtlons about othor oxo* through (?, and will 
::*';i)OM6quoutly produce rotations about varying axes. 
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Woioovor a ]otaLion about G wouM, oxoopt in Uiu ojwo in 
which IC and 0 aio coincidont, caiiw’ »i clumgo in Lho Jimiutity 
of fluid displaced, and voitical oaoillaUoiiH would Uioiofoio 
onsuo. 

07. 'I’ho quoation of atability iiiny bo tioatod Hoinowhat 
dilfuroutly. 

Dofluiiig tho mataconiro iw tho jjmiiL of inioraoctiou wiLli 
tho lino 7/f/ of tho voitlcal lino thumgh Uio now oonLro of 
biiojyiuioy after a alight diHplacoin<*nt, wo ivio lod to llio fol- 
lowing thcoioni j 

The melamiU'O in tho contra of rw'vntin'd of tho ourve of 
hioyanti}i at the. iminiin the samo oartionl IhiO toitk (i. 

Tina iK at oncu iibvioiiK runn tho fact lliat tho point il/ia 
tho point of intoiHoctiuu of ooiiaooutivt' mn'iniila to Ihu ouivo, 

llouoo it api^iuam that fot any iliHiilncoinuiit, coiiRialont 
with tho conclitiou that tho vohinio (liHjjIauud roiniuiiB tlio 
flamo, the cluootion of tlio fluid piuasuio la ahvaya a vortioal 
tangent to tho ovoluto of llio cuivo id buoyancy. 

68. I'h'oin tho [iiocodhig ibooioiu wo cnii dolxinniuo tlio 
oxpvosBion for tho hoiglit of tlio motocoutro ahovo tho point IL 

Lot JTbo tho oontro of gravity of Llio volumo A DUy and 
II' of aDh, aOA henug a Hinall aiigla 0, 

Tlion, if a bo an olomont of Ihn avon of tho piano of 
iioatutiuii, 
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U‘]^\ UN, lU'iiKOuluniluw* U[mi Mu‘ vcitical lino Uivouffh 0, 
JfN' . V- UN . r v {f/« .0,a. rn) m v (6'n' . 0 . a' CV), 

nr irh V ^OAk'i 

but if 111’ tbn r«'hlu‘ Ilf (‘luvatmn at J[^ 

in, ItM.O IIM.O, 

/. V.llM ^k\L 

Tlin loHlnialun iimmi’Ul. fm aMiimll ilis[>lii(H)nHmt 0, 
UpV.llM.O fip{}{.UA^ V im). 


(jD Tlui |iu'r«'ilmK tulu'li* uHHumns lliat tlin voitical lino 
of actinii (if llin dun! iin-H'min. afini a nli^lit ilmplacnmont, in- 
lorac«it4i flO ‘Hum will Im liun nnly wbnii llui piano of tlis- 

S Uiconumt h a jmuupal HorUnii. at U, of Uio BUifauQ of 
uoynncy. VVlmn {hm m nut llin oiwn, Llm [nojiioUnu of tliu 
lino afnolitin nii llio \ nit teal plam» of idHpliiromontwill intoi- 
i@ot ftO m n |)nint M, wlurli will hu llu* contio of ouivtiUu’o 
of the nurinal Hcelinii nt iho mnifU'e 

Tho riuliim of euivatum of unynnuiml Koctioniit fAuf tho 

vl/i'’* 

Hiirfnco of Imtiyiviu'y, ih Ihoreruro j/- , uiul, if I and /' bo tho 

pruin|>al imunoul** nf ifinitia nf llu* piano of lloalation at ita 
contro of gmvity, flio primM|ml milii nfourvatiivu.at f/,of tho 
BUrfaoo of bunyanoy am 

/■ U 

y tuul 

and tlio priitfiml Hoetiuim am paiallol to tho priuoipal axes 
of tho plane of IhMiUilnm. 

70. A moMl iiupoi Unt cuao imlumlly pmaonta itaolf; that 
k tho ciuotilion of iho atabihty of equihlnmin of a ahip when 
dupkood by I'nlling. 

In this earns the verlieal piano through //(y, pornondioulai* 
to iho plane* of diaplae*esm 0 nt, dividtia tho floating body aym- 
inotrioftlly, and con^oeiwontly tho vortical lino flQ poasoa 
through tho puinl U in tliu plauo of floatation. 
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Tho lino II(} nlao clivkloM Lho curvo of Ininyunry Hymjiiotri- 
cally, ftnd lho pomb Jl in a of niaxiunun m minimum 
cnrvaturo. Tn tho fiiat of fchcsao twn (‘jihoh ruHp i»f lho 
ovoluto is pomlotl clownwiirilH; lu llin rn'ornitl rimn it, ih imintod 
upwards. 




Tho figures ab onoo show tho offeoU of diBplttoaraQnt). 

In lho first oaso Lho I'ighlitig momoiit, wliioh ia lho BlttU- 
oal mooauro of staWlity for a givou angle of diaplaoemonl, is 
proportional to f/T lho porpondioular fiom (f on tho tonganb 
with an, inoroaao in tho anglo of diapuwo- 
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In. the second case, the lighting moment inoieases to a 
maximum valno, and thou dimmishos, vanishing for the 
position given by the tangent QQ'P', 

This 18 a position of equilibrium, but it is of unstable 
equilibrium, in accoidance wLth the genoial mechanical law 
that positions of stable and unstable oquilibiium ocoui alter- 
nately 


If the equation to the cnivo of buoyancy be obtained in 
the form p Q being the oiigin, 

d(fi’ 

and the righting moment is 

djy* 

if W be tbo weight of the ship. 

In general the ciuvo of buoyancy, foi moderate displaoe- 
Bienis, IS approximately an aio of an hypoibola; in the case 
of a ‘ wall-siood’ ship, that is of a ship with the sides veitioal 
new the ■vvatoi-lino, tho cuivo is an aio of a paiabola. 


71. Taking tlio cose of a ship floating upright, the 
expression foi Wio ladius of ouivatuio of a transvoiso section, 
2A, of tho siufaco of floatation is 

J*?/ tan ads 

ds boing an oloment of tho peiimotoi of the watei-aoction, 
and a tho inclination of tho side of Uio ship to the vertical 

To prove this, let O' bo tho centie of giaviby of a section 
thiough 0 making a small angle 0 with the watei-section 
AO£f and lot aOb bo the projection of tho perimetoi of tho 
pew section upon tho watoi -section, JS being the projection 
Of O'. 

Talking PQ » ds, and drawing and Qq normals to the 
perimeter, the element of area Jyqp = i/0tan ads ; 

, ■ . C®" (jil) — 2 tan ads, 

and, sinod 00' and 00' ultimately, it follows that 
r,jdsa/y’'taaads, 
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an oxpiosHion IiihI- given by Mouh. 0 Dujini, in ti inomoir 
given to tlio Aofub^nno dtw HebnicoM in IH14 

A ooiTOHiioiicIhig oxi>ioHHion obvioiiHly oxiHla for tlio iniliua 
of ouivaUuo (/i,) of tlio lorigitmlinal m'otiun. 


72. Oalliiig r and It Iho molucLnilnc lunghifl for UaiiB- 
voiaal and longitudinal diatiliicuinontfl, lliat in, tlio radii of 
ourvatmo of tianavoiKo and longiludnml Hoctiuim of tbo 
flui'faco of buoyancy; wo know lliat 

r jy- and U y , 

wlioio i and T luo the ))iinoiiml momoiita of imntiaof the 
wafcor-HOol-iou. 


Moub. ]']. Locloit baa oalabliabod tho following rolalions 
botwoou tbeso qiiauUtioa ; 


di . 


Ur 

dV 


2i, 


dl 


V 


dJi 


A translation of Loolort'a mpor is given by Mr Merrifleld 
in tbo ProoQedinga, for 1876, of tho ImiikUmh of Waml 
AfoUieols^ and in tUo Moaamm' of Maih&maimt Marobj 1,872. 
Tho following is the fast of Uio two proofs which aro given. 


T’alcmg a sootion parallel to tho wator-flootion, and at a 
distanoo m from it, 


dV^Ada, 
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Lot (ipqh 1h» tin* moji'Mi'iii of iIuh in*w soclioii inxm Llio 
watoi-HooImn , iiuMi at h Mio nioiitoiit nf iui'Uia nf llio iuua 
nh iiiul 

, (lui a th, 
fiiul /(/" tun 

rr ' . 

Htmco ^ ,/jr. 

di i Vdi' uiv 

\W ’ 

Vdr 

ur /\ ■/- t . 

78. Wc' now '^oino oxiimplou of llio ilolcniiimition 

of tbo moliKH’iiito. 

ICXi I. d Mtlid vylimlpr nj ludiun n huf/lh hjloctling 
Vtidf. Us fWTUt verltcnl 

In Uiia Ofl^to llio [ilmio ol llonlnllnn \h it ciioulm' tiioii, and 
Jn 

v 

^^rt*r rtm‘0dO, pulling Hill/?, 

J g 


00 Mlfi’ACJENTUlC, 

thoiofoioj if li bo Iho luugl-h of Uio avis iimiiorsod, 

nra^li , IIU , or (IM ^ , 

' 1 ' ‘m 

and tlio Gqiiilibriinn is stablo if 

(/“ A h' 

JOx 2 A cylinder jUmlhuj with (In axiff horhontal and 
in tho sm'fuco diqdiicdd in the mrtlval jdano through the 
awis. 

I’lio ])lauo of iluaiatimi is a ujol, angle, and 

yir 

h being llio longLh of l-lio oylindm, and a iLs radius ; 

“ Tra 

and tho oqullibrluin is stablo, if 

. /j" ^ 'l'« 

TTtt Stt ' 
or h > 2ft, 

Rx 8. A solid oo7io JluuUng luiih iis tw?w wHiodl and 
verkcG dowmoards, 

Lot h bo tho lungth of tho axis, 

R tho poiticm of tho axis immeraod, 

2a tho voitical aiiglo of Llio oouo. 

Thon A A* tan* a, 

and Kw -TT/sHan* a } 

also JJ-a, 

and tlioroforo tho equilibrium is stable ov unstable, aooording 
as 


R tan* a > or < 0 , 

or B> ot <h 008 * a, 
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But if p, (T, 1)0 Lho ilouHiLioK of tlio fluid and cono, 



Llioraroiu Llio (!([\iilibrium in nUililo or miKiablo an 
^ > or <: (non a)". 


Kx. 'k An iHoardv.'i h'idnuularprwnjloatuif/ luilh ils hme 
tiol ininici'scd, and ila edtjrH hnviznntal. 

1lo^l?lTill;^ to Art. 4i), oounidi'r lirnt tlio position of Oipu- 
libi'iuin ill wliicii llio liiiso in inoliiuid to tlio bori)con. 

Ill lliin otiHo, if and AV « b’.f, ;o and ?/ iivo given 

by llio oipiaticinH 

.11 -h ,y » lift 

ir»y m 0*. 

Tlio C(i-ordiimLoH of ff and JI roforrod to AJf, AO us axon 
arc rcmpaclivoly, 

y, jl^r, mid li.r, Hy, 

i/fT* i ((a - ff)* H- ((* - 1 /)' d- a {(( - ifi) (a y) cna 0] 
m J i! 0 B 0"2a (l-l-cnB 0} (ic+y) d- U(t*(:id'Con f?)), 

from Avldcli, by mcaiiH of tlio abovo equations, wo olitaiu 

i/(? » jj £1111 (tt'' OOH* -c'/. 

M 


Tho area PA(^ 2()*Hin mid if J/" bu Llio inuLacoutru, 
and I tlio longLh of tlio prism, 


mr> 


24o*Hin^l‘ 


Bub P<3* « 4 (a;' d- y* " 2flJ^ cos 

- 10 COB* I (a* ooB* 2 “ o‘) 1 


S. IT. 


7 



OH 
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COH* „ . 

*.1/ M 

(Vud mi > n (f. if (j'Hm- ^ <r' ( ns“ fa“ , ..h'* [j - (-''). 
i.t'. ifrn'i'‘JJ> ^ . 

Noxl, ciiusidc'r lli<» niM* ni a^Iiu’Ij llm Ihihu ih IioiiamiIuI, 
aiul VQ llicidldui jHUalldl Id lUf 

Thoiu’ua PAQ 

AP== AQf-ilr, niul /Y,K 'I'CHinf 
,0 

.) 0 

llonco, JIM « ,V‘ ~Y' ^ ’ 

roH 

and ll>l>liai(cm'f,'-''. 

Now ill Uio Alt ‘M)', lii'fdio lufoudd I.*), wo hIipwii lliat 
tlu'io avo thioo jiumluniM of oiimlibuiin}, or uiio only, awmdiiiir 
«s 

, 0 0 

CdH’ > 01 <. . 

'Z a 

[lonco it folldwn. tlial. wlimi Uioio luo Lliioo jmfiUioiiH of 
^uillbiiuiii, tlio iiilornioiliaiti oiio, hi wliioh (Jli is lion/.onbil, 
i» a posiilmi ol uuKtabio otiuililniuin, wlnlo in llio olhor two 
lyositioiiH till' fijuilibinmi ih hIhIiIo. 

K tlioio Ijo (inly ono pusilioii m wliiob Iho prlmii will io«L, 
its oquilibiiiim Ih Htabio. 

ft will bo a nscifnl oxoipiso foi* lliu Htiulont Ui olilain Llicao 
lomilts bv iiivostigiitiiiff tlio oijiiiilitm to Iho ouivo of buoy' 
aiioy, aiul clotoi mining tho poHiiiuii ul iu coiitro of curvaturo. 

7'!'. Finite disi)Uicanmla, If a aoliJ body, floating in 
watoi’, bo tiuuQcl ihroiigU any givon anglo from Uh position 
of (jquiiibrium, tlioii, aa bofoiH), tlio moinont of Urn lluul proa- 
suvo is roatomlivo or not aocoi'diug as tlio point L at which 
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j-tliu vortioivl tlu’ough the now coiitro of buoyancy moots tliu 
lino UG is above or bulow G. 

It IH not lo bo inforrod tliut if L is aljuvo 0, tbo bo<1y 
will wliou Hot fivo rotiu'u to its oiiginal jamitioii and osoillatu 
tbi'ougli it, or ovoii that tbo original jioHition is ono of 
Ktablo oquilibrium, aoctjrding to onr ]irovious <lofliiitioii of 
HUibility: it is a gonorul law of nunibaiiios Lliab positioiiH of 
fltablo and unstaldo o(|uilibrinin noour altornaUily, and tbo 
body may luvvo boon disiilmaul from its originid position 
thvoufjh ollu'r ponitionH of otpdiibrium. 

As a iiartiLMilar oxamplo lako tbo following. 

A Huli\l cane, jlnaiimi viHh ils an-is virrtical and vorlo.Ti 
(hwnimrds, in turned through an anijlo 6 in a vortical ]}lane^ 
Iko volinnn of /laid diHplaccd romaininf/ iko fninio; to dolor- 
mino iko direction of ihu moment of the Jluid jirmure. 

Lot ^1/? bo tbo major axis of tbo ollintio KocLion mado by 
tlio Hurfaco jdano of tlio Ibiid, 0 its ndddlu ]joint, Aa, Jib, Co, 
linuB at right angles to A li, and lot blio aiiglu A VJi « 'ia and 
VA^d, Tlion 

V’i'Iiiwf? — a, and YJih^'rr — 
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FINIT12 nwri.ACKMl.NTa, 


^ I ‘ (0 -I* fl) H\u 0 


fl PO*! 0 
cos {0 ’hft)* 


P(»H 0 


‘ (•i(h(<; I- ft) 

Tho somi-iuhiov axis of llm ollipsi^ .1// is a inMtn ihi>]»ih- 
lioiml bolwGun tbo j)ei])OiKlu‘ulaiH lioui A ami li on tlio axis 
of Lho COHO, 

.*, ilH fttoii'" 7r A vl // ( Kyi . VH.HUi^j)^ 

_7r (i’oh(^J ^ 

a* cosllA-l a) ’ (niM(y-i.a)l ' 
Uiorofoio llio vohunc^ of Uio Jlnbl tliHplncpil 

w ooB ((? — «). (aioa of ullijwo) 




IlouoG, if p, <r, ha ilio doiirtitioH <»f tho fluitl aiul Llio roiu*, 
sinco tlio wciigUt of tlio ituhl j1ih|»1hcoi1 in oriuul to that of tlio 
oono, wo liavo 

ffiOH (/J-a))* 


coH {0 H-a) 


>•« tr/t" ttvu“a, 


And Vr.> 7(7 if 


pfi“BinVc(isft I 

/rfy^crjpoHftf ha))* 1 

\li) ** p fcoa ((? - a)) coH*^' 


, COH 0 j 


!r CORNCOB (^ + «) (coaf0-ft))i 

Supposing indofiiiitoly small, wo obtain tbAoudilian of 
Btabilifcy lor on inunitosimal displacomont, 

V<r 

> 008"^ ) 08 boforo, Ex. 3, Art. 73. 
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» Ltib tljo ciiuilibi'iuiii of tho couo be nuutml, that ia, lot 

o- M p 

tiion, after a finite diHplacomont, tbu aotimi df tlio fluid will 
Loud to vuaLoi'o tlio uonu to itn original position, if 

cofl a . (loa + a) ■ <3“*^ {0 ~ a)) . 

a condition wliioli ia idways lruo,a mid dbuing uticli losa tlian 
a viglit angle, 

In tlio oiwo of nnubral o(|ui)ibi‘ium of a oimo, tho (‘(luili- 
briinn tnay Lliorufnru i )0 ulianiutm-iHcd an HLablo lor any liiiito 
diaploconioiit, 

75. When Hi|uid Ik conlaiuod in a vossid, wlihdi ia 
Hliglitly dlRplacod from il.a original jjositioii, tho pnn’oiling 
invonLigabioiiH onablo uh to tle.tormino tho line of autiou of bliu 
roaulLanb duiunmird [a'CHsuro. 

The problom in fart in tliis cuho, jw in tlm pniviouR Coho, 
is tbo fnllowing. 

A given volumo, tho oontro of gravity of whioU is II, is 
cut from a Bolid ylfK71iy a piano, ami tho lino Oil is iiorpun- 
dicnlar to tho plarin ; tlic Haino voluino buing out off by a 
piano malcing a very ainall angle with tlio piano AB, to 
clotorniino tho pnsilinn of thu Htruight lino poipondioular to 
tbo flooond idaiie, and poKfling tlimugh tho uuiitro of gravity 
of the voluino cut off by it. 

If tlio inloi'ior Rurfaco of Uio vohhoI is hyinmotrical with 
1 ‘OBpGCt to tho piano through // purpimdioular to tho lino of 
IntersQotion of the two planns, th<» linn wliiiHo position is 
required will intoraeot Cli in a point M, iho victao&ntro, tho 
position of whioli is dotornnuud by uui' proviuuu i'ubuUb. 

70. A hollow vessel oonlaimnff liquid, JloalH in liquid; vq~ 
to the nature of tli4 oquilibrium, supposing 

ihat tho bodg is symmotrio^ vnth respeot to the vejiioat piano 
of displacement through ita oenire of gravity, and that iho 
oerdires qf gravity eftho body and oftfio Liquid arc in the same 
v^tioalUne, 
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Lot M bo llio Aa’ (lio OiHplru'oil fluiil, und Jr 

for tljo /liiid, IT, \V\ tlio wcightH uf Llio diHjdiicud 

and coiiUviiiud fluid*. 


Talcing niimiouts about (u Lho (‘oiitro of gravity of tlio 
voBBol, tho loHuUant fluid pioRsmoH will Umd to u'Mtoui cqui- 
libiium, ov thu iovluho, iici'tiulmg ivh 

\Y . ir . (ur 


J8 positivo ov uogalivo, i.o. aa 


W 

„;,>or< 


r/jr 

UM 


Kx. A hollow co»fl coniabiuui wator Jloals in water with 
its ams vertical 

Lot h Ba tlio longtli of Uio axis of tho cono, 

h' sa tho length of tho uxia in lho containod fluid, 
^»tho longtli honcatli tho aurfaco of tlio oxtouml 

fluid. 

Talcing as tho vortical anglo^of tho oono, wo hnvo 
UM tan*;f. 
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But ///■/« 3 « ; 

(ii\f « 3 « Hou*^ — ^ h. 

Similarly h'mv^x — jj h, 

, ]V j" 

Him) \y’’^ii'^' 

tlior-jf'iro Lho cquilihriiuu w hUiUIu if 

fsV !l//HrrV-.H4 

V<V ^ 1)5 ^ H/t ' 

z liuinj{ givt'U liy tlio c^uutiim 

IB— lB''«i\y/)7rlau®v((5‘‘ — ^woiglit of cone. 

77. In tim ctwo in wliioli 1.1)4) ncntrcK of’ giuvity of fc}»v 
conliiincd uud of Urn (luiil iliHiilmnul av4) not in bliu Kitmo 
VGrCiual, HUi^ipuHu lliu dlHplnconiont. to tuko ]iliu>o in diroctioii 
of tiiu vorticftl plane thrmigli l,!n« itiiiitrcH 4»f gravity, iiiul blntt 
Llio budy it) Byinmotricnl with r4'Hp()<)t lt> that piano, 

Lot C? bo tlm contrt* of gvnvily of Urn boilv. Jt of Llio fliiitl 
ilUplucucl, Jr at lho conUinutl llniti, uml M’, tlm inota* 
cantroii. 



Also lot ONjr 1)& horizouUil in lho jKiHition of oqiiili- 
brlum, micl GLL' tho lioriaontid Jino through fr in tlio dm- 
ploood poBiliun. 

Then If, If, having tho Bamo moaviinan jia boforo, and 0 
being tho anglo of diH^poocmenk, tho equilibrium is stable or 
Unalablo, os 
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^\\ar,>ux<\^ ,ai;, 

Ol‘ 

ir(f/iYcohi?-| MNm\0)>K^\ < 11" (//Y'cuh | U'K'm\0), 
10 siiu'o \V.(LV 1 11". {.'N\ 

ir iVy 

HH 

7H. HUihdilii of tho cqid/ihriitiii of hothcH JJoaliotf uwdei 
conslniint 

Tu LliOH(i onsos wliioli, fur a Hituill ilisplfU'c 

monl, Uui Vdliiino of IkiuuI (lisplacod umuuuH iuu'liiuij^r<i. (In;' 
tluMuy of Lliij inuLiu’('iiUo (li'lt'iiniucs (Ikj lino o( aolnm nl Uio 
ihuil juvHHiuo, find Uio ipioslMii of HOiluliiy i« Llicn oiwl}' 
tloLutiuiiU'd. 

SinmoHO, for inslaiico, llmf. a liody, ]»ai'(.lid)y iiinnomul, \» 
movoablo about a hoiiwniiiil a\H whioli m voitirally Ik-ui'hiIi 
llio conlio of ^^lavlLy (f^) of Lliu ]»lauo of hooIiou of tlio body 
by tho Hiufaoo of tho lupud, 

Tho ofCoot of a disphu'oiiU'Ut IIiioukIi a nmall uiikIo 6 will 
bo to dojiioH*! tho point (J a Hpaou winch di'pciulH 

upon 0\ luul thoK’Iuio, to tlio lliat older of Hiiiall ((uaiititiCH, 
the volnuio diHplacod ruinaim uncliivii^<cil, and tlio mutncuntio 
is tho flaino as if 0 unnamoil in tlio him face. 

If tho body bo iiiovoablu about a hoii»5oiital aKifl wliich In 
not voiticnlly Ixinaath tho point H, tho clmiigo ni tho vnlunio 
cllnplacad cannot Im noi>h'clcd, and tho (iiiosticiu of Btabilily 
must bo troatod by a dliect considoiaticm of tho action of (ho 
displaced liipiid. 

Ex. A reotanr/ulav^ litmina ros(^ in a liquid of twice iUt 
oiun densiiij with two of its sidee verikdl^ ami is mavmUe in 
its own jxlanc about llie middle point of one <f He vevUcal 
sides. 

Tho ligLU'o leproflontfl tho lamina whciii ellghtly clkplooed 
through an angle AOJf (0), tho point 0 whioh ia in the 
surface being tho middle point. 



('< INHTHAINT, 


■105 



Tlion if ivud if tiin lu-ifjiliL tho tiveii 

AOnu-A.u'‘0, 

mid, Uddrif,' iimmih'IiIk idiout 0 , Iluj «'«|nililoiuiii in Htidilo if 
iJp (i ti*0 . H If -h III ' . f > /> . -li/f . *!, t 
//iVbuiug tlio vovtiwd Llirtmgh ][ ; 

or, Binca (fO I[({ hin 0 J 0, 

if. 

79 , In Lho ijnrtitmlar onxo in wliioli tlm ('onlii'n ofgi'uvlly 
of tho liudy and tlio uxiH ulumt wliidi it iw inovoiibln iivu in 
tho Burfaco of tho Ihiuid, a formula oim ho givun, for Lho 
duLoruiinatiou of Htuhilily, tumlogouH Lo that of Art. Ok 
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TWO LIQUIDS. 


Taking Oy as Llie axis, and V as the volume of displaced 
liquid 

Loss of moment due to the displuoomont of II 

==gpY NN' = cjpV.m.e, 

and lestoiative moment duo to the increase of tlio displaced 
liquid 

= lop i ■ f = yp 

Al,? being the moment of ineitia about Oy of the aioa of the 
plane ot floatation , 

the equdibiiujn is stable, if AI<P > V IIH. 

In the geneial case of a hoimonial axis, if O', L, and jV 
ho the pio]eotions, on the pljj.iio of floatation, of 0, Q, and JI, 
tlio te&t ot stability is that 

gpAl^~gpV.im+ ir. OL 

must bo positive, with the condition, 

W.O'L^gpV 0% 

being the moment of inoitia, about O'g, of the ai'oa of 
the plane of floatation 

SO The eqmlihrjim of hodies floating in two liquids. 

Suppose the body to bo wholly immoised with the 
portion V of its volumo in the uppei liquid and V' in the 
lowei 

Take the case in which the contics of giavity ZT, II\ 
of the liquids displaced by V and V', and theioforo tho 
centre of giavity G of the body, aio in tho same voitical. 

Displace the body tliioiigli a small angle 0 about an axis 
thioiigli 6' tho centie of giavity of tho section AOB of tho 
body by the common suifaco of tho liquids. 

Tho action then consists of a iiiossuio gpV acting 
upwards through M' tho motacontio foi tho lower liquid, and 
'of apresuieypr acting upwauls thiongli il/ tho metacontro 
for the upper liquid 
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Tf II be above G and M' below (?, tbe eqnilibL'iuiii is 
stable, if 

OpVMM>gp'r GM', 

or, obsciving that IIAf is measuicd downwaids fiom H, 

if pV,IIG~pAJJ‘>p'V'.irG-p'Al\ 

or {p'~p)Ak'‘>p'V' irG-pV,Iia, 

Al^ being the moment of iiioitia of the aiea AGS about tlie 
a\is thiough G. 

If Khc the contiG of giavifcy of tlio fluid displaced, L the 
losultant moLaceutio, and IF the weight of tlio body, 

^Y.KL^gpY.KM-gp'V' KM', 

= gpV {Kir - JIM) - gp' V' {KW - Ji'M') 

^ g {p' - p) AlCy 

and tho eqiulibiium is stablo, if L is above Q 

8i, Tho preceding question may bo also usefully tioated 
in the following manner. 

Tho body may bo supposed to be completoly immersed m 
a liquid of density p, and we can then imagine a liquid of 
density p -p suporposed 

bet i? bo tho cGiitie of gravity of tho whole volume 

F+ r, so that ( F-I- F') r^a == r ivq ~vjig 

If tlio body bo displaced thiough a small angle 0, the 
icstorativo raomont is 

g (p' - p) {AM - r .irG)~gp{y-i- v') eg, 

which by the above lolation becomes 

g{p'^p)Ah^~gp'y' 

and tho stability depends upon the sign of this oxpiession. 

82 StaUliig of a hodg floating in hetei ogeneotis ligiiid 

V/o shall considei only tho case m which tho body is 
symmotiical with regard to the hue JIG so that tins line 
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paasos lluough 0 , Uio coiiUo itf giaviLy ttl' Llif wiUi'i-Hr'ftuui, 
and contains tlio couUo ol giavUy of nil tin* nliala jtf liipiKi 
(lisplacod. 

Tho ofToct of tin's hiniUUou ih tliat a hmiiiI] <IiNpluri<iU(Mil 
(6) about 6’, or alKiut any poiiil. m IKf, hhhos iImi at 

giavity ol'any liou/.iHitnlms'lion iJnoiigli it Innghl nf tin- tndct 
0\ and wo can tUmdoio oiaplny lliu lituimlfu ot Atln. ((Ji) 
and (80). 


83. Detemunnltini of iho mduicnh'o fn' a hinh} jUmliiuj 
in helot of/oiieoin Uijntil. 

A liquM 111 wliiHi IIm* di'iisily is a fnnrtjcm of (In' ib'plli, 
can 1)0 (‘iincoivi'd as iinulo up oi a MiMii-H nl hoiiiogi'in'<tnH 
liquidH liaviug muvt'ssivo ilusis-ialing smlm’fn, and tlio l■l•nlu• 
of guwity II of tlio wliolo imiHH If displan*d, will liu tin* 
oouLio of ginviLy o( tlio nggiogalo <»f lln-st) lii|unls, 

Tiuniiig tlio body thinugli a Kumll iiugln 0 , ilio vorllwil 
tilt of tho coiiLi'o of giavity ttf iwli iiDiiion will vniy tui (A, 
and thoioforo tlio vortical tilt of 7/ will viuy iw O’, 

If A’ bo tlio fluifaco, p tlio doiiwity, niul T l,Iio voluiiio dis. 
placed of ono ol tlicso in|iu«lH,aud il h bt- (ho wiiUu ofgmvil) 
ol r, thou, U8 in Ait ((IH), 

h'l. r-^0Ak\ 

A being tho area of tho Hoolum A'; 
tlioiolbi'o IV It, I'p 8^ 
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FurLiicr, if M lin tlio inotmioiitro, 

and tliovufoio JIM, U^'^pAk*. 

Thin formula imdudi^n tho ouho in which the hoIrI bulges 
out bulow tilt) wati.'V-Heclidii. 

Taking lut tho axis of ij, auil coiiHiiloviug tho casu 
when lliu Holiil ih»L‘H not bulgo out, 

:ipAk ' »/“ ihedy, 

Ihe ilonbhi intogmlioii oxtoiuling over tho wiitov-KuoUon, ami 
tho Humiliation of p ihiwn Lhu vovtieul orilinato iYi^j lioucc, if 
p bu tho clonsity at P, 

JIM. f/«;;py Wy. 

8 '!', If Urn lluaLlhg liody bo a Htilid of revolution, having 
iU axis vortical, tho ronnuliu oau bo somowhat uiiqdillud. 

For, iTansfurring in iinlar eoRU'dinatoH, 

V 

rf%'»'"shi’ Oih'de 

/ 0 / 9 

w I TToV dv, 

J 0 

p being tho density corrcflpomling to tho aectioii of radius r. 

SupiiORO, for oxnmph), Unit tho doimity varies or tho 
depth, and that tho floating body in iv cono, vortox down- 
wards. 

If h bo tho length of axis iininorsod, 

rr n-sr /i \47 

U, JIM - J TT/i (It, - r COB a) rdr “ ' ^ OQ " ' 

' p . 

and i 



no JU'/l'AC’KNTIU) 

Also, if Fbo Llio vt)iU)\’, 

\ni ^ ih , 

FvU k; j{/t HOC‘® a. 

8.1 Tito followiii}' IS imol.lioi iiu'IIukI of OoMm mining tho 
Htabilily or Lliu mstubihly ol Llto i'(|iuliltiiuin of ii lUmliiig 
butly^. 

Talving Mio o««o in Avliidi llio butly Is Nyiiiiiioltical with 
K'gmd to llio M'ltical \jlaii(‘ of ihH[ilacoiiK'iiL, lot A('li 
bo tlio |)lniiu ol lloaLatiitii, (' lioing Us «'i’jitio tpf giavily, 
and aVh lliu In^md-Htulaoo nfli'i* llto body lias boon liiiiiod 
about Cjj lliioiigh a small auglu 0, (\i^ lamig; boiiztmtal and 
Cs voilioal, 





Lot ft?, y, z bo oo-oulinatofl of a point P in llio aiufaco 
of Ibo body, ami let tlio vuilical oi'dinatu Pn moot Uio piano 
Ky ill ?i, and tbo piano A OP in N, thon 

Abi sa xOf and PP" .g -h wd, 

Ijof; JP bo tbo contio of giaviLy of (M, 11 of ADP^ and Q 
of tho wholo body. 

* Alls. (86~88) woio oiiffltiftlly piibHahotl In Iho Sdoonil BdlUon (1807) 
of Ihis Tronliso. 
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Then, K lioing the v«»lumo uf linukl iliHpluuiMl, iukI UK, 
jriC pei'penilieului'H un (h, 

T./Z'/l'm iiinl V. IIK^ + 

]iu|,, if the vi'vtinil ilinnijfli //' r) 
moot JJ(f in il/, ihe im-{iu:i?ulre, 

/a/. 0; 

K. ■//, 1/ « IP ,/i/ j, 

ViJ 

und if /AU )io i^aeiiloi* tlmu lU/, 
thu utjniinirinm Ih ctlidiio. 

Tho uxproHM'nm Jj;c'(/^(/,r, in Uio moment of imu'tia of Llui 

piano avt'a uCO ahdui C'y, and in ultimaluly Iho wimo us Umt 
of AOJJ about 6'y. 

Moncu, if A bo tlw urea AGJf, tho oiimtLion nmy be 
written 

80. Thin rasnlL may nlno ho 
obtalnocl by taking CA om axin of 
a', but tho procoHH is llum hoiiio- 
what lojigor, m it becomoa iioooh- 
Bary to ahow that, to tlio Hi'ht onlui* 
uf Binall (^uantitioB, 

OiC- OK\ 

Thie howQvor ia onaily soon, for 

V.OK-jjl.zdi/clu,, 

and V. or - jji (* + (« - ‘k 
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uiul thoiofmo I"" KIC-^ 
wliicli is of tho KiH’nml nnloi. 

Again, wo may givo aimllu^i fnrm (o llio iiniccus by a 
tllioct Jiivostigatiou nf llio luumoiil, about (\ij, of Ihu lluul 
piosauio. 

87. A ho(hj iH /liKitunf U tuiuiltltiiniii in (ijlniil, uj wliivli 
(ho danm'lii is, (it ant/ point, a Jitnclnm uj llii' ilf'plh of thnt 
poinli it IS' rc'/piircii to junl iho luinihlion of shihiltfi/ 

Taking AU/i an (hn piano o(’ lloaialmii, ami ii(!Ii an llio 
Inimtl-Riulaoo alU'i dinphuaunonl, lot ll' bn tbn i-outio oi 
giaviLy (if tlio lliml tlmplacfd by a/ih. 



Talco llio voiLical through 0 aa axis of x, aiul Ca nn axis 
of oj; then if P bo any point (aj, »/, g) Nvitliiu tlio body, and 
PI tho porpoiidicular on UA, 

PI IS cas 0 io ain 0 
ca i! -I- wO ulthnatt'ly. 

And if tlu) clenaity /)»/(tho dopbli), tho density at P 
boforo diaplacomonl 

® / C'® d* (bO) 

»«/(?) *h ^Of (s), 


to tho first order. 
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Ilonco, if Uhu tlio miuw of lupud diiiplivcoi], 

JJ , 7 IK j/(x) -h wfl/ (je)) m d^v, 

V , II' K' wi JJJ /(a) iv rls (li/ liv, 

wliavD a' Ih this IojikIJi, vP\ nf tliu oriliuiito nV producod lo 
moot tins Kurfiuio of tlui hndy in l‘\ 

By uuhtniotiou. wu nhtuin 

1/ ,Ifh^ JJj ^/(s)a}ihd^d.ii+jjj ftn*/' (a) (?iu. 

In tliu Ili-Kl, intoifTul z in Iush tlmn «;{), mid thuiufi)ru/(a) 
to Lhu Hi'Mt ordur in i;([n(d tu 

/(O) + V’'0>)i 

tim (ii'Ht intogml thou 

"*/(0) ll^v* 0 dj/ Jw to tlio Hint ordur, 
imd Uiu Bocoud inlognd 

" ^ J/ l/U') "/C ^ dy ih. 

Further, /( - x6 ) «/(()) - .vOf (0), 

and thuroforo (7, ///^ “ J «*/■(*') (/ytte, 

Doglooting snmll quiinliiiisM of lhu Hucmul ordur. 

But IlL-^ 0, IlM, and wo iIuih uhudu 

U.nM^^^-.u^f{9)dijh, 

the intogralion oxtonding over tlio pluiio orilDnlnbion, 

Tliis roault can olsu be ubtiiiiiud, nn in the previoua onao, 
by taking QA ob bho axis of m, ur by diroubly invoBligabing 
(iho momont of bho fluid proBHura about Oy. 

D. u. 8 
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88. For Ulo particnlar ra'it* of a hoIuI of lovolntinn, tlio 
following pioof may bo givou 

Tako Uio voiLox' 0 aa 
oiigin, tlio axi« of thu 
body !\)i’ axia of ts, anti (he 
hoiixonial LoL P/'JQ bo 
a honKoiilal flooLioii, and 
/^'AY/aHoction ilnoiigli A' 
incliiiod al a email anglo 
0 to PJCQ. 

Thon if 6 bo Lho tiiiglo 
botwoou ]Cr and Ibo langont ai 

A7* Oviiltfi, 

and ICQ ' «« hJQ - AV,) . 0 ool, <}i, nlLinialidy ; 

.'.PYij'w /7,j Lo tbo IhI oidor, 
and tho aroa P'JCQ'm ibat of Pl<!Q 

If A" bo tho middlu iiolnt of P'Q\ 

IidM* “a il' {ICP' “ 7CQ’) A7^ , 0 . (’(tt ceO cot 0. 



Tn Lho poHitiou of diHplaoinnout, lot 
Of/ bo tho pcjr})oudimilat fioiu 0 u}»oii tho 
vortical through A”, 

thon Oy/-OA'./?-hAA" 

^s}0 \-ii}0 col 

and tho raoinont about 0 of tho fluid 
proseuro 

»= 'i(jptro7dii [zQ *h (oO cot </») 



> ffOpTriv^ ' « -I- flJ c/z, whoro 00 ^ o, 


Tf tho oquilibriiun bo siablo, this 
groator than 

w,oa.o, 

If boing tho weight of tho body. 


moraorit muat bo 


EXAMVTiKH. 


in 


AIho 


IK. OIl’=a jffp’ira?zdz, 


incl, if lliu lino of noLiou of Mio nmultaiit lluitl prousuro inool, 
:hu axis in thu inoiiiont« IK. OM ,0\ 


in (I 


IK , Ojlf tta IffpTTitt* -f. ;jj f/c | 

IK. « I f/p7r(i('|^’^rZ2, 

*” f i/pfr-v^h, if OA w u, 
J 0 


roinoniliorinj^ Uiat p in a ('uu<‘t.iini of « mul tluM'ctforo of w. 


I'lXAMIMiMH. 

1. An inverted vonRol foruiod of a Hn\)KUiTiiCo whicdi is 
hoavior than ivntor oonluittH onouLdi air bo nmko it flimb; 
prove Llmt, if it bo pnwliod dowii^ through a uortaiu apaoe, it 
will ho In a noaiLi{)n of otpulilirinin whioli for vortical clla- 
plocomonl will bo unHlahlo. 

2. A solid cyliiulor, «n )0 und nf which in rounded off in 
bho form of a hoinisphnro, floiilH with tho sphorloal aiirfaco 
portlv iminorsedj Hnd the {^ruatoHt hoicht of bho cylindor 
which is oonaiatoiit with stability of oiiuiiibrium. 

y. If a snlid purabuloid, hounded hy a piano porpon- 
dioulor to its axis, lloab with its iixIh verlinaL and vurtox 
hnmoraeali the height of the iuolai'.antru uhuvo tho oontro of 
gravity of tho displaced liquid is equal to half blio latus 
rootuin. 

4 A oono, whoso vortical angle is 00®, floats in water 
with Ita axis vortical and vertex downwards; shew that its 
mO^tWentro lies in tho plane of floatation ; and that ita oqiiili- 
hrium will bo stablo provided its speolflo gravity > 

8—2 
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6. An isoscolos wodgo flouts with its baso iKiii/nntftl, 
and Its eclgo itnmmsod; snow that Uio o([inlibuiini i« Hlablo 
for dispbcoinonts in a nlmio noiponduiuliu to tlu» if tlio 
latio of Lho density of tlio wodgo to that of tlio flnnl la ciator 
than tho latio (cos aY L, 2a buing tlio niiglu of tim worigu, 

6 A olusod cyhmhical vossol, (puu Lui-lilknl wilh no, is 
placed floating iu waiur with its axis vertical; lho w»'ightof 
tho vessel is onc-fointh of tho weight <»(’ tho watoi nshioh it 
can contain, oxamino tho natmo of tlm nquihhiiniu lioloio 
and aftoi tho ico molts, uuglocting tho ehaiigo of vithuno 
consoquont on tho chango of LuiiqioiHtuio 

7. h’ind a solid of lovolutiou mioh llmt, whon a Hogmont 
of it is iininorsod in liquitl, tho diHtaiico botwocni the ceiilus 
of buoyancy and tho rnctucontio may bn conHlniit, whntovor 
bo tho height of lho Hoginuut. 

8 Wtttov loats upon moiciiiy, and a t-nmi ih too licavy to 
lost without its voilox pouotmLing tho iiiorcuiy, find tho 
clonslty of tho cono that tho oquilihrium may bu atalilo. 

9. If tho floating solid bo a oylindur, with its axiw vorti- 
cal, tho ratio of whoso spooiflo gravity to that of llin fluid k <r, 
prove Limb Lho oquilibrmm will bo stable, if Lho ratio of tho 

ladius of tho baso to tlio height bo gioator than (2tf (1 ™ er)]^. 

10. A vossol in tho hn’in of a paraboloid of lovohiLion 
contains watoi, and rests with its voitox un tlio highoai jioiiil 
of a fixed rough splioio, find tho condition that tho oqtiili- 
brium may bo stable 

11. If a cyliudiical shell without weight ocmtaiu liquid 
tuid float m anothoi liquid, sliow that tlio oquitibnum will 
bo stable, uiilosa tho latio of tho donaity of tho intarnal 
to tho oxtoinal fluid is loss than unity, and greater than 
half tho duplicato ratio of tho radius of tlio oylindor to 
tho depth of tho nitoriml fluid. 

12 A homispherionl aholl, containing liqutcl, is plaoed 
on. tlio vortox of a fixed rough snhoro of twioo its diatnotor ; 
prove that tho oquilibrium will bo atablo or tmatable, as 
tho weight of tlio sholl is greater or leas than twioo tho 
weight of tho liquid. 
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ID. A aoliil of vovolution rtoAta with ita vertex 
lIowuwiu'cI.s, (lutormiijQ ita form when tho poaitlon of tlio 
motiwjootru ia indapoiulout of tho iloiwity of the liquid. 

L'i. A eonioal hIiuII, vortex dowuwardn, (loata iu unstable 
oquilUu'ium ; how much water iiniHt ho pouvoil in to make 
tho uquiliU'ium aUiblo? 

1/5. A Boliil cono ia ])lauo(l in a liquid with iLs axis 
vertical, and witli iU vortox downwards and resting on 
the base of tho vuaaol conlaining tho Ihpiid, if tho duj)th of 
tho liquid ho liair tho lioight of l.hu oono, and its ilonsity four 
times tho dunsity of tho oimo, pitivo that tlio o([uilihrium will 
bo aUiblo if tho vortical angle ctf tho nmo oxix’uds 120*. 

llculucing tho solid oonu Ify a thin <suuail shull of tho 
same liuight, of verlioal nnglo (10*, conudning liquid, up 
to tho level of ihu middle point t>f its axis, t)r half the donsity 
of tlio liquid avitBule, prove that tho isjuililainm will be stable 
if the weight of the shell ho less tliaii thrue-fonrtlis of tho 
weight of tho licpiid insidu. 

iO. A cylindrical vossol, tho woiglit of wliioh may bo 
nogloctocl, contaiuu water, and Ihu vcssol is jdacod on the 
vortox of a llxod rough apheru with tlio centre of its base iu 
contact with tlie splioro. Find tim cniKlitiou of stability for 
iuflniLosinial diaplncumontH, and provo that, if tho equilibrium 
be neutral far such displacomonts, it will be luistablo fur 
BiDall Hnite diapluoamunta, 

17. Find tho form of a solid of revolution floating with 
ita axis vortical, «nl auoli that tho distances of the mutacentro 
and tho oonlro uf buoyancy from tliu lowest end of the solid 
may bo iu a conatant ratio whatovor he the density of tho 
liquid. 

18. A Bomioiroular cylinder roata with its axia vortical in 
a liquid of twioo ita own donaity; if it be moveablo about 
tho lino of intorsootion of ita vortical phtuo faoo with tho 
BiU'faco, And tho oonditlon of slnbility. 

10. A right oiroular cono floata with ita axis horizontal 
iji a liquid tho donaity of whioh ia double that of tho cono, 
tho vortox being attaobed to a flxod point in tho aurfooe 
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of tho liquid; piovo ihat f<u' Htnbility llio vurtiual anK:lo muat 

1)0 loaa ilian I20“. 

20. A eylmdiical vt-Hscd Ih iimvciiblu about a lioiizonUl 
axis pasHing tiuoiigb Uh coutio of j^iavity, and ih plafod ho aa 
to liavo its axis vuitioal, if waloi bo ])omc‘d ni, hIuiw (hat 
tlio oqiiiUbuum is at IuhI uimtablo , juid liiul tlu* rondition 
wliioli nuiHt bo Hiitialiod, m oiibii' lliat it may bo |niSHiblo to 
mako tho oquihlnuun Htablo by |iuuini^( m omuigii watci' 

21 A thin roiiioal vowm-l of givou \voi;i;lil ih movonblo 
about a diamotor ol its baso, wliioh im lionzoutal, ami ih partly 
fjllod witli a liuavy lluid , hIuiw that tlio tM|uild)iiuin ib 
alwaya stablo if tlio Homivoitioal aut(hi of tho couo ih<;} 0'’, 
and if it bo groator than tlim, (hitonniiiu whoii tho lujuilibiium 
18 stable 01 unstablo 

22. Wator is eoiitaiuod in a vumhoI having a horuuntnl 
base, and a pambolohl wIioho Bnocdlo gravity in ruui-nintlis 
that of wator, and Ihu length oi wIiobu axm ih to tlio latuR 
rootum as iimo to oiglit, ih Nupiairtcd jiaitly by tho (bnd and 
partly bv tlio bawo on wliioli tho vortox leats; find tho least 
clopth of tho fluid Ibi wliioh the ciqiulibiiuin la atable. 

23, A iiaiaboliunl uup, tlio woiglit of whioli k W, 
standing on a horknntal tahlo, contaiiiM a qiiautity of water, 
tho WQiglit of wldoh ia n IK; if h lio llio height of tho contra 
of giavity of tho ouj) and tho ('oiiiiunod water, tho oquilibrium 
will bo stable piovided tlio hiLua looLuin of tho paiahola bo 

>2{'a-!- t)/t. t 

2‘J. A solid of lovolutum floats witli its axis vortical, 
and is sunk to clUToronl clopths by pluoing woiglita at a fixed 
point on its axis. 

Kind tho form of tho solid that tbo oquilibiiura may 
always bo noutial. 

25. A solid OOU 0 whoso axis is vortical and vertex down- 
wards is movoablo about an axis coinoidont with a gonomfeing 
lino ; to what dopth muat tho ^atom bo iinmorsed in water, 
in ordoi- that tho oquilibrium of the oono bo atablo ? 



26. A solid of (jorlc lummlinl by tliu smCacu gonoratod 
by tlia i-ovolutiou of a quadrant of an ullijwu about tlio axis 
inajoi' Hinks in inorcury wy to tlio foc.iiH. If tUo ociuilibrium 
bo noutrid for Hinall ang\iiar iliHiibwonumtH, pruvu that 

2ci^ 4- -b;" -h 2o'' — 0 — 2 « 0. 

27. 'I’bo Holid formod by a pnrlbm (jf oy* « a U* — out 
off bv a jdaiio parallel l,ti Lliat of iCi/ lloatn in a llnid of n timow 
its ilonHity; jaovo tliat, if it is in noutrid oquilibriuin for 
HUiall angular disjilaoouu'nln in any vortical piano, 

2S. An isoHCobw triangular lamina AJi(1 floats with it« 
basu A/J horizontal, ami anovu tlio Hurfaoo, in a liquid, bho 
donaity of which vurhw iw tho dopth ! if h bu bho dopth of 0 
bolow Ihti Burfaca, tho haight of Lho inutivoontro above G ia 

4 h boo’' , 

20. Au ollinliu lumina (loaU half iinmoraod, with iu 
(miiRVcniQ oxU (2a) vorlicid, in a liquid, tlio donsiby of which 
varioB aa Ihu Hquaro of tho depth ; prove that bho depth of 
bho ineUicunU'o is 


0 being tho uccontrloity. 

80. A rigli^ oiroular oylindor rests in a liiptid with its 
axis vortical and a longtli o iinmowod, Tho density at 
a depth m being ^ («), show tliat tlio dopth of tho meba- 
oontro is 

^ ^ fa ' 

I 

J 0 

31. A paraboloid of revolution floats with its axis 
vetbioal and vortex downwards in a liquid, tho donsitv of 
which vftrloB as tho depth; tho equilibrium will bo Bbable or 





uaJaiiclIUtlidiSi 




120 


KXAftlPM^. 


unstablo, according na 'fco ia Iobh or gioator ilian .S(?>t-ha), 
wlioio c 18 tho longLli of Uio iixw, a tlio loiigtli immoi-sod. and 
m tiio latus loclum ol bho goiiouiting parabola. 

32 . A piolato Hpboioiil (loaln half miiui'rHi'tl, with 
Us 0X18 voitical, in a liipiitl, tlio doiiHity til' wliudi vanes 
ns tho flqiuiio of tho tloplh; tho ludglit of thu umtaountio 
abovo tho Huifaco ia 


33. A solid pamlioloid of lovolndon flnatH witii its 
axis voitical, vortox downwaida, inal fncua in ihi* aiirfaco of a 
liquid, tho donaity of which at tlio depth z ia z), >J<a 

being tho latUH iciotum of Iho goiioialing paiabola; piovo 
that tho diatancu of tho iiiotacoiitiu Iroin tho voitox ie ^ a, 

3'!'. A hoinogoiiooufi c«iuo lloaU with its voitox dosvn- 
wavcla ill a li(|md whoso doimily varioH m tlio atpuiro of tho 
clopth ; if tho donaity of tho cono bu otmal to that of tho 
liquid at a depth oqual to a fifth of tho iioight of thu oonu, 
tho voitical angle, whou Ihu oquihbiiutn ia noulial, m given 
by tho equation, 

cuR*a«^ij0*. 

36. A solid paraboloid of height Ji and latua rootum 4a, 
ia in oquilibi'uiiii lu a voitical poHitiou, with iU vortox down- 
wards, and iH movoablo about iU vcitox, which ia llxod at a 
given depth o below tho ainfaco of a liqind, tho donaity of 
wliioh vaiioa ua tho dopth; piovo that tho equilibrium 
ia stable if tho ratio of tho donaity of tho pamboloid to tho 
density of the liquid at thu dopth of its vertex ia loss than 
tho ratio of o" + 4«t>" to 4/t*. 



CJl[M‘TKll VI. 

0HCII.T.\’1’[(1NH W Kr.OATfNiJ ]»ll)TKS. 


89. A iiKAVY lindy wliMi iH llouMiig ill lujnid in a posi- 
tion of aUhlu oipiiUlniuin, will, if displanud iVoiii that 

position, niako Hiuall vni’tu’ul and angnlai’ oscillatinnn ; we 
pi'cvcood to conahlor, in a niinplo riwn, th<i laws of bluwo oscil- 
fntiona. Wo sliall Kiijijiow* tliiit tlio Imdy is Hyininoti’ical wibli 
regard bo a vortical ]dimo tlirougli iia conti’u, and that the 
initial displacoiuonb is ^larallul to iIiik ])liino. 

tb U evident tliat bhu HuhHo«]iionl inobimiH of all points of 
blio body will ho parallel tii tlda ]»lano, and if thu oi[uilihi'inm 
bo Btablo, thiib tha mnlion will (‘onsiHb of Hinnll vorliciil and 
angular uscillallona 

First, lob tho vortical lino through U and II (G7i'J^) jmss 
through the contro of gravity of tho piano of lloatation. 
"Wlien this is tho ooao wo oau coiiHidur thu vortical and 
angular displacenionU iit<lopuiidniitly uf tuioh ntlior, 
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OSCILLATIONH 


SupnoBO a small voitu'al cliBplm’Piiij'ul. , tlu‘ii tlu) poitiou 
OJC of Llio body wliioli iH iJiiHi’il ti«t of Llin flmtl may Ihi cou- 
fiuloiocl (IS a Linii oyliiMb'a 

I<oC 0]<] ™ tiuiu AV/ liU a, and 

tbo moving foico (hnvnwiiHlM nn llio Imily • lln* WoiglU. of thy 
body *- tbu woiglil of tlui fluid dihpbwod 

' ' ///>/( . a, 

il A bo llio aroa of tbo piano of lloafaLton , 

f/“. AV/ , 

itb boing tlio imiHs of tlio body 

But mg » Llia weight ««f fluid displot'i'd 
=^gp\^, K being tlio volnmo 0/)] 
d*z . qA „ 

is iho ocpmlion wbiob doluuiiiiicH tiio motion. 

Tlio timo of a comploto osoillalion im tluuoforo 


27 r 


A-)' 


00. Next supposo asmall Hiigulai displatioinont (a) about 
€t lliou 0 is laiHod tUiougb a Hpoeo wluoli cioponus on a*, 
and tboiofoiu may bo iioglcctcHl lu ecnnpnvisou with quantitios 
clopouding upon a, and if thu body, anpposod at rest, bo then 
loft to itsolf, il will (oil tlio aiippasition Uiat tlio equilibrium 
is Btablo) oflcillato about a Iioiuonlal axis tlirougli t/, 

It would in fact como to tho aamo thing if tbo hiitial 
clisplacornont woro about (7, iw tlio point O would move 
sensibly (tlmt is, oonsidoiing Hinall t[uanUtloB of tho flrat 
oulor only,) in a horizontal diroctiou, and tho quantity of 
fluid diaplacod would, oa boforo, remain unohangod. 

If il/ bo the motaoontro, tho raomout of th© fluid prosiiuvo 
about G 
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ftutl Um\n to iliininiflli 0, tlio aiiglo mado by QU with the 
vortiad ul tlio tuno 1. 

Hut inia^a, 

tliui'oforu, ninitii Llio luii’i/.outal iixiH tlmiugh (} ia a principal 
axift, wo liiwo 

noplucting liiglinr iiownv.s of 0, wlu'ro vilC ia tlio momout 
of luorlia of Uui body about llm InnizouLal axia through 6^, 



au uquatiou wbirlt, wlion k^A > (tV, that ia, wbuu M ia abovo 
a, indioatuH Hinall oaeilluliuikH taking plmio m tho tiino 

Via {k'A-av}' 

If 0 IB below If tho nigu of a will of courau ))0 ohangod, 


01. Socondly, when Lhu lino joining Jl and G does 
not pass through C, tho two motit>nH avo not indopondGnt, 
but too law wluoli duHuoK thoao motiona can bo dotorininod 
as follows. 



f Suppose the body to bo slightly displaced in tho yortiool 
ilane of syraraotry, and thon loft to itsolf; and at tho timo t 
at ^ bo the angle mode by BG with tho vertical, and « ■■ OE 
tho' dipth of O^lbw the eurftioo. . , 
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OSCILLATIONS. 


Let HO meet the plane of floatation in D, 
HO = a, GD~b, DG = c, 


and othei symbols as befoio. 

Then the depth of (? = a + 6 sin 0 -t- o cos 0 

= « + + 0, to the Older consideicd. 

The weight of the fluid displaced is tlio weight of a 
volume of fluid equal to 

aFh-\- EG, 01 AFB + EO\ 

this weight = 7 + gpAz, 

d? 

and . {gpV-\- gpAz) 


= - gp^z , 


or 



^ A 


z.. 


..,( 1 ). 


Another equation is to be obtained fiom the consideiation 
of the angulai motion about the hoiizontal axis through 0, 
which is a piincipal axis, peipendiculai to the plane of dis- 
placement 

The moment of the fluid pressure about G may be divided 
into two parts, the one due to the poition aEb, and the other 
to the poition EG of the fluid displaced 

The foimer poit of the fluid piessure =gpV acting 
upwards through if the metaccntiej and tho latter — 
and may be consideied to act thiough G the contre of gravity 
of the plane of floatation, 

The moment, in the direction tending to diminish $, 

= gpV OM sin 0 — gpAz (h cos 0 ~ c sin 6) 

~gp {liA - aY) 9 - gpAz (h ~ g6) 

= (7p {k^A ~aV)d~ gpAbz, 
neglecting the product of z and 0 , 


• ~ gp {h^A — a 7) 0 gpAhz% 


dt 
dF 


9(^-a)$ + g^ U (II). 



OHClniATlONS, 

TTrom tlio uquHliuuH (I) and (H) wo obtain 

a A {. l?\ t)h tl^A „ 

(i^Q r)Ah <! (f^A N - ,. 

a?“ wf*'''A'*rK 

\vl\iob may lio wriLlon 

(ft* *** 
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J}Q pt ^ ,, 
c(t' - 


To inLograto IhoHO u({Ual;u)nH, multiply tho Boouud by A,, 
and add it to tbo nrul, thou, 

. Xa — 6rt \ 

““"'"‘"8 rb-\irb 

WQ bavQ (* H- X0) -h (jj h- \ 0 ) n (), 


and, if X,, X, bo tlie roots of (III), 

j + X,5 « (7j coH r - \ ^ i-h a,| , 

* + X,d « 0 , 008 r - t ‘h a, I , 

(Voni wbloh i and 0 aro complotoly dotdvnnuod. 

Tho depth of G is givou by an oxproaalon of the form 

0 + ooa {ixt + a) -h J3 flQ« (ji'l -h ^), 

and its motion oonuBta of two diatinot osoillabions, oooh 
following tho pendulum InWH, and compounded together in 
aooordanoo with the principle of the ooexisbeno© of amall 
QBolIlatlonB*. , 


" Pillion's Odwi <i« M4oMHq\ie, Ark. OIB. 
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hXAMl't.li H. 


Tt. may Iks obaoivotl lhal if Uvd puliits ho takou in tho 
lino Ali, whoms dintaiicoH ru»m in llio diu'oUon (U) am 
ihou nl llin limn /, tlii' viulioiil ih'pIliH of tlicso pninLa 
(uo z-VXfi and s 'V\0, IliiiL in, luo 

(7,coa|^r™X,JVt fl,| , and ( a„|. 

and Uioir vortical motions aiu llioiofoio osoDlatioim 

Ibliowing tlio pmuluhim law. 'I'liirt u'lnuik ih ijimtiMl hy 
Duhamol {Goura (U M(^(.ani<ino, Ail. irs2) iik duo to M. 
C’aiichy. 


KXAM I'idCS 

1. A slmiglit lod in dioppiul voitlcallv Tion] a glvou 
lioight abovcj Llio Hiufaco of water; dnUirminn it« motion and 
Hiid tlio condition ilmt it may bo only Junl iinmoimHl. 

2 A vortical c^liudov finals in a limiid of twice itfl own 
density oontainod in a oybnducal vonfiol. If Urn mdiua of 
tho voasol 1)0 double that of tho nyliinUn', and llm cylinder bo 
slightly displaced in a vortical diiuotion, find tludtimo of an 
oacillntioii. 

n. A solid, tlio lowor isoiLinn of whoao amfium ia sphori- 
oal, floats in a heavy lluid ; hIusw that the time of a amall 
angular oaoillation is tho saino in wliatovor fluid it floaU. 

4. A hollow homisplioio moveable about a Imriaontal 
diamotor is partly Allod with Iluid: show that tho tiino of a 
small osoillatiou is tho same os if tlioro wore no Auid in it. 

6. A aoUd ollipaoid (loata iii a liquid of twoo iU own 
spooiflo gravity with its Blioitoab axis vortical ; And tho time 
of a amall vortical oaoillation, and also the times of small 
angular osoillabions al)out tho two hocissontal axos, 

6. A cube (tho length of wlioao edge is 2a) is floating In 
a fluid with Its oontro of gravity at a depth o below tho 
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aurfaco j if it receive a small displacement so that two of its 
faces remain vertical, show that the times of its small vertical 
and angular oscillations are 


TT 


V (^) \J + S)} ’ 


7- A candle of S.Q. p floats vertically in still water 
of S.Q. (t: It is lighted and the flame is observed to 
descend towards the water with uniform velocity u, and the 
velocity with which' the candle bums is v\ prove that 


vt=. 


0*M 

a-p 


Prove also, that if the flame be extinguished when a 
length. I of oandlo remains, the candle will rise out of the 


water if be > 
oscillation will be 


— ; but if « be < 
P 




alg 


the time of an 


V <rg 


8, A right cone is floating with its axis vertical and 

vertex downwards in a fluid, and - th part of the axis is im- 

n 

•mei’sad ;'a weight equal to the weight of the cone is placed 
on the base, upon which the cono sinks till its axis is totally 
immeraod, boforo rising, show that 

»® + n* + n = 7. 


9. A cono of vortical angle 2a floats in a cylinder of 
radius a with a length ^ of its axis immersed. If it be 
pushed vertically downwards through a small space, shew 
that tho time of an oscillation is 


TT 



^ tan*a ) h 


10, A solid cone, of given vertical angle, is supported 
on a,n'axis, about which It: is moveable, coincident with a 


EXAMl'LKil. 
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cUamoLor of iU. baso, if tl»o iwn bo liolil liniis 
lowoiocl niilil oiiu-oigbtb of llio voUnno of Liio 
ilownwtiidH. iH inimoimid ni bomogojwuniH \u[\: 
ratio of thu (UmKilic4 of Llio IhiuhI juuI <‘<01 
uquilibriuiii ih nuulnil. 

If, m bliu piovioim ciiHo, llm iuih lio uol lowm 
to iimko tho uimiUbiiunt iioulml, ivihI ibo n 
slightly tlinpliioi'd, (iiul llio Imu' oi il huiivII iiHiilll 


11. An obliito Hphoioid w nim[>li’loly umii' 
flnuK tbo HiM'oilic guivity «)f llm lowoi Ijonig I 
Iho uppor Ihiul, and lloak wilh i£h axis voil 
uoiiUo lu llio ooiiniiou HUifaoo ol (lio HuuIh 


Su])i>ohiiig a Hinall diHitbu-omi'iil In lidco jjU 
voiLioal dnoutioii, 2ndly, auimt a bou/,oiilal liny 
coiiUu oi' giavity, hIiuw Unit tlio IniioM of tlio aina 
Will bo lUBpoctivoly 


TT 



and TT 



If ft" *“ If"/ 


whoio a and h aio Lbo fionu-axun of tlio gunomti 


J2 A boinogonoouH hoIuI Ihaita oomplotolv 
a liquid, tlio doiiHity of wliich vaiioa aa tbo <U 
ocintio of giavity at a doptli h ; piovo lliat the U' 
vortical oscillation la 


27r 



JB A lamina of uiiifurin tlncknoaa, in tli 
iaoscoloB riglit-anglod triaiiglo, has one of tlui 
Axod bolow Llio anifnoo of a fluid, and reala i 
wbioli IB not inmioiaod liorisioiital. Provo that 
Biriall osoillation in lU own piano ia 

‘■JQ- 

I 

wboro a is tUo longtih of each of Iho aidoB of tlw 
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VI- A solid gonoratcd by tlio icvolution of the curve, 

y oc , about the axis of iw, floats with a poition h of the 

fixia innnoisod , if tho solid bo depressed tluough ~ l)h, 
It will, on its lotuin, just craoige 

111. A flohd of lovolntion of mass Jii floats lu diffeient 
lirpuds. If tho timo of voilical oscillation m any liquid and 
Its (lunsil.y p aiG found to bo connected by the equation 



f denoting a given function, show that the equation to the 
inoiidiau section of tho solid is 

% f/'/' \ 
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VlllSSHlIIlK OF 'lilK A'l‘Mt>HPHI5UT?. 

02. If a rUsh tul)o, iiLnufe tliuio in longLh, having 
ono qikI clnacil, bn nilod willi innnuy, anil llion invoiUnl in 
n voflRol of nuucuiy bo hh to iinimnno iia ojicu und, it will bo 
found that Uio irioiciuy will ilosrond in Lliu tub(% and lont 
with itB uppor buiI'ucu at a huiglit of about 20 inchoH abovo 
tho siufaco of tho inoronry in tlio vorhoI i tliis oxpovimonb 
fliflb inado by Torricoili, boa miggnatod Iho imo of tho 
BoA'omoter, for tho pnrpimo of inoaHnnng tho aLinoHphouo 
prosRui'o. 

Tlio Baromotov, in iu Bimjiloat form, Ih a Rtuvigbl glaaa 
tubo AB, containing moromy, and liaving itB 
lower Olid iinmoiaod iu a Rinall cistorn of inor- 
cury; tlio end A ih Inunudically Hoalod, and 
thoro is no air in tlio bianeli AB. 

It ifl found that tho lioight of tho Hiirfacci 7* 
of tho inoicury abovo tho Hiiifnco f7 ia about 
20 inchoH, and, an tlioro in no piuHRiuo on tho 
Buifaco It iu oluar tliat tho picHauiu of tho 

air on G Ik tho forco wliioh RUHtaiiia tlio column 
of moi’cury PQ 

Wo have sliown that Iho jnoBaiiio of a Iluid 
at roHt k iho Bamo at all poiiita of tho Baino 
horizontal piano; lionco tho prosaiiro at C is 
oqual to tho pioBBuro of tho moioury at Q. 

Lot <r bo tho donsity of mercury, and 11 tho atmosphorio 
proftsuro at 0, then 

Xl>=^g<rPQ, 

and tho height PQ mooBuros tho atmoaphorlo prossuro. 




PRESSURE OE THE ATMOSPHERE. 
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Or (VGCount of ita grwvt donsity, movcury is tho most con- 
voniont fluid wliioli oau bo oinpluyod in tlio construction of 
baroinotcrs, but tlie proasiim of Uio air may bo moasurod by 
using liny kind of liquid. Tho donsity of mercury is about 
13‘6(J8 tiinoa that of waLor, and thoroloro tho height of tho 
column of water in tho wator-baromutor would bo about 
33} foot. 

Tho donsity of mercury ohangOH with tho tompovaturo, 
and <T must thorofurc bo oxproasod a« a I’unoLion of tho 
tuinporuLuro. 

Exiiorimont shown tliat, for an incrooso of 1“^ contigrndo, 

tho cxpaiibiun nf incvcury in of its volumo; liouco 

if (r^ bo tho donaity at a tcnipcvaliiro and a-^ at a tompora- 
liu'o 0*. 

O'. " <r, (l + „/gu) “ O’, (1 + ■0001H01S^) ; 

. ■ . <r, - (T, (i - 00 if -00018018, 
mid II — 00-I'Q' 

By means of tho formula, (1 — 0O^h atmo- 

Bphorio pi'OBsuro at any placo can bo oiiloulatod, making duo 
ailowanoo fui' tlio cliaugo in tho valuo of y consoq^uont on a 
clitvngo of latitude. It is found tliat tins pvosBuro is variable 
at the samo place, witii or without clmngos of temporaturo, 
and that in aaconding mountaliiH, or in any way Tiamg above 
tho lovol of Lliu place, tlio jivcHHuro lUmhualios. .Clua is m 
oocordancQ with tlio Llioory of tlio equilibrium of muds, for, 
In oflconding, tho beiglit of Uio coUiinn of air above tlm 
barometer is cliininiahod, and tho iiroasuro of tho air upon (7, 
which ifl equal to the woiglit of tlio aupemicumbent column 
of air, is thoroforo diminisliod, aud tho moroury must doscond 
in tho tubo. 

If thon a relation bo found botwoon tho lieiglit of the 
moroury and tho heiglit through which an ascont been 
made, it is clear that by obaovvatlons, at tbe aam tirne, of 
the baromotrio-oolumns at two stations, 4vo sliall be able to 
dotormlno the dlfferonco of thoir altitudos. 

; 0—2 



ia2 IMllCHHUUK OF Tins ATMOSPIIKIUS. 

Wo Klmll mvoHligalo ft foiimila foi* lliW innposti, but it ih 
fiiftt uucossaiy to Hlato tlio laws wlmOi icgiualu ibu pioRsmoa 
of tlio air and ganon at ditTovunt touipouiUiuiH, and also Uio 
laws ol tlio mixtuuj ot'gftHUH. 

Od. Wo liavci bofom aUvlcd llm lulatinu 

p •« hp ( I I aO 

iKjtwcon ilio pujHsiuo, doiisily, ami l«'iii|ii‘iatuio (jf an olasLio 
llmd* it is dc'diu’od lioin tlio two Ibllowing iohuUh ol' tixpuii- 
mont . 

(1) //’ tho iomperatin'o bo rnnnlaul, lha pyesHure of aiv 

vavic'i invovNolij an ita yo/«»io. (IhyloH Law.) 

( 2 ) If tho pvmnro remain comilanl, an iiwroim of tern- 
pemturo of IV/, pvodnvoit 'in (t of air an expannion 
•OOIKlOu of its volmno at ifO, {Dallun's and Gaij’hussads 
Law) 

ironco, if ;; bo tbo picHBiU'o ami p„ tlm doiiHity of ftir, at 
ft Icminuatmo zoio, 

P " 

^uppoHci now tho Uimpciftlun* inoronKod to f, tho jiipshuvo 
roiTmiiuiig tho Hiunn- the coii(’o|>lioii of Lida may bo asBistod 
hy consiclcung tho air to bo conlaint'd in a pyUndor in whiob 
ft inovonblo juHton lits rlosoly, and Ima ajipimd to it a cou- 
Htftiit foicip, HO that an moumao rd’ Uui ulaHtio foico of tbo ail 
would bavo tho oiroct of puHlung out tho piatoii, until tho 
oquiUhi’ium la lostoiod by tho diminution of donaity, and 
coiiHL-quont diuunutioii of pruHaiiio: wo Bhall then havo from 
tbo 2 ikI law, 

Pa’^pO -l-«0. 

taking p fts tho now doiiaity and a « '003005 ; 

pf=>]cp(\ -I'Cti). 

If/, p' bo tbo prosauro and donaity of tho same Iluid at a 
tomporaturo 

f =* Jep* (1 4 - ai'\ 



PUKSRUUE OF TUB ATMciSlMIBHi: 


las 

Tho quantity a. ir voiy nciuly tlio Kamo ftn of all 

kiiuia, Init It' luiH dilkuont vuIuoh ftu dilTiatait gawi'K, and uniHt 
of coiuao bo dolonmuod «*\|H*mmM!lally iu ovuvy caso’’^. 

A h\tthilc Tnnimuilinv 

0']' Tf wi' imaj'int* Ibo lonqM'iulmo of a }fas IowoumI 
until lU pio^rtuio vant‘<hi*H, witlumt any cban^^o oI voluino, 
wo an'ivo at what m calUal tho ahHolnlo I'oio ol tominaatuiu 
and abKolutu U>inianaUno im nioasuiml fioni ilns point 

AHRiiminjj; lo mpiORoiil Ibis tmnpoialuKi on the oonli- 
grade tliouuoiuoU I, wo ubiaiii, liom tho oipiation L I 


In l'’a]ucinlu'it’s soalo tho loading for abHolnlu I'mo m 

" ‘l,60^ 

Tho cquatioiiH, p » K() (1 *1- «/), 

load to p » Kpa. {I - („), 

»a KpaT, 

if bo the absoluto tomnoiivtiiro. 

?>F. 

Sinc'O pV Ih onuHlaut, it followa that in constant, and 

thU law oxpioKHOK, in Iho ahHoIulo Koalu, tho lulation bi’twi'cin 
proaauro, volinno, and Unupovatuio. 

Tho juwiu'fl of a inulnre of diffovent (lUuHtiv Jluith 

95. (Jonsidor two dilToront giwon, onntainod in \ohhoIs of 
which tho volumes aro V and V\ and let thoiv pjosmuos and 
tempcnatuiOK, p and t, ))u the Haiiiu. 

Lot a communication Im OHiahllKhed botwcon tho two 
voBaols, or tiauBfor both tho guHi'H to a eloHud vohsoI, tlio 
volume of which is K -p K'l it ih (mind that, iiuIokh a ohonu- 
cal action take place, tho two gaSoH do not loinain Kopaiaio, 

* MoUiotU of tlotormliiinH Iho valiio of a nro doaoilbod iu DuHulmnorii 
ifaturalPhUoiioiihyt liuuHlatud rimI odltod by X’lofonaui Evoi'uU 



m 


PIIKSSURR OF TIIK ATMOHI’IIKUK, 


but pounonto oaob other until tlioy aio eom^iloioly mixed, 
aud that, \YhQn oquilibimiu ih iitlaincd, tlio juohkuio and 
icmpeiatuiQ tuo thu wuiu' ns bofoio. I'Vom linn iinpoitanl 
oxporimontal fact ^Yo can dodneo llm (blloNving pinponitlon. 

[f two thfl mitm tmjHirutino h mmtil toffethr 

in (I omolt iha widainB uf whiv.h iv V, timl iflho lu'esmre of Iho 
buo gamy alam jUling tlio wlume V, hfl j> and p', ihopiemwo 
of the mi^uie will bo p *1 f. 


Suppoao till) two giiHos mipiunU'd ; lot tlio of wliich 
tliQ piuBauio M p, hivvo ilH volumu oluin^i'd, withnut miy 
altoiation of tompmatnio, until ita piosauiu bocoim'H p'j iu 


vulmno ^Yill bo, by Marriottu'a Iiuv, 



Lot till) two gawH bo n(»w mixoii in a voaanl, of which Iho 
solid cuntont \h 


r-i 


;;r.o. 


?M // 
P' 




tho proRsnio of Iho inixturo will Hlill bop', and tho Lompom- 
lino will ho unaltoiod, If Iho nuxturo lio thon romproasod 
into a volinno V, iln proBanio will booomo, by tho tipplioalion 
again of AluriioLlu's law.pd p'. 

This roanll ih obvioiwly tiuu for a inixlnro of any number 
of gasoH. 


00 Two volnmeo V, V' of diforent gam, at })ressum 
p, p' respoctivelg, are miml logellior, ho that iho woiujne 0/ iho 
mievluve ia U, lo find ihop'mnro of iho miHim. 

The proHsuvoa of tho two gaacfl, roducod to tho volume U, 
arc loupootiYoly 


V 


r , 


and bhorofovo, by tho procodmg artiolo. tho proesuro of tho 
inixturo is 

V K' 

-qV^ (jV'\ 

and if ur bo this prossuro, wo havo 


w I7«p Kd p'F', 
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97. The laws and results of tho preceding articles are 
equally true of vapours, the only difference between the 
mochanicftl qualities of vapours and gases, irrespective of 
their chemical characteristics, being that the former are 
easily condensed into liquids by lowering the temperature, 
'while tile latter can only he condensed by the application 
either of great pressure or extreme cold, or of a combination 
of both*. 

98. If water be introduced into a space containing diy 
air, vapour is immediately formed, and it is found that the 
pressure and density of tho vapour are dependent only on the 
tomperature, and are quite iuaependent of the density of the 
air, and indeed are exactly the same if the air be removed, 
If tho temperature be increased or the space enlarged, an 
additional quantity of vapour will bo formed, but if the 
toinpomturo ho lowered or the apace diminished, some portion 
of the vapour will be condensed. 

■While a sufficient quantity of water remains, as a source 
from which vapour is supplied, the space will bo always 
saturated with vapour, that is, there will be as much vapour 
aa tho temperature admits of; but if the temperature be so 
raised that all the water is turned into vapour, then for that, 
and all higher temperatures, the pressure of the vapoui' will 
follow the same law as the pressure of the air. 

In any onae, whether the space be saturated or not, if p 
bo the pressure of the air, and ur of the vapour, the pressure 
of tho mixture is p + w. 

99. The atmosphere always contains aqueous vapour, 
tliG quantity being greater or leas at different times; if any 
portion of the space occupied by the atmosphere ho saturated 
with vapour, that is, if the density of the vapour be as great 

* Frofesaoi Eamiifry siiaoeodod In condensing ooibonio acid gaa, (md other 
gnsea Kxiaitlng rv oouaiderablo presenro for the purroao. and the reanlt of his 
cxperlmehta led to tho oonoliuion that, In all pr^abllity, all gnaes are the 
•vapours of liquids. This oonolusioa was remarkably supported in 1877, 
'When M. Flolot, in the oarlj part of tho year, liquoded oxygen by applying 
to It a proBsnro of 800 atmospheres, and, in Deoember of the same year, 
M, OaiUotet Uquoflod nitrogen, hydrogen, and atmospherlo air. 
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I\8 it can 1)0 for llio Unnpoiatnn', tliun nny irtlnrlinu n( 
tompomtmo will niodiiro conilonHiUmn (tl hi)iiu' pialmn of 
tho vapoin, but if llio (ImiHity of tbo vapoui bo n.il, at its 
maxiinmu loi' that tompoiaUno, no onijiloimafioji will Lalco 
placo until tlio tt'mpoiatuiu h luwon'il boluw tlm point ooiio- 
Hpomliiig to tho hatuiatioii of tho Hpaco. 

Formation of Ikw, Tf any Miifaco, in CiMiliict with Ibo 
atmosphciu, bo'coolod down bolow llui lompoiulmo ooiu*- 
sponding to tlio aatuialion of tliu Kpaoo noar il, coiiilonHatiou 
of tbo aquooiiH viijumr will onmuu and llio fondouHotl vapour 
will bo (lopositod in tho foini of ikw uiion tho HUilaco. Tho 
formation of duw on tho ^noiind dopoudM (houdoiu on tho 
GOolmj( of ilH HUifaco, ami tliis n in Konoial gioator ami inoio 
quickly cffoctod, when tho sky is Irou fioni cIoiuIh, and when, 
oonsoquontly, tho Iohh of boat by vadiatuni ia giuatuL' tliuu 
imdor othor cirounistaucoH. 

Tho Dm Ikint is tlio tomiicmtino at wldoh clow /ii-ai 
bogms to bo formed, and nuiat bo duLouuinod by actual 
obsoi vatioii. 

Tho proRHUio of vapour corrcBpmidiiig to itfl Ratnrating 
doiisiUos for diffuiont toiripiatuios inust also bo dotcnniiu'd 
oxporimontnlly, and, if tliia ho offocltMl, an observation of tho 
dow ])oint at onco (lotorniincH tho })iimHUio of thn vapour in 
tho atmosplioro. i''or if I' bo tho dow jioiiiL, and p' tho known 
ooiTQspondiiigpros'Juio, then at any othen tomporatuio i above 
a tho prossuro la given by tho equation 

p L 4 o.t 

100. Effect of Gompresmn or dilaiaiion on the prmnro 
and tmperainre of a gas. 

It ia found by oxporimont that if a quantity of air, 
onolosod in a voasol nnporvloua to boat, bo dtmiproaHocl, its 
tompoiaturo ia laiaod ; and that, if a quantity of air, onolosod 
in any kind of voaaol, bo auddonly oompresased, so that thoro 
is no timo for tho boat to escape, tho toinpomturo la aliiiilavly 
raised. 
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101. Thermal capacity. 

Tlio llun'iiml rjvpuclty of a body \n nn'iisnrod by tlic 
.mount of boat viniuintil to viuko ibo lonqu;ratnio ono dcgi'oo. 

Tbo \mit of bout wldob is iiotually I'liqjloyod \n tho 
piautily of bout ro((uiv(«l to inon*aHo by tmo do^'n'o (um iiiiib 
if muHu of \vat(U', to bo bolwoou {)"(). and ■L0'’U. 

Hpecljh Ileal. 

Thu Hprii;ill(' boat of a \»ody in tlio llinvinal o:i)iao,ity of oik^ 
mil of inaa^, or, wiiioh i« llm Hamo lbin^% it is tlio ratio of 
:bo amount of boat nsniiml lo iiuTouKu by I® tbo tompora- 
turo of (bo biiily to (bo atuonnt of lioat roquirod to iiicruuHo 
by 1® tlm (oinjioraturo of an oqual woiglit of wntor. 

If an amount of luntt dQ prodiiou in ibo unit of inaflR a 
ebango oru-'iiiiiomturo (i!f,Lbo nioiimmiof ibospooillobanL . 

In gmicH it is noceKHiiry to coimiiloi* two oasos; (1) wliou 
tbo pi'osHuro roniains ounslaiit, tbo gua boiiig allowed to ex- 
pand, (2) wiion tbo voluiim reiuaiiiH ummtmit, 

We aball donoto Liio spociflo boat in tlioao two casos by 
tlio aymbolfi aud c,. 

Tfc is oasy to boo tliafc o, is gi'oatev tban for in tbo 
iliiBt enso tlio boat imiiartnd dooa work in expanding tbo gas 
08 well as in raising lU bumponiLuro. 


102. To dotormino tbo ofTonb nf a comprosHlnn or a 
dilatation of a glvun (iiuvntity of ga«, it is cluar to begin with 
that tbo boat roquiroii will bo a J'uuutiun of v,p, and T’, nnd 
m\ 0 Q pvaiT, Lbo boat rofpiirod for any expansion will bo a 
funotlon of y and p. Tborofom It follows tbab 


dQ 


^^dv + '^dp, 


dv ' dp 

gooombjj • kpiT or, if tbo mass of tbo given quantity 
bo the unit of tnosa, 

pv^kxT«KT. 
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If tlio pioftaiuo bo conaLaiit, dQ ^ c^dT , 



dv s=s Cpd'J'f^ Op 


pdv 

K 


find 


dv 


and 


Jf Iho voliunu bo couHtunt, 

dQ n,. 

dp“K‘' 

Thclofoi'o, if no licni bn inipiuLod, tbiiL ih, if dQ 0, 


01 


(h) , dp n 
c„ • o» , ' *w 0 i 

;A.vO' ia conHltinb 
pv'f iH oonatant, if 7 «« ", 


if j), V bo oliangcd Lo p\ d, wu obUiiii 

;:'"(:T-(:T' 


and 


t' 

I 


V'd 

pv 



Tlio equation ptjv » csonstaut ia, in tbovmodynnmiGB, tbo 
equation of tlio adiabatic, or iaontropic linoa, and it roproaonta 
the relation between the presauro and volume of a nna«H of air 
whicli is Buddonly comproBSod or dilated, ft will bo found 
aubaoqiiontly that this i elation ia of great importance in tbo 
theory of Bound, 


108. It can bo abown by the aid of tbo prinotplo of 
Onor^y, tbat tho dilferonco botwoon Op and Op, for any given 
gas, IS constant. 
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By a law of IhormdilyiminicH, tlio oiuu-gy impartod to a 
I'Rtom by tlio application of boat ir proportional to tlio 
mount of lioat. 

lloncc, J bring tbo mochanioal o()>iivaleut of lioatj tlint 
tbo work (lono l»y Ibo unit of lusat, tlio ouorgy imimrtod 
D tlio unit inuHH of a gim by a Hhu of tuiojiumturo cWNvbou 
ho proHsuro i« conatunt in 

J, ylT, 

But thin onurgy ifl jMvrtly oxihuhIoiI in olovating tlio 
Ginpai’atiU’o at a given volume, iino partly iu oxpanding tbo 
mlumo ; 

uul jw w K'l\ 

J (Op - Op) «• K, 

sllQ^ving that Cp - e, ia coimlant. 

We can employ thin equation in ublainiug tbo result of 
Art. 102. 

For if no boat bo HUjijiliuib no onurgy in impiwtcd, 
and ■c/W'-aO. 

But pv w K'j.T » J . (fip — Cp) 'J'] 

pdv -V vdp M J. (Op — Op) dT, 
and pdv (Op - o^) + Ce (pdv -(* utfjO ■> 0, 

whouQo Up . pdv + Op . vdp * 0, as boforu. 

IWioilo moBS of iho EariKn AivmphovQ. 

‘-^104. Some icloa may bo fonnod of Lbo miiaa of nir and 
vapour surrounding lbo oartb by moana of tbo barometer. 
Supposing the oartb to bo a ajiboro of riuliuB r, and that tbo 
boignt of the baromelrlo oolumn, A, is tbo samo at all points 
of fto autfaco, tbo moaa of lbo atmospboro ia approximately 
ec^iitvalenl to tbo maaa 47^<^rV^ of morcury. 
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Lol p bo tho iricau tloiwity of 1 !h» oat lit ; 

Uton, tho mass <»(’ tho alimmplu'iu ; (,lto tunan of llio eaUh 
(M ‘I'TTffJ V/ p j 7r?‘“ 
w Utrli • pr. 

Ihit, 1akinj( wah'r an llm Klamlaul aubaliiiua', o'>-’in57, 
ami p liiuH boon Imtml lo lio iibmii n , ami, tf wo Itiko ‘2D D 
iiiclios as (III ninivtixhimlo vnlmi of h, il, will bo louml Muit llio 
ratio of thu iiiaKsoK in hoiiiowIiuI. loss lliaii tliu lalio of quo to a 
iTulliou*. 


Tho hc'{i/ht uf iho kunnii/encoiiM nliiiosphore. 

i'" J0.“5 If tho wlmlo onimuii of uii bm) (lin Btunn (Innmty 
tbiou^hout as at tho muirn'o, lU lioiKht boiiig I, and tlio lioigbt 
of (ho muicuiy being /(, wo ahoulil havo 

all «• pi, 

whoi'o fl is tho clonaity of tho air. It has boon found that 
tlio latu) <r • p \h about lOJ-oa : I, ami (hoiofcncs anii»lo;^iiig 
a^ boibio 20 0 ns a valuo of It, it will bo found that / ia a httlo 
loss than 5 milos, 

JS^GOCSSdvi/ limit lu the heu/ltt of the (timQHplniVQ. 

It is oloni’ that, sinoo at a diHtanco from tho oai tli'a fiiufaoo 
its attiacLion diuiiinHiioa, and tho donaity and jaosauro of tho 
nil' nro thoiofoio dimiinHhod, tho above* losult m vary far from 
tho tiutli, A limit to tho lioiglit can liowuvor bo found from 
tho consich’i'ntion that, boyond a cortain diatanco from tho 
earth’s contio, its attractinn will bo uimblo to rotain tho 
pavtioloa of air in tho ciiviilai paths, which tboy must dosoribo 
about tlio oartb, m oulor to lomaiii in a stato of rolativo 
oquiUbiium. 

* '£1)0 obnomiioitB on iho motion of (londuluma, modO by fitr Cii Airy 
at tho Hinton Collloiy in J854. bnvo thrown doubt an tho nooornoy of tho 
vaiuo C 0, whloh haa boon nasumod, la Ait, Od, na i\ monatUQ oi Iho moan 
donaity oC tho earth. 

'X‘ho valuo clodiiood fiom tho Ilarlon OhwmihM is fl'SOO with a nrobabto 
orroi'iti. *0183. P/ii/. Tmn«. 1866. 
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At tlio t.Mjur\tf>r lliu oxiu'OHHion roV, a Loing tho eartli’H 
igiiliiv velocity, iH e(|iml to mul tlievufna', iit a lieij^lib z, 
0 furco lu-'ci'HHiiry to ii‘<‘tiiin u ]>iu'li<'|o m of air iu its cii'oular 
oLlon is eiiuiil to ; llio (‘iirtliH attme.tiou at tlio 

,mu lieigliL 


lid thu extroioe lieiglil in givoii hy tlm (MUiutiou 
(r -I- i)" r 

hat is, a 18 a little gi-cater tliau 5 j’. 

It is pofwilile lio\vev(‘i’ lliat tills lieiglit Is conHidiM'idily 
loyond tliu tnie lieiglit, lor lim tehi|*eralmo of tlio air IniH 
lOQii foiunl, liy exjmrimeiita nindo in Itallooiis, to tliiuiniHli 
iVilh gvuut mpaiity during an ascont, mid it is llioroforo ipiibo 
^oaniiilo, that, at a lieiglit hma tliau Dr, tlio air may bo 
iquoUod by oxtivino cold, and its uxbo'iial Kurfneo would bo 
in. that oafio, of tlm «anio kind uh tlio BurfacuH of known 
iuulastic Muidfl. 


The dalavmiuutwn of hoif/hin hi/ the hunnnctfjr. 

100, CoiiHidor fl vertical aolmiui of thn atmosjihci'o at 
roflt iiTidor tho action of gravity: at a ladght « let p lio the 

E roBHuro and p tho donsily, and at a iiuiglit « 4* Ss, lot ji + 8 ^; 
e tho proiHuvo. 

If A bo tlio area of tho Hcotinii of thn column, tho 
Yolumo A8« of air may lio coiwidorcd aa in ciiuilibrium under 
tho action of tho proBBuiua pA and + and of its 

WQight ffpABz, 

HenoQ wo havo tlP ^* » 

oAtl, if i be tho tompemturo, _p «• Ap (1 -1- etO ; 
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in tho limil 


h dp 

p ’ da 


fl 

1 H- at ' 


Wo sliall suppoao t coualanl, nml tliorofuio 




and, if p' bo tho pioasuro at a liuight a', wo obtain 

.V _//(» 


A; log 


P 


1 4 ai 


Lot h, h', 1)0 tho obaoivod UoightH of tho l)au)motoi’ at 
two atiitioDH, tlio hoighta of whioh nro a iind a' \ thon, taking 
(T OH tlio doiiaity of iiioionry at a Uiinpoi'atiuu %oio, ami r, r, 
as tho lompoiatuioH at ihu two hIhIiouh, 

p «« fj<rh ( I — ^t), and p' m gcrh' ( L — Ot) ; 


k 

etu 

0 


(I -i-ftOH' 


/) ( 1 — Or) 

h'{\-0ry 


t may bo taken oa npproxinmUdy mmal to Hr H- t')i and wo 
thns havo an oqnatiou Iiom which tho ainbionco of tho 
hoightg of tho two statloUB can bo caleulatcd. 


107. _ 3f howovur tho hoights above tho oarth'a aui’faco 
bo conaidoiahlc, it la nocoamiy tj» tako account of tho 
vaiiation of giavity at diiroiont di’^tancoa from tho earth’s 
couU'o. Wo procood thou to uu invoatigatiun of a moro oxaot 
foimiila 


Lot g bo tho moaauro of giavity at tho lovol of tho son, 
and r tho radius of tho earth, thon, at a height tho atlmo- 
tivo foioo is moasurotl by 

^ {»•+«)*' 

and tho equation of equilibrium is 

wo have also |3«^3p(L + «0, and it is boro important to 
obsorvo that p is tho sum of tho prossuros duo to tho air itsolf, 
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d to lUo aquooua vapnur which is mixod with it, so t)mt, if 
1)0 tho clQuaity of tlio aquouim ’vapour, j) is tlio wum of two 
antitioH in tho form 

lip (1 4- ot) + lip (1 + 

,cl thovof<JVO tho. rmnutity hp in tho ahovo equation k tho 
m of tho two A*p, Kp\ corroapoiuUng rofipoctlvoly to tho air 
id tlio tu[iio(ma vapour. 

From tho two o<iunLi(mH abnvo wo ohUiiu 

. dp ^ _ 1 ijAh 

p 1 4- at (r -I- .e)' ’ 

111, OB Iwforo, wo Hhall oonMidor t coiiRtanb, and oijual to tho 
loan of tlio tompuruluroH at the two BlalionR. 

]iy integration 


and A log w 

^ p (1 4-a00' + e)0M*ii! ) 


.( 1 ). 


ItOt A, /*', be tljo ohaorvuil huighlH of tlio inoroury, 
,nd T, t', tho lomporaturoH, a» boforo; then, huico tliu ibreo 

ur' 

if gravity at a huight * ia muaaurud by tho quantity ^,7 j, 

VO have 

p (,■+ J i-erh 

and thoroforo, obsorving that 0 is a very amall quantity, 

• — 


[log„ 1 + 2 log,, ’ (t' - t)) , 

m '434S045. 
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Fiom this foimula, il’ z bo kiuiwii, tlio vtibio of s can bo 
calculaLG<l. 

If tho lower Btiiion bo noiiily at tbo level of Lbo noa, 
/ w(), niul 


lOH. In tho jnocodmjj; iiivosti/^alinn wo bavo tuKou no 
account of tbu variation of fjiravify at thflbiont pails <if tho 
oaitb’H Hiirfaco; IniL il r/ bo tbo nioiiHUio of ffiiivity at a plaoi' 
of which tbo laiiUnlo is K\ anil </ at a phu-o of latUudo X, it 
baa boon lound, (Poisson, Ait. (iilH), that 

fi L - 00mSi-os2\ 

J/’'” i- OOriMKcoa JiV 

tho value of f/ obtained from this eipmtinn, in which .i/'and V 
aio aupiiusud to bo known, innat bo oniployod in tbo abovo 
formula. 


If V bo tho latitude of Paiia, tho value of tho quantity 

002f)8Hc’oa2V) (4), 

is nearly 181120 Kionch metros or about GOIoS’^O KngHsli 
feet*, and, lopn 'son tiny; this munoiical quantity by o, tbo 
expression fui z bocomos 


o(H-aO . 

r»'002688 co72\ h ^ V 





Tho value of o may bo olitainod by direct oaloulation of 
tho expression (4), and tbo calculated valuo is ,I8387''l!Q 
melioa ; it bas been found liowovor, by oomparing tbo roaults 
of trigonometrical moasuromonts with tho rosulta of tho 
formula (6), that JL8800 motios la a more acourato vaUio of 
tho oooflloiGnt, 


* A Pronoli niotio Ib 80'fl7070 hidioa. 
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In order to calculate z from tho formula (5), an aiiproxi- 

ito valuo m\iHt bo flwt obtaiiiod by uoglocLinff - in the 

y 

;btOiaud monibor of Lho oqunUoin if Lius appioximato 
lue bo tl»un uini>ltiyod in kho namo oxiu’UHfliuii, a inoro 
curate value will I'oHijltj tjijd t)io Hiunp pvoooHH may, if 
cesaary, bo ropoatojl. 


100. Other cuiTiJ{!lioiiH avo howovor lu'coswary in order to 
ndor the dotormiiiiilion td* boighlH by thu biu’omutor vory 
act in prautico; tho value of k for iuHtamio in imidilldd by 
0 Owt that tho diuiHity of lumeouH vanuur at a given 
mporaturo and j)ri)KNuro w Iphh Ibaii ihu iloiinity of dry air 
idor the wunu *wid tliu of (UjUooUH 

qjour to dry air may hu, and in gouoral wjH bo, diffoiout at 
lO two utationH. 

Moreover, if thu lippor itliHiou ho on the mwkw of tho 
t)und, tho tttbracLiou of tl|o portion of tho earth which ia 
) 0 ve its moan lovol nmwt bo takoii account of. 'J'||o olfoot 

' this attraction ir to incroewo tho quantity , hv 

* *' (rn-^) 'tn ' 

» that, at a hoiglit «, the foroo of gravity ja muiwurud by 

4i- ’ 


r, approximately, g |l -r (Poiaaon, Mdeani^ue, Art. 020); 
m equation for p will bo xi\ this caao 

cd thoreforo, If the lower elation ho at the lovpl of the aea, 
A(l+ai) 

In place of the equation (2) we ahall have 
, '1 , p " V ^?*/ I - /l ’ 


Ti tt 


10 



and Iho final oquaUou for z will bo obUunou by subHiiLnting 
in (5), 

t H ^ for * obaoiviiig Llial log -( ^ 
ia nppioximaloly piiiial to 2 log ^1 -i- g . 

When ^ ifl voiy amall, it may Ihi noglorUMl hi tlio fonmila 

(fi) Itlma howovur boon fimiid in pmclico tliat thn lOHulia 
avo roncloi’cd inoio aiannato, bir micli piihoh, by employing, aa 
tho value of 0 , IHJlDfi niolioH. (Duliamol, ji. 2o!).) 

no. In tho inoeiMlmg niticlpH wo Imvo auppoaocl tho 
tonipoiatmo ol' tho aii to no CiniHlant thiougli tho whole of 
tho voitical apaco botwoon tho Iwofitatioim; if howovor tho 
clifToionco bntwcon tliu huigiita bo voiy gnmt, a conHidt'mblo 
ori'or may bo ihua intindncod, and fornuilro havo thoiofoio 
boon conaUuctod in whinli aeooiint ia talton, on vanoua hypo- 
IhoBoa, of tho vaiiatiou of almoaphovio Loinpoiatuvo. A 
formula of thia kind is given in LinilonairH IbiromoUlQ 
Tabloa, conaUuctod on tho mipjKisitmn that tho tonipembuio 
(hnnnislios in liannoniu ptogiusuion tbroiigh a hol'Iob of 
hoighta inciuaaing in authmotio progioasion. 

It innat alao ho noticud that wo havo nsaumod tho tom- 
pornturo of tho inorcmy in tho baioinotor to bo tho saino aa 
that of tho air Hiuronnding it; but in Homo oafloa, aa for 
insianco when olwoivatioiiR ara inatlo in a balloon, tho 
baroinotor may not lonmin long onmigU in tho aamo place to 
acquire tho tompointiuo of tho air round it. 'L’ho toinporaturo 
of tho morcury can, bowovor, bo obsorvod by a thormomotor 
tlio bulb of wbicli ia placed m Ibo ciatoni of tho baiomotor, 
and tho tomporatnroa so oblaiiiod miiab bo oinployod in bho 
equation (2) of Art. (107). 

ill. Tho two following probloraa aro illustrabivo of tho 
prinoiplos of this ohaptor. 

(3) A piston without wmght fits into a voi^Ucal ayUnd&Ty 
Qlosod at its hasQ and filled with at^noapheno ai)', and ia 
' isiitially at the top of iho oylindor; watov oovng powi'od alowly 
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071 the top of lliQ piston^ find how mwh cm he poured inhefore 
it will run over. 

Lub a 1)0 tho lioi^lib of fclio oyliiulov, and z tlio dopth to 
whieli tliu piKtoii will Hinkj ihou in Iho i)osibiou of 
briiun tlio prosniiru of tho iiiv in the cyliudor is U + c/pz, 
whoro U is thu atmusphuric proHsuru, uod p tho {luusity of 
watoi' : hut 

Uiia lU iia :a-~z‘, 

Uft 

-II -i-ffp*. 

Let A bo tlio height of tlio walor-baroinutov, 

ha xsa {a ~ «) (A H- s), 
and ^wtOovrt — A. 

XJhIdsh then tho hoiglil of tho cyllndoi’ is groator than h, 
no water orin bo iioiired in, for, ovoii if tho piston bo forced 
down and water tho)i jKiurud on it, tho pruHsuru of bho air 
bonoath will miso tho 

'J'ho nogntivG solution, when a<h, can howovor bo ox- 
plainod a« tho Bolution of a diffoi-oiiL problem leading to tho 
samo algobraic equation. MuppoHO tho cylinder to bo con- 
tinued abovo tho piston, and Jot it bo roipurud to vaiso tho 
piston through a spneo z bv a foi-oo which hIiiiU bo equal to 
tho woigiib ot tho oylindrical apaou z of water. 

This loads to tho equation 

n-[/ps a 

— - ^ r . 

11 + « 

or A — «. 

(2) 1-0 detoi'inino the 10011011 of a balloon on tho aupposi-' 
i/ion that the vum of air dispUmd by it in my position is 
homoyoneous, and that the lainpffi'aluro Ihroughout is oonslani. 

Lob z bo bho lioighb of tho oontro of gravity; of tho balloon, 
m its mass, V its volurao, and p the doiisity of tho air at tho 

10-2 
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height a ; then Iho oqimtiou -which detorimnoa tho motion ia 
(Va , ir / 

whoio 0 

But from tho oqiiatioiiH d}) <« - f/' pds and hp^ wo 
obtain 

(/« 

and thoioforo 


h{r’Vef 


u. :'.we 


ds 


horn which, putting m ^ or F, multiplying by 2 , anti into- 

grating, 

\iUJ ?'H ' 

0«.a-2U-h2t7f/?-, 


initially 




Tho grofttcat height of tho balloon ia given by putting 
dz „ 

and, if tho moan donaity of tlio balloon dilTor very littlo from 
that of tho air, ? -will bo small, and nn approximate value 
may bo found. 


liiXAWPLR«. 


]. If Uio density of air 1)0 ’0013, that of morcury 13T>9, 
ami if Uio hoighl nl tho haioniclur bo 30 im'hos, provo that 
Uio nunu'ucal \alno of k w about 83(1300, a foot and a second 
boing units of spaco and liiuo. 

2. Tim woigbt of i htm of diy aii at 15'5® 0 whmi ibo 
height ot Urn baionmtoi in 700 mm is iTO giammoH, Tho 
pioHsuio of mpiumiH vapour at tliiH tiMujiciatuio is J20mni. 
ol mou'uiy, ami its dimsity ih U> that of diy air at tlm samo 
iompciatino ami pioKsuio as 5 to H. Rind thu weight of a 
litu' of ail when Hatmatt'd with aipieouH vapour at tliu nbovo 
toniporatiuo and puisHUio. 

3. A faulty haionmlor iudioatod 20 2 ami 30 iuohoR 
when tho ludicatiouH of a eoiu-ct lUKtiumunt woiu 20 4 and 
30 3 iiichuH lOHpoctivoly ; find thu length of Lubo wliioh tho 
air in tho tubo would hll imdur tho pH‘HHmo of 30 iudhoa. 

4. Tho havomotor Hlauding at 30 inches, a uubio ynid of 
atmoRphouo air is otjmuieHHod iuU> a vchhcI ountainingti cublo 
foot ; llnd apjiioximately thu immerieal moaHiuo of thu onoigy 
stoiod up, the apeeific giavity of inoioiuy being 13 600 
loforred t«) watov, of winch a cubic inch woiglm 262‘77 giaius. 

6. Tlio roadinga of a iiorfoct inoicurial baioniotor ard a 
and whilo tlio eorioapoiuling luadinga of a faulty ono, in 
which thoro ia aoino air, aiu a and 6; piovo that tho coi- 
lootion to bo ajipliod to any reading o of tho faulty baroinolor 
ia 

(«-«) O- h){a^h) 

(a « Cl) (a - ct) “ (6 - c) (fi - 6) ' 

0. If a thormomotor, jilinujod incom))lutoly in a Ilcpiid 
whoso tomporatuvo is UMjuiiod, mdicato a tumperatmo t, and 
T bo that of tho air, tho column nut imniuiaod homg m do- 

grooB, provo that tho coiroction to bo applied ia > 

■I 

0® oxpanBlon of mercury ill glass for L“ of 



160 


EXAMPLES. 


tempeiatiire, assuming that the tompeiature of tho meiciii’y 
in each pait is that of the mecUum which suiroiinds it 

7. A closed vertical cylinder of unit sectional area con- 
tains a piston, weight If The piston is ongiually halfway 
np the cylinder, and the space above and below is filled witli 
satmated air On being loft to itself tho piston sinks to half 
its formei height; piove that the tension of the saturated 
vapour 18 3T'f— 411 wheie 11 is tho piessuie of the atmo- 
spheie . the teinperatuie being supposed the same at the end 
and beginning of the piocess. 

8 A veitical baiometer tube is constinctod, of which 
the iippei poition is closed at the top, and has a seclionnl 
aiea a®, the middle poition la a bulb of volume 6", and tho 
lower poi tion has a section c“, and is open *at the bottom ; 
the merouiy fills the bulb and pait of the uppoi and lower 
poitions of the tube, and is pievented fiom iLUining out 
below by means of a float against which tho aii presses , the 
upper part of the tube is a vacuum find tho change of 
position of the uppei and lowei ends of tho met curia! 
column, due to a given fdteiation of the pressure of tho 
atmosphere 

Shew also that, if the whole volume of the meicury in. 
the mstuiment be wheie JI is the height of the baio- 
raeter, the upper suiface will be unaffected by changes of 
tempeiature 

9. A cylindrical diving-bell sinks in Avatci until a certain 
portion V lemains occupied by an, and in this position «« 
quantity of an, whose volume undei the atmospheric piessuio 
was 27, IS forced into it Shew how far the bell must sink 
in order that the an may occupy the same space as in tho 
first position. 

find also the condition that when the air is forced in at 
the first position no air may escape from beneath the bell. 

10. Two equal closed cylinders both contain knowii 
quantiiies of water and air, One is placed above the other, 
and a communication made between the water in each, I^md 
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the amount which will flow from the upper to the lower before 
there is equilibrium. 

Suppose the whole now introduced into ft waim room, 
which way will the water flow ? 

11. A hollow cylinder containing air is fitted with an 
ftir-tight piston which when the cylinder is placed vertically 
is at ft given height above the base; the cylinder being now 
inverted and placed vertically in a fluid smks partly below 
the surface; find the position of equilibrium. 

12. A vessel, in the form of the surface generated by the 
revolution about its axis of an arc of a parobola terminated 
by the vertex, is imraeined, mouth downwards, in a trough of 
rnorcury ; show that the pressure of the air contained in the 
vessel varies inversely as tlie square of the distance of the 
vertex of the vessel from the surface of the mercury within 
it. Supposing the length of the axis of the vessel to be to 
the height of the barometer as 45 is to G4, find the depth of 
the sur^e of the mercury within the vessel, when the whole 
vossol is just immersed. 

18; A piston without weight fits into a vertical cylinder, 
closed at its base and filled with air, and is initially at the 
top of the cylinder; if water be slowly poured on the top of 
tho piston, shew that the upper surface of the water will be 
lowest when the depth of the water is ^{ah)-h, whei'Q /i is 
the height of tho water-barometer, and a the height of the 
cylinder. 

14. The barometer stands at 29'88 inches, and the 
thermometer is at tho Dow Point : a barometor and a cup of 
water are placed under a receiver, from which the air is 
removed, and the barometer then stands at '36 of an inch ; 
find the space which would be occupied by a given volume of 
the atmosphere, if it were deprived of its vapour wit|iout 
changing its pressure or tempemture. 

16, A straight tube, closed at one end and open at the 
other, revolves with a constant angular velocity about an axis 
meeting the tube' at right angles; neglecting the action of 
gmvitjy,, find the .density of 'the air wthin the tube at any 
poititi^ 
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10. A benl lubo of uniform boio, tlio anna of wlacli aro 
at liglii anglofl, rovolvoa with consliinL Kiignlar volooity w 
about tbo axis of ono of its anna, wliicii ia vi'iUciil and liaa ita 
oxUvnuty iniinoiaod in walor. Jbovo Lbat^ lliu lungljt to 
wiiich tbo walor will nao in tlio voilical aim ia 



a boing tbo lottgtb of tbo bointonliil aim, H Llio atmoapltoric 
pi'ossuio, and p tlm donaity of will, or. 

J7. IboVo iliat for Voligti pUrpoHoa tbo dt(Tou*ncn of tbo 
logaiitbina of tluj beiglita of Mh* lininmoloi muUipHod by 
10000 givi’8 tbo dUTurenc’o of tlm boigliU t>f two aUvtiorn in 
fatboms. 


J8. Two iion-coiidnctiiig voHHt-la, of volunum and v', 
contain atmoanbuiio aii at pioKanioH ji and 7/, at tlm tomppia- 
turoa T and T' j if tboao inaaBea of air bo mixod togothor in a 
non-oonduoting vosaol of volume K, find tbo pioaHino of iho 
mixtiuo. 


19. O’wo bulba containing air aio connoctorl by a bori- 
Kontal glasH tubo of umfonii boio, and a bubble of li{[nid in 
ibis tubo ftopaialoH tbo air inbi twi> txiiuvl (Uiantitios. Tbo 
inibblo is ilmii diHjilacwl by Imaiing too liidbs to lompom- 
tiuos t dogroQs and dogrooH’ piovo that, if tlm tomporaturo 
of each bulb bo docrennud r dogmiiH, tbo bidiblo will roceivo 
an additional dihplacumonl wldrli Ileal's to tlio otiginal clis- 
placoniGiit tbo mtiu of 2 aT j a (i * 1 - d' — 2 t), wboio a ia tlio 
ooofliciont of oxjianHioil. 

20 . An oloatio aphorioal ouvolopo ia aurroundod by air 
aatuvatod with vapoui \ whou tbo air witliin it ia at a pressuvo 
of two atmosplioroa it ia found tiuil. ita vncUua ia twioo ila 
imlpal longtb, and again tlio radius ia tbroo timoa ita natural 
longtli when Lho ouvolopo oontaiua 77 timoa ua much air aa 
it wpuld if opon to tbo air; ttHBUimng that tho tonaion at any 
point varies tta tbo oxtonaion of tho surfaoo, provo tbat ^ of 
tho prossuro of tho air is duo to tho vapour it oontalna. 


tjjt 

21. A conloal sboll, vortical anglo ^ , and height 21 , can 
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dUI cl(niMo itrt o\vi\ of watov. It is invovtcd and 

nniorfiod, uxih vortical, iu a nmss of water. Thu Nvator ia 

7 I 7 .9 

ow inailo to rotato witii angular velocity y 

3no filnkfl till its vertrUx lica iu the Kurfiieo: provo that the 
eight of- the waLer-huromutor ia to that 01 thu cono ns 
: i/llH. 

22. A Rinall bidhmii containiug air is iinmoi-Mnd in water 
nd haa lOd gmina of loivd uLtatiljod to it, Liu! eiivrshmo of tho 
talloon lanng nf tho Htuiio (lonalty au tho water. If at tlio 
omporaUiru of tho water and tho pruaHuru of tlu) atinoapluiro 
ho balUioii contain 1 c.uh, inoh <d‘air^nd tho (h'pth to whluli 
t must ho immuraud iu tho water in order to ho m a jiositioii 
)f unaUihlo oiiuilihriuiu when tlu» hoiglit of l\w water haro- 
notor ia 33 foot ; it heing given that tuo donmty of air ! that 
)f water ; that of lead w 1 j SOO : 0120. 

23. A cup \n rnrined out of a uuironn fiolid pavabnloiil, 
by romnving half tho volninoj ro tlu^t thu inmu' huuiulavy is 
in equal coaxal imraboloid with ita vortex at tho fiJCUH of tho 
former ono. T)\o cup w iniinorned iu vacuo in a Ilnid, vortex 
upwarda and axis vortionl, and ga« k forced iu from below till 
tho vortox risoB to tho aurfaco! if tlio water bu now halfway 
up the inner boundary of tho cuji, prove that tho density of 
the fluid is that of the paraboloKl. 

24'. If tho proBfluro of tho air varied aa tho th 

power of tlio clonBity, hIiuw that, noglocting variidiona of 
tomperaturo and gravity, thu hoiglit of the atinoaphero would 
bo equal to (m + 1) times tho boigbt of tho homogonooun 
atmoBphoro. 

2B. A pUton of weight w rosta in a vortical cylinder of 
tiunevoi-ae section k, being supported by a dopth a of air. 
Tho platon rod rooolvos a vcrtloal blow .P, which foroo||the 
piston down through a dlatanoo h 5 prove that 

(«; + ni)|/‘+«log(l-i)]; + 2“-0. 

Il being; tho iltmoBpborio pressure. 



CHAPTEE VIII. 


THE TENSION OF FLEXIBLE SURFACES. 


112 The general pioblem of tlio equilibnum of floxiblo 
suifaces is considered jfcy Lagiange, Mt^camqiie Anal0ique, 
Tom I , and al&o, more fully by Poisson, M4ino%i es de I' 

1812, it IS pioposed in this Chaptei to discuss one class of 
the questions winch arise out of the geneial case, thoso* 
namely which have reference to tho action of fiiuds upon 
flexible suifaces 

The pressure of a fluid at lest being nonnal to any 
surface with which it is in contact, we liave, in fact, to con- 
sider tho equilibnum of flexible suifaces at lest under tlio 
action of noimal pressuies, and of the tensions at thelv 
bounding lines, 

For the sake of generality the teim 'flexible surface' ia 
employed as the lepiesentative of substances, such as cloth 
and tlim paper, which do not offer any sensible lesistanco to 
bending, and which, when bent or twisted, do not tond to 
return to their original form Perfectly flexible surfaces, 
whethei extensible oi inextensible, are therefoie to be looked 
upon as inelastic 

In the following articles we shall suppose that tho stioss 
between any two portions of a flexible siuface is wholly tan- 
gen^l to the suiiace. 


MeasuA e of Tension- 

I Conceive a flexible and inelastic surface; extensible or 
inextensible, in a state of tension, and let QPQ' be a sm^U 
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ivc of tlio SGction thvougli P made by a normal piano ; tben 
f t . QQ' be tlie reaultant action, perpendioular to QQ' in the 
angent plane, between the portions of surface bounded by 
lie line t is tho menanre of the tension at P; in other 
vords, / is the rate of tension at P, or the force which would 
30 oxertod on a section of tho substance, the length of which 
8 ntiity, in the same atato of tension throughout as the 
mrfoce at P, 

In general the stress between the portions of surface 
ioparatcd by QQ will not be perpendicular to QQ', and .will 
bliorefore be tbe resultant of tho tension t . QQ' and of a force 
r . QQ' tongential to tho curve QQ', t being a quantity of tho 
iwno kind oa t and, measured in tho aatiie way, 

113. A vessel in the form of a Hght oiroular oijlinder, 
the curved surfiice ofwhioh is feeble, oontains fluid ; the axis 
of the oylinder hsiug vertioal, is required to Jiiid the relation 
bottvecn the po'osswrs and tension at an^ point. 

Lot PQ. bo a small portion of the surface contained 
botwoen two planes perpendicular to the axis and two gene- 
mting lines of the cylinder. 



XiOt t bo the horizontal tension and p the pressure, at any 
point of PQj and suppose the element PQ of the surface to 
oe mode rigid; then its equilibrium will be maintained by 
th© noimal pressure of the fluid, pPP' ,PQ, the taugenjjjbl 
forces tPP' and iQQ, and by the vertical tensions on PQ [ma 
P'Q', if thoro be any tension in the vortical directioa 

Hopoh, resolving the forces in the direction, of the normal 
OE, I d rawn to the middle point E, • 
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2tPr sin (| POQ), 

if r bo tho radius, 

01 t =p . 

114 If fluid at rest under the action of given foroea he 
contained in a cylindneat sui face of ani/ form, the ienston at 
any point of a section popendicidai to the aans of the cylinder 
IS the same 

Let PQ', (figuie, Aifc 113), bo an clemont of tho siufaco, 
0 the centie of cuivature at A, t the tension at t + Bt ai/ 
B, and B<fi tLe angle between the tangents at A and B 

Also, lot be the inclination to OA of tho diicction 
of the fluid piessLire on PQ', which must he between OA 
and OB 

Then, resolving along the tangent at A, 

(t + Bt) cos i =pA B sin B-^, 

—prBij) sin B-^, 

if 1 bo the radius of cuivature at A. 

Hence, ultimately, when B<f> vanishes, 



and, as this is the case at eveiy point of the section, it follewa 
that t IS constant 

By lesolving the forces m the direction OA^ we shall 
obtain, as in the previous article, the lolation 

t=-pr, 

b^ween the tension perpendioulai to the generating lino; tho 
p^sure, and the ourvatuie, at any point of the surface 

The Linteana and the Blastioa, 

115. The Lintearia is the curve formed by pouring water 
Upon a rectangular piece of thin cloth, the ends of whToli turo 
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pporttnl linvi/.tnitally, whilo Iho watur ia provontcd from 
japing at thu sidus. 



TUuh, if llio oihIh CD, of tlio cloth nr mombmno bo 
istonocl to Ujo buK‘8 of a box, and if tbo bMos AJ), liO fit 
lio box closuly and water bu jamvifd in, tlio nvnsH Huction of 
bo doth by a vortical piano parallul to AD or BO is tho 
Antoorio. 

Tho prewjuro being nonnalj Iho ttmaion of the cloth is 
onsbant, and tborururu, if r bu tho radius of uui'vatui'u at P, 
ind liC tho surfacu of llio watur, 

f/pPD,r is conslanb, 

° w Pi M A -y, Udtiiig PiYwy, 



and,*. COB - cos a, 
if a bo the dofiootlon at P, 



tbo Intrlnfilo equation. 


t 


m 
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<b ff 

Putting Bill 2 ira sill ttin ■\jr, 

tills bccoinoa 



TIonco tlio (U'liUi PJ4 


OiJ^ y/coa ^ — cna a t-a 2o sin ^ cok 

*a 2o sill w ^ , inuil. sill * . 

2 0 2 

liO. Tho F/laatioa is the oiivvo fnimcd bywi oltwtlo rod 
when bunt, and is icluutlcal with Iho Lintoaria. 

Taking /WOoallio rod, RU|iposo llio ofjiiilibiium itmlu- 
tainocl by IbicuH at li uiid CMn o^ipoHilo diusatiuuR. 

Tlio bonding inomont at /MHinonortional to tliacuivatiu'O 
(boo PoisHoii’H AUcanu^ue or Minolnn h f>l(Uicit), and tboiofovo, 
couslclonng tlio uquilibiiiim ol' tlio portion /il\ and taking 
niomonts about 1\ it follows that tho curvaturo at vtvrioa na 

so that 

r . Pi/ » o“< 

and tlio claalica ia thoroforo idoulical with tlio lintoaiio. 

I J7. Tlio olastica may liavo any inimbor of convolutions, 
as in tho apponclod flguroB, 
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id Lho lintoiirifi cnn bo niiwb^ to liavo nnuvolutionH by a 
opor ndjiiHlmoiit of Ibo walor level iiml tlio wator proasuro. 

Tlnia, if wo iumf^hoi IW lo bo tUo wiitor siirfiico, mid if 
Tangemonta bo iimdo to lot tho wattw Hll tliu wpiujo yl7?,ivnd 
’ow upwanla on tho portlmiK 7//'’, (/A\ wo bivvo a Untuai'hi 
Qiitical with an chiatic-o. oroim oouvolution. 


If wo inmgino Miat JIC touoliuH tho bont hhI at 7? and f7, 
^coRslUiting, ns will bo Ruun. uu iiilliutu length of rod, and IF, 
I boforo, wo inerwuro tho dollucUon from tlio tangonl at A, 

7 ' w 00 , whou ^ « TT, and tlioi'uforo 



I . I 

I + COB 4,, Of 


0 

2 COB 


[oaauring 8 from A, tluB leads to 

5-dlog tan(^J + ^i 


It will bo BQOD liortftftor that tliia k tho Capillary ourvo. 


118. To obtain tbo OartOBian equation of tho Liutoaria, 
^0 bavo 
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2/iy~w* 1 

dm 2/j?/ if 
dy 

Tho invosUgiilion of tho otiuatiou of Uio Liul<‘iuui waa 
ihal cffuctud by Jfunoa jbirnonlli. 


and 


Jll). Oonaidoving llio otpulibiimn of a jilano floKiblo 
mcinbiaiio, tbo bIu'hh along jiny Inn*, Uinl ih, Lbo acUou 
bol/WOGU Llio I’onUgiuiUH jnntiuim of tbo HUifiico bounded 
by that lino, Ih in guniual oblnuio to tin* line, and ia ihovofoio 
loiuoaouLcd by a touHion i and a iangoutial aoUou t; wo 
bIiuII now hIiow that fui any two diioclioJiH, at nght nngloa to 
oaoli otluT, T U tho Haniu, and tliat tluao aio two diioctiona 
for which t vaniHhoH, 

Taking any snmll Hqnavo uloincmt of tho RUifaco, tho 
tangontuu actioriH t8s and (t*| 6t) Ss on a jiair of upposUo 
aicloB foirn nltnnatoly a couplo rSa'*, if Ss bo a side of tho 
olomont; and, rIuoo this inuHt bo balaucod by iho othov 
couplo, r'Stf”, if r' bo tho tangential aotuiu in tho diiuotlou at 
right angles, it follows that r and r aro ocpial. 

Now take a ftinall triangular olomont, OADt right-angled 
at 0, and rcqiroHont tho Htrosboa as in tho flguro. 



Rosolving paralloL to A^, wo obtain 
t'AB h- iOB sin $ H- rOB cos 0^t' OA oos O’VtOA sin &i 
. \ 2t' w> (t' “ i) 8in - 2r cos 2^, 

2t 

and t' vanishes wboh tan 20 giving two dirootions at 
idglit angles. 
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L20. IC ill tlui jiiovioiiR figiuo w« assumo lhal 0^1 nud 
i/i am Uio diu'C'tuma iif xcm laiigontuil nctum, and if wo 
jaolvo in Uio diroiUoim poipondicnlaraud pamllol Uj AB^ wo 
luill obtam 

7'®s ; CUS* (? -1- i' 
r {C *“ /) hill 0 c«H d. 

n'ho quanlilioH t and C am now Uui gioalosL and loasl, oi 
ho Icoal and gK'aloHl toimiona, and wo kIuiH Llioiofoio call 
horn (ho Pundpal TonmoiiH 


121 ir i/) ho llio inolinaliou of A B (o OA pioducod, and 
f bo (ho iuolinatiuii to UA ol llio lOHultant hUohh, li . AJJ, 
ipon AB, 

, ,, t'OA r , . 

tan (f) ” »• y col 0, 

. (an (an </>»-“ . , 
ilao 


, Jii* M (* hill’ </) >1* i’* cim* (/). 


If Uicin wn doHciibo an ollipwi liuving its axuB in tho 
divootiona UA and 0//, and aucli that 


t' and i 
a 


J 

b ’ 


ooa’ (/» , Bin” c/> 

II « , 

and it Umrornro follnwa lhal if any Imo O/Mmdvawn Uu’ougli 
0, tho ralo of atioas iinon it in riqivuHonlod by Llio nuhuH 
VGotov of tho olhjwo, anil (ho dirocliou of iho hUohs is tliali of 
the diainotcT conjugate to 0/^ 


122, If now wo take tho caao of a flexildo^ mombvaun 
expoaod to fluid proaHiiro, ami oouaidor the equilibiimn of a 
aniall olomcml of tho mombraiio, llio mauU-a of tho (,hi‘oo 
pmoediug artioloa am at onno applicablo to tho ooao, for in 
tho limlfc tho oompouonts of normal pioaauro diaappoar in 
compariaoii with tho tangential aoUon. 

B. n. 


U 
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123. flmihh tuirfim of am/ form w e^r/mod io Iho 
aolion of fluid; tequired to find t/io rehliun betwem tho 
pvmurOi pnnoipal tonmom, and tho oiirmtui'o^ o< the direoUons 
of Ihm lomiouH, at «»»/ point*'. 

IjoI Q, Q', bw ])Oinlfl conligtioiw Ui 1\ on llm linn^ of mm- 
tonsion PQ, J*Q\ lliuiugli <luvw uouiuil iiInnc'B 
tliioiigli Q ft>ul (/, porpombnilar io lln‘ hm-n, PQ, PQ', 
(iuLting tlu) Riufacu in tlio iuch, A H, A I), tunl If'l Ji(f, PD, bo 

Ui(5 mcR of HucLinn mfulo by iionittil plniiuH tbvougli cnntiguouR 
poinla ill Q'P, QP, proiluml. 



Tlio olomont JW is kopL at real by tbo Laiigoniml foi'cea 
iAB, iOJJ, t'AI), t'liO, imd tho normal ibrou, ;; ,AD. DO, 

Lot V, r', bo tbo radii of curvalmo at P of ibo ourvoa PQ, 
PQ' \ tUon, ruaolving along tho normal at P, wo have 
ultimately 

fl , All , m II ^ , 

1 t I' 

and •’> p^ + ». 

V 't* 

If tho natuvo of tho surfaoo bo auoh that f ®a I, fclio abovo 
equation is 


* Tlio Btudon t miiBt bo Bimvdod Against Uio Idea that thofo id auy ooBiiootlon 
botwooa principal touKlons ivuA prinoliwl ourvnliin38. 

For Instniwo, Iraaglno a uioinbiano foUod Mund a ayUndBl*, ftud draw a 
' niunbov of Iiolloal Uuoh of tbo saino pitch ou tlio tnanabrauc. 

Tbo inombranO oan bo Ughttoiad In the dlrootiona of tea U«uw» whJoh 
wUl booomo Uio dirootiona of groalMt loiwlon, tbo pornoatUoular loftalon Ulns 
iBtao, >and' tbo atroso along a gunorating lino boing obllipio to tbatUnoi 
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or, if z —/{x, y) Lq tho equation to the surface, 



( \ j doo (lx dy dxdy ^ 



tho equation obtoinocl by Ln|fi’ango ^iid Polssou, 


'^\®] d*s 
,dx) J dy ^ ' 


^ 12'J<. If tho diveetiona of t and t' ore not those of prin- 
cipal tonaiona the tangential action ^viU appear in tlie 
equation. 


Taking any point 0 on the Bm’face,two directions OA, OB 
at right angles to ooch other, let t, t' be the tensions in these 
uireotiona, and T\ 1' the tangential actions in the same 
uirectiona. 


Oa being tho normal at 0, draw four planes parallel to, 
and very near to, the normal pianos AOz, BOz, cutting the 
surface In OB, BB, EF, FO. 



Then, ultimately, tho tangontial aotions, T. OD and 
2' . EF on OB and EF are oquol and opposite, os are also 
those on EB and OF. 

Honoo, by taking momenta about OZ, it appears that 
J'sa os in Art. 119. 

, If ^i be the inclination to tho plane coy of the tangent at 
-4 to the Curve OB, 


11—2 
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JC)t 


tan 0 = . Oa, 

and simiUuly at the point a, 

ian(r = ^^^^^(~ 0«). 

ITonco Llic f)Um of Iho actions T . (JD and T, KF in tlii' 
dn action Oz 

= T .an * OA - T . Eif-f" (- ()«) = '/' . GD , mi . fj 

diidi/ (Ixdy ^ away 

and a similav toun acisoa finm tho action T, 


Resolving along Oz, wo now obtain 

}> OD +WI>li'’J,‘ ST.GI) 


126, If wo imagino a auifaco of Ruch a naluvo llmt tlu' 
tension at any point w alwa^fl poipondicnlar to a lino ol 
division through that ptiint, it can ho hIiuwii that tho tciiHion 
at any point is tho saimi in ovoiy diioctiou. 

Lot a Binall Uiangulnr portion of tho Riuraoc ho ini]ipost'd 
rigid j tluni tlu) oqudihrium in tho tangunt piano ia imliiolv 
dcLuvmniGd hy tho teimionH of tho HidoH of tho Lriiingli', for iho 
taiigontial impiessoil foioon, if tlioio ho any, will ultnnatoly 
vanisli in compaiisou with Iho louBionsj and ainco tlicsso ton- 
sions aio poipondicnlar to tho huIob, thoy miiHt ho in tho ratio 
ol ihou’ lengths, and tliciofoio tho mouauros of tenmion in all 
diioctions aio tlio saino. 


li'mthor, tho tension will ho tho aaino nvor tho siiifaco, for, 
if a small i octangular oloinont ho conaidoiorl, tho toiiaioim on 
tho opposite BidoH must ho ocjual. 


* Tho gonoiivl rjiionUon of tho oquillbLlum of (loxiblo Rurfnoo^ is din 
ooBaod in a papoi, by iiiyBOlf, In llu QiioifeWi/ Joifr/wi of Mathmallo*, 
Vol. IV IHdO. -SI/ -v 
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'L’lio coiicoiitioii nf auch a Buifaro in of tlio wimo natuvo as 
Uio coiicyption of a iiorfootly rigal body nr of a poi’fcot fluid ; 
nuvorLlioluna wo obUiiu aimroxiinaLo Hpcoimuua in tbo caso of 
liqubl HIiuh, fw Hoap-biibbloHp ov Ujo films wliicli may bo 
Hucn in a oluar glass bntllu contuiiiing liquiil wliicli boa been 
Hiiakoii about. 

Till' couHidoralitm of liie oquUibrium of liipud lihiis wo 
dufur to tliu uoxl oliaptor. 

12(1. A %'osnof, ^formed of jicadhlo and inc,donfdblo 
vialmal, in in Ihjoi'iii of a Hurface of rmoUd'um, and is hold 
witk iOi vortical, and Jillod mth hiniw(jaii(t(ms liquid : 
it ia required to dtilermine the ^irincipid lomms aL an\j pohd. 

Lot f) liu tbu lowoHt point of tbo vushcjI, ami tiiko 0 
for tlio origin. 



Moaaiiro m vertically upwards, and lot PBQ bo any liori- 
r.onlal sqoLIou, tbo iipi>ur rini buing AUlf wbiob in Rupposod 
to bo fljtotb 

At all }}ciluU of tbo horis'.onlal eonlion VQ, tbu tonaiona 
aro uvidunlly tlio uimo. 

Lob i bo tbo morldlonal lonsion, i.o. bbu tonHion ab P, ia 
direotion of tbo taiigonb at P to Uio oui-vu AP, and t' tlio 
horieonlal tonaion at P ; tboso aro tlio principal lenHions. 

Tha vorUoal roaiilLant of tho toiiBion t along tbo Bootinii 
PQ oounttirbiUanuoa l^o rosulbont vorbloal prosauro on tbo 
Burftioe POQ \ hotioa, it 

OIS y, and anglo PTO ■ 6, 



166 


THE TENStON OV PLEXimj? SUllFAC-EH. 


^TTijt cosO~ [ gpvi/^ + gp'jrjf (o - w), if 00 « c. 

J 0 

Tina oqiifttiou dotorminc^ t, and i' is givoii by tbu 
equation 

--I All. 12, 
r r 

^\]lQlQ 2)=> r/p (o — «). 

It "will bo obaoivod that ris fcbo rndiuH of curvivtnin of tlio 
ciiivo AP at P, and that r', tlio ladiim of {‘UVvaUiiu of tliu 
poipondiculai normal soclion, ia the nonnal PO, 

127. A more goncial piopoaition k iho following : 

A Jlaxible vessel, in the form of a suvftice of rmoluLion, is 
subject to Jluid pVQSHUiO, such that it 'is Ih'o sumo at all 
jmnls of the same circular seotum; it is rcij[Hircd to doloruUne 
the lonsums at any i)oint 

Lot VEQ, P'JC'Q' bo two cotmooutivo civculai HucliouH, and 
lot t bo tlio moucUoual tousiou at J\ 



If OP *a s, tho rosullant lomion, pavallol to tlio axis, on 
Ibo civclo PQ, 




ds* 


tho losultaiit tonsiori, pamllol to Oai, on P'Q' 

* Thifi oriimtlon iimy also bo obulnotl, for tliJa orbc, by inking n 
Bmall olomoiit bomKlo(l by linos of Qurvaluio, that !u by mm’idlans and 
Ijoi’lxontftl oiioloH, U -will bo noowsmy lo ouinloy Monnlor's tbeorom. 
and lo obaorvo that Iho oaoulallng nlanoa of lluoa of ourvuluro am »ol 
gonoi'aHy noi'uml plnncB. 
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The differoncQ of these two counterbalances the resultant 
pressure, parallel to Ox, on the strip of surface between the 
oircles PQ, P'Q', which is equal to 

if j) be the pressure at any point of the circle PQ ; 



and 2’ being a given function of a, and therefore of s, this 
equation determines the tension t, and, as before, t' is given 
by the equation 



128, By eliminating p wo obtain a relation between 
t and t'i but it is bettor to obtain the relation directly. 

Talcing a small element PP', R'R bounded by meridian 
arcs, PP', PP', and by circular area PP, P'P', lot be the 
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angle between the meridian planes and 280 the angle between 
the tangent lines, at P and M, to the meridians. 

Then = PP'~Bs, 


and, resolving parallel to the diiection. of the meridian 
bisecting FR and F'R', 


£ 

dy 


Sy — 2i'Ss sin 80 


= t' Ss 


PR 

PE^ 


this equation, and, since ? ' == y sec 0, 
t t' cos 0 

+ -T:— 


the equation ^ 

determine t and t'. 


V 


12D. Examples (1) A oonioal perfeotly Jiexihle and 
elasHo hag attaohed, mouth downwa/ras, hy the nm to a 
hoi izontal plane, and filled with Uquid hj a small hole at the 
apex, has, when at ie8t,the figv/ie of a nght ovtoulav cone; 
find the equation to the figure it will assume when detached and 
the liquid let out, neyleotmg its weight. 

Let t be the tension at P in tbe direction perpendicular 
to the geneiatmg line VP, t' tlie tension in the direction VP, 
and 2« the vertical angle of the cono. 


y 
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i I' 

Tliirn ^ FiY« A’, 

f/p^ J*(r .I'Umanjiia’ 


ov 


t « »/pj>* Uin a Him a. 

But S.irVXt' CDH a w tlm msulUviit vertical pvoBaui'o on 

■« jj i/pirJ' Ian* a; 

• t'*«i'/pA'*Uiuam!oa, 

Let V'P'Q' \m iho Kfiunulinj^ ourvo of Llio Huifaco of 
revolution into which tiio HurraiM' funriR ilwolf after tlio liquid 
iiofl boon lot imt, y'A'wf, P'X mi), jl^' covru- \> 
apumling bi Llio puint I\ 

If n small m'c of tliu curve, 

Sj: suo a ■“ Sjt *h > 


(uul lanoE 


.„(i +^), 



taking tho inodulua of olaslicity difforont in tho two diroo- 
tiona. Taking ncoount of tho values of I and i' obtained 
above, <r can bo oliminiitod botwoon thoHO two oquationa, and 
tho relation botwmm f and i; will roault. 

. - . ... r/o tan a HOC ft 1 

From tlio first oqimtiun, pnttuig'^-f^ — ,, t 7 » ,i 


iln 

(ts 


COB ft 


1 

r7‘ 

1+^ 


* COB ft m tan"‘ ^ , inoaauring s from V, 


or 


w 


tan 




SubBtituting tbU oxpreafllon for co in tho Bocond equation, 
WQ obtain 
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, , fs \ {. . tan a Roo a . «/.9 \ 

a tan a tan i cos a 1 » 7M 1 H- ' ^ (an ( cos a 1 

as tho {lifibroiil<ial equation to tlio cnivo. 

Tf X, = X', a tan a = ?/ |oot cos -i !1 tan Q cim a^j . 


(2) A Jlexihlo memhYam mtlio form of a athuoid, ihal 
is, of iho smfiGO {icuoraicd />// i/io tevolulum of u valenary 
ahmt its dirocirui', /uta its ends Jastened to two oiimd orenhtr 
boards ofrudm a, and the cveess p of Iho air pressaro inside 
over the air pressnro oulsuU is ijiimi' 

Tn tills caso tlio cuivatuK's aro in oppoaito dnccUonfl, 
and if Z-'f/ bo tlio normal at oacli ladina of ciirvatnro ih 
eiiual to PG, and tlio equations of tiqudibilmn arci 

7^(7, and i' w (^0 i 

and since PO , o 
T being tho monclian tonsion of tho vertex ; 


r7i! 


m 


and i'sEir*!- (Jlv' — o"). 

2i; ' 

Tho first of thoao oquatioiia may at onco bo obtained by 
consicloring tlio oquilibruun of tho jiortion AP, and thou tho 
valuo i* follows fioiri tho equation, i' 

Noglooting tho -woigbla of tho boards, and supposing Ibo 
form of oquilibiium to bo maintaiuod by tho inaldo air 
prossuro, wo obtain 



which givoa 

and tho tonsions thon bocomo, 
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130. _ We bavo hitherto considered only laminae of uni- 
form thickness, but, in order to include cases in which the 
lamina is of variable thickness, a more general measure of 
the tension can bo given. 

Suppose a bar AS of any homogeneous material 
to sui^port a weight IT, and let k be the area of the 
seotion of the bar ; then tlie tension at the section 
through P supports W and the weight of the bar PB; 
and it tk is equal to the sum of these weights, t is 
the measure of the tension at P per imit of area, 

It will ho seen that r is one dimension lower 
than t. 

In fact, if e be tho thickness of a flexible lamina 
at any point, the tension at which, measured in the 
usual way per unit of length of section, is t, we have 

or t = er. 

131. The invoBtigabions of this chapter will not in 
general bo applicable to surfaces which ai’o inflexible, or of 
imperfect flexibility, but, if in any particular case the action 
between adjacent portions of a surface be wholly in the 
tangent plane, tho relations obtained between the tension 
and the normal pressure will hold good. 

For instance, if a vertical ou'oular cylinder formed of any 
inflexible substance he filled with fluid, the action at any 
point will bo wholly tangential and of the nature of tension. 

Migid 01 ' elasiio lamina svl^'eoted to fluid preasu/re. 

132. We shall now consider the cose of a oylindrioal 
-lamina, subjected to fluid pressure, such that it is tho same 
, along any generating line. 

If APQ bo a cross seotion perpendicular to the generating 
lines, tho stress between the two portions separated by the 
-generating line P will consist of a tangential force, a shearing 
^ force, and a couple. 

* .Taking unit length of .gonerating line> we shall deno'te 
■these quantities by 2’, If, and f?, observing that and 0 
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lepresent tlie stiesses exerted at P upon llio element ]?Q, 
and that P+8P,iY+^iV, 6^ + 80', m the contraiy diicctiona, 
aie the actions at Q upon PQ. 



If then pSs be the fluid pleasure upon PQ, wo obtain by 
leaolvmg parallel to the tangont and normal at P and by 
taking moments about P, 

sr+ (iV+ 5if) s^+pSs ^ = 0, 
siY-(r+sr)s^+pSs=o, 

Sff~(2r+ Sff) Ss-(T+ST)jSf- pSs 1 = 0, 


or, ultimately, 






dO -.jds „ 

If the form of a rigid lamina bo given, those equations 
determine the stress at any point. 


If the lamina he elastic, we have the additional condition 

JS 

that G is proportional to the ouivature, or that, G^~,t and 

we can then eliminate G, N, and P, and obtain the differential 
equation of the form assumed by the lamina. 


Further the equations will deteimine the law of fluid 
pleasure under the action of which an elastic lamina will 
assume any assigned cylindrioal form. 
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133. To illustrate the use of these ecjuations, consider 
the case of an elliptic cylinder, formed of some thin i-igid 
substance, closed at its ends and filled with air the pressure 
of which exceeds by p the pressure of the external air. 


Eliminating JV, we obtain 




measuring s and (ji from one end of the conjugate 


(a* siii^ cos" ’ 

and, by the method of the variation of parametei-s, it \vill be 
found that 


r=i>Va‘ sin’' (f) + b' cos’* ^ + a 1 cos ^ + 5 sm (fy, 


and 


— Boob <!> — p 


{a? — &“) sin <f) cos (fy 
\ja^ sin® 1 ^ + 6“ 001 ? 0 


Employing the consideration of syraraotry and the law of 
the equality of action and reaction, it follows that i'f vanishes 
at the apsoB and .4 = 0, and .0 = 0. 

Hen CO 2' = , and i'/' = - p — . 


p — - OB sin </> cos ^ ; 


also 


da 


' Nr loads to 


— T— 

2 a* sin" + J* cos* (f> ’ 

assuming that, when p = 0, there is no stress. 


134). As a further illustration, imagine a thin elastic 
lamina, naturally plane, pressed on one side by an excess p 
of air pressure, and supported at its sido by two equal parallel 
''forces. 

E ' 

^ In this case, (? = - , 

'■ r . . 




I 7 .J, 

^ .. J'Ulv 

and ^’’rd<l,"~r'd^' 

Mcfisuiiiigfiom Ihti niiddlu pnitit of tlio ()invo,fiiul (aking 
P for Llio Ibico, ami a loi lliu dulU'otiou at/ ouch ondj at wliu'h 
r 18 iu(inilo, 

I'J 




*},.» > 

Arff 


t cPt n /dry , /’mil a I pr 




0, 


an equation whioli can bo intogiatod by putting s m , and 


dr 

wo thus obtain , , 111 tbo torinB of r, 
d(j) 


JflXAMVLJCS. 

1 . Supposing tlio cyliiidois of a J^iamali’s P1088 nindo of 
tho saino inaboiial, and tho sbioBs to bo tbo Bwno in oiujIi, 
what should bo tlio latio of tho thicUnoasoa of tho oylindora? 

2 . A cylindrical voasol ia formocl of metal a iuohoH thick, 
and a bar of bhis inotal of wliioh tho aootion ia A atiimra 
inches, -will just boar n weight W without breaking. If tho 
oylindor bo placed with its axis vortical, dud lu)w much fluid 
can bo poured into it without bursting it. 

3 . Tho tonsilo strength of cast Iron being IGOOOlbs. 
woigbt por squaio inch of section, find tho thiolmess of a oast 
iron wntoi-|)ipo wlioso intornal cluimotor ia ,12 inohei, tliat 
tho atross upon it may bo only ^one-olflhfch of its nltlmato 
strongth whou tho hoad of water ia 884 foot. 
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•t. A hollow cono, the voitox of which is downwaids, is 
filled with water, find whoie the hoiizontal tension is 
gieatest 

Also find whoro the tension m the ducction of a gonc- 
lating line is greatest. 

5. The top of a rectangular box is closed by an uniform 
clastic band, fastened at two opposite sides, and fitting 
closely to the other sides, the an being giadually lemoved 
fiom the box, find tho successive foims assumed by the 
clastic band, and when it just touches tho bottom of tho box, 
find tho diffoienco botweon tho exteiiml and lutornal atmo- 
spheric plGSSlUCS. 

6. An clastic tube of ouculai boio is placed within a 
ligid tube of square boio which it exactly fits in its iin- 
stiotchod state, tho tubes boitig of mdofinito length ; if theio 
be no air between the tubes and au of any iircssiue be foicod 
into tho elastic tube, show that this piossuro is piopoilioiial 
to tho latio of tho pait of tho clastic tube that is lu contact 
with the ligid tubo to tho pnit that is cuivcd. 

7. A vossol, foiniod of a thin substance, in tho shape of 
a cono with its axis voitioal and voitox downwaids, is just 
filled with liquid and closed at tho top. If it bo mado to 
lotate nnifoimlj about its axis, find tho piincipal tensions at 
any point. 

8 A spheiical elastic envelope is sunoimdod by, and full 
of, au at atmospheiic piossuie (H), wlioii an equal amount is 
forced into it. Provo that tlio tonslon at any point of tho 

envolopo thon bocomos whoro r, 7'* denote 

tho initial and final ladii 

9. An elastic sphoiical ciivelopo whoso natiual ladius is 
a, has ail forced into it so that its indiiis bccomos & ; it is tlion 
placed uudoi an oxhaustod loceivei, and its ladius increases 
to o; find tho quantity of air forced in, assuinicg that tho 
tension is piopoitional to tho incioaso of siufaoo. 

10. An elastic sphoiical envelope of radius a, iafillod with 
air at tho samo prossuro and torapeiatuio os the suiiounding 
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ah' Asaiiraing that/ tho UiiBion vaiios na tlio inovonao of 
siiifaoo, and that if iho minuUty of air inaido Ijo (hmbli'd tlio 
radius bccomoa ma, aim Hint if iho tompoiatuio iiiHido bo 
llion iflisod to T\ tlio ladiuH bwomcH hc/, piovo that 

2y. = «+ 

It A iRiinispliorusal bag, nii))i»ni'L(Ml at its liin, is 
filled with watur; tho pimcipal Ioiihiohh at a ilopLli (v aio in 
tlio ratio 

fti" -I- 0.1; H «" : 2.f ’ -- a". 

1‘hud also wlioru Lho lioili'onUl UiiiHioii vaniHln*s, and 
explain tho oucimiHltuicn of its being iiogativo fm a poitiou 
of tlio bag. 

12. If iho hoinispiiuiical bag bo elosed at thn ton by a 
rigid nlano to wbicli ita liin ia tuid, ami tbon invciLoil, show 
that tlio principal louBlnnB at a doplb /v, aio iu tbu ratio 

fia-2io : Oa-'la*. 

in. A apboiical onvolopo is just fillod with liciuid, wbinb 
lotaloa iinifoiinly about a diainotor; nnglortlnc' gravity, 
piovo that tho piincipal lonsiona til an angular uiatanoo 0 
from tho axis of rotation aio 

^ pM' sill* tfi ami g puV Bin" 

14 A oyllndrical siioU of finito tliiolcrioss la formed of a 
inal,orial such that a bar, ono Bciunie inch in aoGlion, onn 
sustain a bousioii r witliout giving way, If this sboll be 
subjoctod to an intoriial fluid prasauro vr, wliioli la only just 

not sufliciont to buist tho cylindor, provo that w^^^rlog^; 

■whoro a and 2» aro tlio oxtornal and mlonial radii of 
tliQ sholl. 

15 Show, from tlio equations of Art. 127, that, if i bo 
equal to i' at every point, oaoh is oonsUvnt, 

Show also that, in gonoral, if i bo n maximum or a 
minimum, it will bo equal to t'. 
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16 A flexible bag, iii the form of a light oiiciilar cone, 
]ust filled with liquid, has the iim of its base fastened to a 
iigid piano, and the liquid is acted upon by repulsive forces 
from the centio of the base, varying as the distance , find the 
piincipal tensions at any point 

If an apoitiuo bo made in the iigid plane, fitted with a 
piston, and a blow be stiuck on the iJiston, find the pi’incipal 
impulsive tensions at any point 

17. If, m Alt 127, the vessel be a paiaboloid, and i^ the 
piincipal tensions bo etpial at any point of the hoiizontal 
sGcUon thiough the focus, shew that the length of the axis is 
gths of the laUis-iectum. 

L8. A convex inextensible pliable onvelope in the foim 
of a suifaco of icvolutiou Avith its axis voilioal is exposed to 
watoi-piossnie from within Piovo that at the widest pait 
the tension along the moiiclians is a maximum oi minimuiu 
noooiding as it is loss or gioatoi than tlio tension across the 
moiidians 

19. A floxiblo bag is m the foim of a surface of levolu- 
tlon and subjootod to a constant fluid pressure. Pmd the 
foim in oidei that the labio of the piossiuo to the maximum 
piinoipal tension may bo twice tho oiuvatuio, and find the 
piinoipal tensions at any point 

20. A quantity of liquid within a thin sphoiioal shell 
lotatos about a veitical axis witli innfoim angular velocity , 
find tho puncipal tensions at any point, and examine the 
effects of an mcioase in tho velocity of lotation 

21. A lloxiblo suifaco, such that the tension at any 
point is tho same in ovoiy cluoction, and whose ioim is 
given by tho equation z=‘(f){d,,y), is exiioscd to the action 
of fluid, find tho latio of tho inossuio to the tension at 
any point, 

Show that this ratio is 11 : 12 at tho points of the 
surface {co* +•’/*')» whcie x — y^z, 

22. A right ciicular cylinder is made of clastic material 
attached to iigid fixed piano ends. It is distended by fluid 

M Ti. 12 
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pre<?8ure Supposing that the tonwons in the mouduin 
and ciiculai sections aio regulated by Hooke's law, obtain 
equations sufficient to detcimme completely the shape it will 
assume. If the pressuie p be constant, prove that tho 
meiidian ciuve is 



i^heie a is the oiiginal imlius, \ one of tho niothili of 
elasticitj', and A, B, O, constants of integiation 


23 A plane elastic lamina, icstnig against two pniallcl 
bais, IS bent by (hud piossmo on one side into tho lorm of a 
catenaiy, find the law of the fluid picssuio 

24 A vessel of thm ligid matonnl, in tho foim of half a 
circnlai cyhndei is filled with watei, and sujipoil.od by 
vertical foices at Us bounding goneiating linos which aio 
hoiizontal, piove that tlie sticssos at any point distant <!> 
from the lowest point aie such that 

22 ’ 2 ^ 

1 2(? -JT ^ 

and 2 “^sin<^-coa(jf> 

25 A ijgid lamina in the foim of a cylindoi tho cioss 
section of which is a catonaiy, is sub)octod to air piossino on 
the concavG side and supported by two equal forcos paiallol 
to the axis of the catenaiy, find expicssions for tho stiossos 
at any point 


26 A plane clastic lamina leats on two paiallol hori- 
zontal bais, and is bent downwaids botwoon tho bars by a 
constant air pressure above; foim tbo diffeiontial equation 
connecting tho laduia of cmvatuie and tho deflection. 

Also form the differential equation when the bonding is 
effected by pouring water on the lamina to tho lovof of 
the bars. 
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inr). It is a well known fiiot that if a plass tubo of sraull 
boro bo tliiipciil in \vat<n', tho water iiiaitlo tlio tubo risoa to a 
liighor lovol than lliat of the walur outside. 

It la (i((ually wolbUuown Lliat if llio tube bo dippod in 
movoury, tho mercury nmido is doprc.s8(‘(l toaluworlovol than 
that of tliQ inuroiiry outHulo. 

If a glass tumbler contain walor it will bo Ruon that at 
tlio lino of ooutncit tho Hurfaco in (Uiivod upwanls and appeara 
to cling to tho glass at a dclinito anglo. 

If the tumblor lio I'arofully lillod, tho lov('l of tho water 
will rinu iibovo tho piano of Iho top of tho tumblor, tlio water 
bulging ovur tho round odgo of tho top. 

If watur ho spilt on a Uvblo,it Iiua a du/liiitu boundary, and 
tho ourvod odgau cling to tho table. 

ThoRQ faoLa, anil jrmny othora, havo led to tho Llioory 
of tho oxlatoncu of a Hurfaco ttmaion, tho laws of which may be 
stated as followa : 

(1) M tlio bouTidiiirj mr/nco nepamiing air from a liquid, 
or bet/tueon. Uuo UffuicU, Uiei'ew a HUifaco tonsion which is the 
same at ousi'y povnl and in oueri/ direction. 

(2) j\l tho Hue of junction of the hoitnding siirfaw of a 
gas and a liquid ioiih a solid hodi/j «• of the hounding surfaoo 
of two liquids with a solid body, the mirfaoo is inclined to the 
surface of tho body at a definite anglo, depending upon tho 
nature of the solid md of tho liquids. 

In tho case of water In aglnsa veaBol tho anglo is nouto; 
in tho case of raoroury it is obtuso. 
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Assuming these laivs we can account for many of the 
phenomena of capillaiity and of liquid films. 

136 Jkse of hqmd between two plates 
If t be the suifaco tension, a the constant angle at winch 
the surface meets either plate, called the angle of capillniity, 
h the mean rise, and d the distance between the plates, wo 
have, foi the eqmlihiium of the unit hieadth of the liquid, 



cos a ^gphd, 

so that the use increases with tho diminution of the distance 
between the plates. 

It will be seen that tho picssure at any point Q is loss 
than the pieasuie at N by gp QN'. 

and . — 

The atmospheiic piessuio at P being sensibly equal to 
the pressuie at the watei level outside, it follows that the 
weight PN IS supported by the ixjsultant of tho suifaco 
tensions on its uppei boundaiy 

137. Jdise of a liquid in a oirmUar tube. 

In this case the column of liquid is supported by tho tension 
round the periphoiy of its upper boundary, and thorofore, if r 
be the internal radius, 

2'm't 008 a « gpTrrVi, 

2ioosas=^prA. 


or 
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'J.'lio proHfluro at any point of tho Buapoiulod oolumn being 
leas than tlui iitinoHpliorio prossuro, it follows that if tliu 
column wovo liigii enough, tno prcssuru would merge into a 
stato of toiisioii, which would Btill follow tho law of lliiid 
priiSfluro of being tho Htuno in ovory diroction. 

It may bo olworvod that the potoutinf onorpy, duo to tho 
fU<cont of tluj ('olumn, is indupinidout of tho radius. 

The Capillary Gurnc. 

1J18. Tho capillary ourvo is tho form asRumod by tho 
surface of a liquid in wjutact with a vortical wall. 

If OWbo tho vertical wail, and OA tho natural snrfaco of 
tho limiidj couHulcr the e(pnUbriuu\ of tho olmneiitary portion 
PQMN, taking ono unit of InrndtU porpondicular to tho 
piano of tho jiaper. 



Tf P(3*8«, tho vortical rosultant of tho Burfaoo toneions 
at Pnnd Q Is 

Sf COB 

r boing tbo rodiua of ourvaturo at I\ and this supports tho 
weight of ilio column, sinoo tho atmosphoric prosauro at P, 
and Llie liquid prossuro at iVaro practically equal, 

and “■ I » " 9P^'> 
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and, inverting tho %mo of Ait. (117). wo roo tluit tlio 
capillfiiy ouivo is a ptiiLiculai cftRO of tho ciuatioa. 

Tho pM'ticulftiifcy conHista ui tho fact tlint OA is a ituigont 

to tho cuivo, so that 0 wiiou ;/^0, find onabloH \m to 
obtain tho CaiiosiaS aquation. 


To do this, wo havo 


d'J 


‘If/ 


J I 


1 

ild). 


((h/V 0* (Id 27/*'-o* 

^ ■'* [cir) " o" - ay Ui/ f ' 

Intogiathig, and tukiiig tho origin so llmt ymo, wlion 
ajBsO, 

wo obtain > 


or 


wfiocli 

0 




Tf 2 /mO, rt) is infinito, and, taking Ihu ligiiro of Art. (117), 
tho olastica is identical with t!io_('fipdiiuy curve whou IK) 18 
the tangont at B and (7, but ibis is only poNsiblo whon tlio 
length IS vory gioat. 


For tho intriuHio Ofjimtion in thm ca«o, 


o“ dr du 

- SSTJ ' 

d.-r'* diji d(f) 


sar ain tf>, 


8^7j 1 - coa (f>, 



and 


t 

28 , 4 

— M log — — , 

0 ®, a 

tan , 

4 


moaauring a fiom tho point 0 «. 
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I3n. If a drop of litpud Iki placed on a horizontal piano, 
it will in gonornl tako the form of a Hurface of revolution. 

MoiiHUi'ing .I! v(‘i‘Lioally downwards from tlio highest point, 
the ctiualion of c(iuilibrium will lai 

r V t a t 

if a bn the radius of eurvutun^ at tho liigliost iwinb. 

If llio drop bu largo so that wu may consider the top 
Jlat, and if wo nugUiot tho curvature of horizontal sections, 


1 fl? I dr 
or, in (.'arlosiuuH, 


1 da (^oH (h 1 

^ ^ and r 




, approximately, 


FS)T 


and 


‘*a' 


;i*H 0 , 


If//, bo tho dupth below tlici top at which tho tangent is 
vorticid, this lewis to and gives tlm oxprossiun 

for the HUiTaco teiisitm. 

140. If water he introduced hetwoen two pavallol plates 
of glass, HO near to eacli other that the action ol gravity may 
be ueglecLed, the water pressure inside will lie wmstant, and 
if the surfuco be a surnuio of revolution, it will follow tlio 
Hanio law, and bo Bubjeot to tho e(piatioii 

t’ 

;) being tho diflferonco between tho oxtornal and intornal 
presauroB. 

141. Tho well known experiment of Heating a noedlo on 
tho BurfacQ of water can bo explained by aid of the laws of 
eurfiioo tousion. 
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& 

Tho figiuo iQproHoiiting a socl-ion of tlio nocdlo and tlio 
surface of tho watoi at iiglit angles lo Lho axis ul tho iioudlo, 



iijG foicos in actum on tho lumdlo am Lho loiiHions at 
and Qi and Lho waL(n inossum on I'AQ^ which is oqmvl Lo 
the weight of tho volumo of watin ; tlioso forces 

cQuntoibalauou tlio weight of tho noodlo. 

riufchor Lho lioiizonLal conijionmit of Lho Lonsimi at J\ 
togoLlior with tlio liorniontal wntoi iirossiuo on HD, ih oqual 
to Lho tension at W, being hoimmlid and HD veitical 

Thoso conditions dolormiuo tho oqnilihriuni, and load to 
the equations, 

2isia ^1- a •l*/ 7 pc(c^lH-ceia $ cos 2// sin <?) *» w 
At alu" ^ 2 *^ “=,<//) (c coft 0 “ /i)\ 

wiioio a IS tlio angle of oapilhuity, w tlio woiglil of tho noedlo, 
h tho height of its umh ahovu lho iiaiuial level ufLliu waLei, 
and 2^1 Lliu arigio POQ, 

hiiiuul Films 

I ‘Li. Liquid (llins iiio jnoducod in vailmiH ways; a soap- 
bnbblo is a lainiliar instanro, ami liqnul filiriH may bo 
foimod, and Lliou oluunfLoiistics ohsoived, liy shaking a oloar 
glass boLLlo coiiLainiiig sumo viwioim jiiniid, or by rlipping a 
wiie fiamo into a soluLioii of soap aiul water, or glyceimo, 
and slowly diawmg it out 

Tho fact that films apparontly piano, can bo obtained 
shows that tho aoLion of gmvity may bo ueglootod in com- 
parison with tho boiision of tho film. 

It is foiincl that a voiy small langonfcial action will (eai 
the film, and it is thorofoio inforratl Lliat tlio stress aoiosn any 
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lino is ontii'oly normnl to that lino. Fi-oni thiH it followH, as 
in Art. ( 126 ), that tho tonsion w tho siuno in ovory diroction. 

148 . J'^nortji/ of a 2)lane film. 

If a piano film ho drawn onfc from a resorvoir of viscous 
liquid, a oortain mnount of work is oxpuuilod, and tlio work 
thus axi)endud ropruHonbH tlio potuntial onoi'^^y of tlio film. 

Iiuagino a rooUvngiilar Him AllOl), lioundod by straight 
wiruH AjJ, no, Ali huing in tlio Hiirfaco of tho li(pud, and CD 
a movuahlu wire. 

'riio work dono in ynilling out tho Him is oqiml to 
t.AD. AD, and tlinroforo, if ib' bo tho Hupovilcial onurgy, per 
unit of arua, it followa that 

H=>i. 

Tt ahouM bo ohsovvod that wliat wo bavo h(>v(» oallod tho 
lonaiou of tho (llin is oepud to Iwiou tlio surfaco tuiisiuu of 
citlior aido uf thu Him. 

] 44. A wive in a vmiioid pluno of any ahape hiia a piece 
of ihvGtid, of pimi Icnrjih ami woiifhl, ffUiUoml at two pcinfe, 
and tho wi'vo and ihu Ihvctul form llio bonndavp of ti piano 
liquid film. 

To Hnd iho form assumod by tho throail, wo shall exprosa 
lliG condition that tho potuntial enorgy of tlio ayatoin la u 
minimum. 



If A bo tho area OAUO, blio onorgy of tho flhn 
*■ SA — f Hyde}, 
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and thorofoio if tu bo llio woiglit of iniit. longtli of Unoad, tlio 
potontial onoigy of Iho system is a nnmmmii when 

wjjjdH 

in a maximum, 
with the condition 

By the aid of tho cnlcnlus of vaiiiitionH, this loads to an 
equation of tho foim, 

<^1/ 'jay*^ ity ~\ o' 
which IS easily intogiatod 

This oquatinn may lejuosimt, for cot lain valiios of tho 
constants, a ciiolo oi a catonaiy, as is obvious apHuri, 

This qiiostion might otlioiwiao liavo been solved by 
wilting down tho conditions of oqiiihbiinm of an oloniont ol 
tho tluoad. 

Ui), ICnerrji) of a sphorical soup bubble, 

If j) bo the dinbionco botwoon tho inteiniil and oxtornal 
pioasuiGs, and, assuming I oonstmit, tho work dono in 

expanding fioin r to r •) Bv, is 

p 47rr*Sr, or 

tho total woik dono m hniuiiig a bubble of ladius o « 
and as boforo tho supoilicial onoigy »= I, 

And, in gonoial, whatever bo the form of a film, ils 
onorgy « if S bo tho smfaco, for the onoigy of a piano 
olomont 89 m 


'I'lie Foma of liquid films. 

140. Tf tho air prossiiro bo tho Hamno on both sidoa of a 
film, tho condition of oquilibrium is that 

■'x'* n 

- + ^7 « 0, 


or that tho moan ourvaUiro is zero. 
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TliU condition in satiMfiod in tlio oaaos of tlio catonold 
and tlio holicoid, which arc Lhcroforo puRsihlo forms of li(iui»l 
lilms. 

In Cartesian cn-onlinatos tho o(iimLion bcooinos 


as in 

Tho discuBSum of this C(iuatimi is tlio fluhjoot of many 
momoirs by oininont nmthcinaticians, and sovoral very ru- 
inavkublo special Hohitions imvo been obtained. 

.For innUince tlio Hiirfaces, 

n,)Hl 4 hIm r => (c'* “ fl"*) (fl*' — f?""), 
cosrtJ ' ' 

will bo each found to possesH tho property that its mean 

curvature is /.oro 

In PlaLomds work, Snr Ion liq}ddm j9ownii« ivm aonlon 
forcoa mulocnlaim (*2 vok 1878), will bo found an ulabnrato 
account of the lahoiu's nC mathoniaticiiiUH on tliU subji'cl, and 
of bis own uxtonsivo surios of oxneriinonls, but, within the 
limits of tills IruatiHo, wo aro nnablo to do inoru than to call 
attention to tho work of Plateau and othorH, and (o placo 
boforu llio BtiidiMit tbu loading iduas and uonio of tlio most 
important rosnlts. 

147. If Lbo forni of tho film bo that of a siirfiioo of 
revolution, tbon taking tbu axis of tlio siirfaeo as tlio axis of z, 

'I* tn .\. y* w/(^). 

SubsLiLuting in tho {»piation abovo, wo obtain 
whicli, by transformation, booomcH 



Integrating, 

and fli + 6«alog(j‘ + 7?'*^A 

" OAtalnu, Journal Hu CJSeole VolyUohiilqnt, 18B0. 


/ih\*[(Pz dz d*z , 

\d\i) j dio* “ dx djj dsudy | \£?^y ] dy^ 

( 1211 ). 
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g+b g+ft 

^ 2r = e"^ + a*e'’ “ , 

JA _qli 

assuming a'e ®=6 “> 

the result is 

«+A J±h ‘ 

2? = a (e ** + e " ), 

shewing that a catenoid is the only possible foim of lovolution 
of a film when the piessuie is the same on both sides 

148 The same result is obtained by the principle of 
eneigy, foi the surface 

f2lvi/ds 

IS then a maximum oi a minimum, and, by llie calculus of 
variations, this leads to a catenaiy as the genoiatiiig ourvo, 
the axis of revolution bemg the diiection of tho catenary. 

!bTow it IS well known that if the oiigm, tho cliieotiix, and 
one point of the curve be given, theie are two catenaries 
which can be fhawn, above and below the catenary of 
minimum tension at the given point, 

These coirespondto the maximum and minimum suifacos, 
the foimer being the form of unstable equilibiium for tho 
film, and the lattei of stable equilibimm, m accoidanco with 
the known law that positions of stable and iinstablo 
equilibrium occui alternately. 


149 If the piessiuos on the two sides of a film bo 
different, and if p be the diffeienco, the condition of 
equilibiiura la 


or that the mean curvature is constant 


We shall apply the principle of energy to prove this 
relation for the case of suriaces of levolution. 

The fact that p is constant may be expressed by closing 
the ends and assuming that the volume of air inside is 
constant 
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m 


Tliu variation of bhu oxproHHiou 

/(27r/y(Za 4- \7ri/*dic) 

ia bliuroforo xuro. 


Tliia loiula to 

(Iv n \u , d^iV 

llohcu, if JV/ 1)0 tlio normal, 



di/ 
iis ’ 



^ . » d'w 

» — Hinco 


^ r (Is* 


(iGonrding aa tho oiivvo ia oonvox or oouoiwo to tlio axia of oi; 
that ia tho imnui ourvaUu’o in coiiHtant. And, in tlio j^^onoral 
oaao, wo liavo to (ixprcHH tho oondition that tho am’fauo w 
a maxiimiin or a nilniimnn ^viLh a givon voluinu, loading to 
tho sanio gonoral roaiilt*. 


150. TP tho (ihn ho iu tho form of a auiTaco of revolution, 
^vo can allow bliab tho inoridian ourvu ia thu piitli of tho fouuH 
uCa conio rolling un a fttraight lino, 



If p ho tlio radius of ciirvatnro of tho conic, and 7' tho 
rodiua of ourvaturo of tho path of S, 

■ Boo Jollet'i Caleulu$ of Varlallonty or Todhunlor’a IiUeural Cnloulin. 
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1 1 pcosi)'P(?^ 

SP^ 

1 PQ^ 

^ SP~ PL BP ^ * being peipendiculai to 

- J_ 

~8P 

1 1 _ 2 ^ 
rW~BP BY^' 

In the case of tlie parabola, this vanishes, and r — — BP 
For the ellipse, 

BY^ BO^ ,11 1 

m°SP~np' 7 +ap" JS" 


and foi the hyperbola, 



1 1 


The ilrst is the catenoid , the second and third are oallod 
by Plateau the Unduloid, and the Nodoid, the former being 




a smuous curve, and the latiei presenting a succession of 
nodes 

To obtain a clear view of the generation of the nodoid, ifc 
must be consideied that, as one blanch of the liypeibola lolla, 
the point of contact moves off to an infinite distance; tlio 

* See Roulettes and Gltsseltes. 
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lino tl\on bncoinca naymptntio to both brannhoa, and tbo 
othur bvanoli In’ginn to roll, thtiroby prodiioiiig a povfoot 
oontinuity of tliu liguro*. 

Of Lliu umaoi'ous worka luid panui’s on tlio aubjoct of 
liquid fllina tliu atmlont will liiul I'lill aor’oimtH in Platoau’a 
work, and in ProfosHor (Jlork IdaxwoU'w artiolu in tho Britiah 
Oyclupiodia. 


3CXAMPLKH. 

1. Two Hjilicnoal Hoap bnbbhiH aro blown, ono from water, 
and tlio other from a inixtnro of water ami alcohol: if tho 
tuiiHiouH por limrar imih aro o(|nal bi tlu) weights of ono grain 
ami grail) roHticctivoly, ami if tho radii ho inch and 1^ 
ijicli ruHpc'otIvuly, comiiuro tho i'xoohh, in tlio two ouhoh, of 
thu tutol intornal ovor Iho Idal oxlornal ])roH.Huro. 

2. If two Hiiap liubbJoH aro blown from tho Hanio liipiid, 
ofrailii r and 7'', and if tho two ooalosco into a niiiglo biibblu 
of radiiiH li, provu tlial, if 11 bo tho aliuusphuriu pro»Ruro, 
tho toneiuu 1 b equal to 

11 

2 ' U*‘ 

IfaRoan bubhlo ho jiUuiod liotwoon, and in contact with, 
two parallel plalUH, wliiith arn tlion slowly drawn apart, wliat 
aro tlio lunnH, aynclastlo and anticlaHtio, which can bo 
OBsuniL'd 7 

,‘l. Tlio BiipenTicial toiiHiouH (if tho Hiirfacos BO])arating 
wator and nir uuiiig H’2r>, water and inorcmy 42*f), moronry 
and air u5, what will bo tlio ultbet of i>lauiiig a drop of wator 
upon a surfaco of moi-ciiry ? 

4. A drop of oil, placod on tlio Hurfaco of wator, at onco 
BpromU itiiolf out into a layur of cxtroino touiiity; explain 
tho ouuBo of this oxnanBion of tho oil, and provu, from obHor- 
valiou of an nttomlant phonoinonon, that tho tliicknuBS of 
the layer may bocomo Iohb than 'OOOUt of an iuoh. 

• (PlnUsni, Vol. r.ii.lHfl. Hno ulMOfUirirLIrloby Dolminny, 

»a7, lull, Olid an nrtlalo by Lumnrlg, liiUUtUu dc I'Aeud^mie JJclfffijiiiei 1H07.) 



192 


KX/VMPLKB. 


',/■ 


Wiultwili Lalco phico if anotlior ill dp of oil i« placed on 
(,lio Hurfaco ? 

0. Bhow that if aliKlil/ tliuwl wiLli iUonds lied to^risllior 
form pall of I, ho hiUnnal lirnnidaiy of n liquid film, Llio ciir- 
vaUiro of Llio LliioadaL ovoiy pi>int will bo ctmslanl. 

If Uio Uu’oacl have ami if Uiis /ilni Im a suifaco of 

rovolutioii about a voitical axin, piovo lliat, in Dio poHilimi ol 
oipiilibrium, llio tonsiou of Dm tliroad is 


Hieing its longtli, i(H woiglit poi unit longlli, ami t Die 
tonsiou of (ho (ilia. 


0, A jdaiio li(|uid lilni drawn out fiom a Hoap-Hiid 
io«oivou; iu'ovo that Dm nnmuiifal value oi Dio energy poi 
unit of niua ( 0 ) is uqiial to that of Dio tonHiun (7*) per unit 
of length. 

If the niiu bo roniovod fioin Dio roHorvoii, and if cr donoto 
subaoquoutiy tho mass of unit of arout prove that 


7 Any number ol’ soap-bubblos aro blown from tho 
samo liquid and Dion allowod to oombiiio with ono anbtlier, 
Find tho radius of tho roauUiug bubble, and provo that fcho 
docroaao of surfaoo boars a constant ratio to tho incroaso of 
volume. 


8. Tho Riufaoo tension of watoi exposed to air is such 
that tho stioRs across an incli is equal to tho woiglit of abmit 
8'3 grams. If 1,000,000,000 .sphuiical drops combine to loiin 
a singlo splioucal lain-ihop dff n'oli in duuuotcr, shew that 
Dio woik dono by Dm smfaco tensions is equal to about 
■0001277 foot-pounds. 

9. If a film under imo((iml and external piessiuo foim a 
smfaeo of lovolution, piovo that Dm iiicliiiation <}> of Dm 
tangent piano at P to tho axis is given by Dio oqimtion 

I ^ ^ ^ 

coa0w h ; 

' a 0 ) 


ICXAaiPLKS. 


ion 


0 ! boing tlui jiui'])oiMli(Julav friJiii J* on tlio oxih ond a, h con- 

10. A (U’op (if liiinid wibli iniifonu Huvliicu-tonHion ia 
nmdo to rovolvo nlionh uu uxU IVovo tlmb tbo luuiitliiin 
cui'vo of llui Hiu'fiu'u will b« tin! roulctto of Llio polo of tlui 

Clll'VU 


11. Two Koiip'lmbbloH nr« ui coiiOu’fc; if r,y bo fclio 
radii “f tbo oulor mii’im'os, and r tlio mdiiiH of tim (iirttlo iu 
wliich Llio Lliruii HurfaH'H intcmn't. 


1 . I _ I 
4/’* ?* * /■ " V I' 

ri f, /y 

12. If It fi'iiMio of lino Kirniglit wiro in tbo form of a 
tcUalmdron bo lowcrtul into n Holiition of aoup and wtitor and 
drawn u]i nguin, tbmo an' ibniid in ooiiain oiihoh plnim libiis 
starting from Llio odgi-a and mooting in a point, (Sh(3w tbat 
Lliifl ia not a piiKsiblo form of oiintlibriiini for ovory totralmdro]), 
and tliat it is ho if ono fai'o lio an npiilatoral triaiiglo ami tbo 
otbci'H IhokooIuh trianglos, wIioho Vi'rtioal aitgloM am ouob loss 
tliall HOC! — d)* 

13. If water bo introdiiood botwoon two parallel jdntcs 
of gliiHH, at a Very Hiiiall dintuiioo d from oaoli otiior, provo 
that tbo jilatca am piillod logoUmr with a I'omo oqind lo 


'lAli'.ma 

d 


-\- JU Hina, 


A buiiig tliu arua of tin* lilni and // ita pnripbory. 

14. A hollow right uimular ooim (}f gliiHH ia placed with 
Its axin vortical ami vurtox upwiivda in bomogoinioiin liquid. 
Find tbo luiiglit Ui wbUdi tliu liqnid will l»o raiHod iJi tlio 
oono, and write down tbo diflbruntial oqiiatiun of tbo flurfaoo 
insido. iJoducc) rusulta for a cylindur. 

Ifi. A noodlo lloatH on wiUur with its axis in tbo natural 
levol of tbo Hurfaco; if a- bo thu anecida gravity of stool 
rofoj'red to water, tbo miglo of oiipillariLy, and 2a ibo aiiglu 

in 


IJ. H. 



KXAMl»r.KR. 




Bublonclod At Iho axis hv Iho aio of a orosa-aoelioii in contact 
with llio watoi', piovo tuat 

(tTO- - «) Hill 4 ^ 4 ^)‘ 


16. A film of fluid ailhoicH to two wiiOH each of wliich 
fornia ono turn of a holix, Iho axon of tlio two holiccH liL'ing 
coinculonl, and thoiv alo^w omml. Show Uial, llus coiuUlimi 
of oiiuilibrium of tho film will bo KatiMfiod if Iho dinViouliiil 
ociuatiou to any hooUoii of tho (ilm Lliiougli tho axis Ih of tho 
foiin 


(llOi 


Ady /a* -I- ly* 

yN 


whoii 27r« «> sLup of 
consQOuiivo ihtoacU). 


oitlior holix; (i.o. ilisLanco botwoon 


17. To tho oxtiomitioa of tho axis of a wiio helix of 
pitch hi whoso loiigth i« very groat eomparocl with its dianiotor, 
an olastio stiiiig (mocUilua of olaslioity A) is fastened, tho 
wii’O being bout ovor radially at each ond so as to moot (lio 
axis. T'ho siring when stmighl is tight but unsUetclicch If 
tlio liohx and stiing bo dipped into a solution of soap and 
then romovod with a film adhoring to tho wiro and string, 
show that, oxcopt^ near tho onds, tho string will bo drawn 
into a holix of radius r whoio r is given by tlio Qq;uatioii 
( - a47^V^ V* + 327r'A"7’AV'" H- SttVi* TY 

2’iGprosonting tho whole lonsion por unit of length (of both 
surfaces) of a soap-fdm. 



(niAFncH X. 


Tiiiv KQiiir,imiHT,\[ (U'’ in':v(ir,viN(} ltqtti]), TirM rAimnLKH 
til'’ wjrrcii Aiii': JtirTUArj.Y attuactiv]::. 


ir>(. Tk a litmid inivHH, Min imrfcudi'H of wliioli attract 
oaoli otlmi’ iiotini’diiig io a <loliuitu law, luvolvo nnifoi’mly 
iibimt a Hxml uxIh, it in ^.-Diuadviililo Llmfc, for a iini'tuin Ibm of 
tho Ji'oo Hiu'fiuin, thu liquiil partinlrH may lio in it Htato of 
I'clativiJ oi[uililiriinaj Hiiu'n, hnwovor (,1m nwilLaat attmctinu 
of bliu niiws 1411111 any iiiivtmlo iIojicikIh in guimml iijioii ifcH 
form, wliieli \h unknown, a coinjilutu Holutiou of tlm pi'obloin 
cmmob lio olilaincnb 

Foi' any ai'bitmrily OHHignoil law of nttmction, fcho quontion 
ia ono of (nu'cly abslnmt iiitoivHt, ami it in only wliuu fcho 
law ia that ofgnivifcatiou that it Imuoinua of inifciortiiiicu, from 
ita I'oiatioii to onu of tlio jiroblujoH of jiliyHical (wtroiiumy. 

Wu shall conHular tim (hiiil liouiogoimoiin, ami confiiio our 
attention to two coaoH; in tlm JlrHt of tlmno tho attractive 
forooH ai’u BupiioHod to vary dirootly on tho diatauco, and, in 
tho socuiul, to follow tliu Nowtonian law. 

Ifl2 . A huifiOf/BiicniiM liquid vuihh, ihc 'jHivtivlefi of %vliioh 
aliract moh olhor wUi u Jhire vurifinr/ diveoibj m tho aint(moQ, 
votalds unifui'nili/ ulfoiU tin hj7w ikrou(/h iln contra of gravity ; 
required to clotm'inine i/wfurm o/tha froo aurfaca, 

Tho resultant iittracitiou on any iiavtiolo is iu tho dirocticiii 
dF, and proportional to, tliu distanco of the particle from tho 
3entro of gravity; untl if /i bo a nmusuru of tho whulu maaa 
3f fluid, /w, fiy, fxSt may ropruaoub tho L’onip(jnGnta of tho 
vttraotion, paimlol to tho axis, on a particle of fluid about 
dio point to, y, *, 


ifi.— 0 



lOG Till-: l.QUtT.riJ)llUM of UKVOr.MNCl LIQUID. 

(lin (il'igiu ai tho oontK' of giavlty,_ ami iixia of 
lolation as tliu axis of z, Llio oiiiialion of iiQmhbiimn is 

c/j> » p {(eo^u — fM ) cU >h (wV ““ W/) ~ • 

and llicu'foiu 

2.= 6'-I-P1K-/.)(.i«4//)-K1. 

AL ilui fioo smlafio ]> ih s-mu or coiislanL, and tho csiuaLiim 
lo tho Iiuu Hiulaco ih 

(] - “’) ?/■) + «• -A 

Llio aoDHtaiil I) dopondmg upon o), and upon tho inaaa of Llm 
fluid. 

]!’ w‘'</x, tlio fuH» Hiufiipo is a splioioid wliioli bcpoinoH 
inoi'o oblato aa w inouiasoa, and wliou tlio froo auiCacu 

ounsiatH of two planoa , Lo ruudor iliia possiblo wo may ooucoivi' 
tho fluid onoloaed within a pylinchical suvfaoo, tho axis of 
which poinaiclos ^\ith tlio axis ol lotatiou. 

When tho fioo ainfaco is a hypoiboloid of two 

sliools, wliich for a coilain value (w') of w bocowoa a oono, 
tho fluid iillmR Llio Miaou bcLwuou Lliu roiio aud tlio cyhndor. 
'raking account of tlio volmno ol tho llnid, tlio value of a' 
can 1)0 dotoiniimnl by ])nttmg 7^ = 0, smeo tho piossuio in 
this caso vnnisbos at Liu* oiigm. 

[f CD > cd', tho Mufaco IS a liypoiboloid of ono rIiooL, wliich, 
ns CD incioaht's, appinxinuitos i,o tho foim of a oyliiulcr, and i( 
is ihoiofoio nocoHsaiy, foi laigo values of o), to coucuivo Llic 
containing cylmdoi. closod at its oiuls. 

Tlu) icsnlta of this aiticlu, it may ho ohsoivod, aio oqually 
tiuo of lioloiogoiicous fluid, wliatovoi bo tho law of vnuatmn 
of clonsily m tho huccushivo sLiatii 

] 5B. A mass of homofjmmns Utjual, tho pm Uolos of which 
ailraot each other acoorchiip lu tho Newtonian lalo^ volatc'i 
miiforniUj, in a stale of relalive equilibi ium, ahont an aais 
; through its centre of gnwUy ; requn eel to delovinine a possible 
form of the surface 



TJiK mjutrjinuuM oi’ hkv(>i,vinu lequid. 
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For tlii3 niimou providunly luouUonod n, sulntiou of 

tills |ii'(ibli!iii ruiiiiot 1m' (iljtanu'il, bub it omi bo hIujwu Limt an 
obliiLo upliuniid is a pussiblo I'oi'm of (’(juilibrium. 

Lrtit tlio o([uatiou to tliu H[»lioniiil liu 

0^ ' oUl-l-X'') '■ 
blio axis of rotation bimi^' tin' axis of z. 

'I’lii'ii Iriio rosiillant altrai'tions, l.owunls Llin ori^du, on a 
piivtiolo at tlio point (.«•, ?/, z) will lio ri'prosonbod by 


1 '. 


1 ( 1 . 1 - V) ta,r'\-x), 


^Trpv 


(1 -hV) rutr'\'-\), 

(X-hm '\)(1+X*), 

jiarullol, nmpoptivuly, t«i tlio iixos*. 

Wo liavu tlion for llx! snrfiwos of o([nid prossiivo, putting e lor 

r,.'' 

I'TTp ' 

"bX*) Lair'X,! (mU-^-i/cli/) 

H- ‘2 (tan"' \ - \) ( H- X“) zdz ™ 0. 

Bob, from (ho o(|iiation In tlio sphoroid, 

,nlr -I- 7/f/// -b ( I + V) eih “> 0, 
and, ax thoso oi|mitionH must bo idoniical, 

affV + X-Cl H-V) taii"\«2 (Lair'\-\)i 

ail aipiabion tho roots of which dotunnino tho possiblo valiios 
of X, 

• TUono o*|)rcwHlriu« will lin fciuntl In liiV)iltioo'rt M('faulq}ifi Ci^lfiU, Polfl- 
Bon'n .l/rfft'Oiti/iie, Uulmiiiol'K .Miaaiilqur, iiiiil 'I'tHllniiildbd Slallci, In tho 

Ifutt namwl, tlio (vuiftlloii In tlio Hitliornid 1 h ^ "b l»it llioox- 

lirouloKH UHod in tlio toxt will roinilt tniin llio ox^trutiHluiiH thuru ({Ivon by 

puUliiH 1 

Uy llio uu of X, Irrational iinautUlofi nro nvohlod. 
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It may bo written 


" a-hV 


— liin“‘ \ wj 0 


(a). 


and iho (lUORtion ih lodnccd to Uio disouasioii uf tlm loots of 
tiiin o(iuation. 


l‘’or this puiposu coiwhlor the ourvo 


aaiH- 2ftV 

S'" !H».- - 


tiur’rtf 


W) 


'L'ho abaoifisi.u of tlio jioiiitH wlicio lliiH ciuva cuts tlio aN:is 
will bo tlio valiioa of X io([Uiro(l, 

It raiiat bo obsorvod that, in Iho otination (a), tan'‘XiH llio 
least i>o3itivo aiiglo whoao tangout is X; wo Imvo tlioicfuro 
only to considoi ouo bmnch of tlio cui’vo (0). 

If tlio signs of aiaiicl y bo ohnugod, iho equation is unal- 
torocl; tlioouivuis thorofoio the flamo in tho oompartmont 
- w, - y, as in H- w, -h y, and it is aiiffioiont to oxaraino tho 
naturo of tlio positive portion of tho branch. 

‘VVhon a’ « 0, ^ «=> 0, and tui ic incioasoa from }ioro, y bogina 
bv being positive, and wlion a' incronsoH iudoflnitbly, haa 
always positive valuoa, hoiico tho curve cuts tlio axis of w in 
an ovoii numbor of poiuts, oxclusivo of tho origin. 


Again, 


dy [c./‘ + 2 (5fi — l)/w“-hO<?| 


is tlioioloio xoio at tho uiigiii (a point of niflectioa), and 


dto 

also at tho points givon hy 


|-2(5c- l)a’'q 0c’«0 (7). 


If tho vnluoH of fe®, obtaiuod fioin tins equation, hti real, 
and positive, thoio will bo a maximum and a mininnuii 
valuoof 2/, tlio foimor, coimiiondaig to tho smallost loot, 
will ovidontly bu positivo, amco yhogins by being positive; 
, if tho lattor, corrosnonding to iho gieateat loot, ho iiegntivo 
or ZQi’o, thoro will bo two zero values of y nr ono only, mid 
oimsoquontly two possible sphoiouhil foims of eqiulibiiiun, oi 
'.ono only. 
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If tlio iiiiniimiiii vuluu of ?/ Im noHitivo, tliovo will he no 
m‘» viibio of 7/ ; tliat i.H, iJut o»[uiliL)riuni of tliu Iluid in tho 
form of a Rpliuroiil in inQiGHHiblu. 

ir) !-. Till' prort'iliii^' invostii^ation nmy bq illustratod by 
tmciiig tliii oiu'v'n (/y) for ililTonmt vuIiior of e, 

TT i 

Putting tail-' expfuuliiig, wo obtain 


aR tlio asymploto of Hm Imiuoli of tho ourvii uiidoi' oouHiilnvii- 
tion, and Llm apiiondod (IgiiruH oxuinplify tho diiVoruiit (innoH 
abovu monlionoii. 



NnniBvituil CdlonhiUon, 


lfi5. Tn oalcnlidB (ho limilun} iiulna of co foi' which the 
spheJvidiU form is imHildo. 

Tho oquiitifiJi {7) may havo poMitivo roots if ^e< J ; moru- 
OVQV thu valiiLm of a?^ will bu roah 'Did pnaitivu, if 

or 

i.o. 0 <i. 
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« Tlio fliipoiioi hmilmg vahiu of e can liowevor bci obtained 
very appioximnUily fiom Urn comlilioii lliul, in Iho oxtiumn 
caao of iioHHibility, tho inniiiimm valuo ofy ih /luo. 


Wo liavo l-houy SA 


0 and 


<iv 

tlv 


es-O, KiimiUaiu’iiuHly. 


irtmcio, Hiib><Litiilin^f in (/9) Ibc valuo of c obtiimod finm 
(y), ami laiLLmg wo Inivo 


27 ) 


lan‘‘ .1 — 0, 


or 




laif' .a=a 0 


(S). 


An apiauMinato value of tlio poaiiivo lootof tbiH cniiaiion 
will bo a valuo of j*, ■wliicli, fiiibHtiLuLoil in (y), will give 
appioximutoly tlio siipoiioi’ limit of tho valuo of c, 

Siiico w® » <l/7r/5(? Uiia dotoimmo? tho gioalost poaaiblo 
raLo ofiotatiou cousistont with tho cxiatonco of a aphoioidal 
foim. 

Whon (li ia Ions tlian llm Jirniting valuo lima obtninocl, 
Lhovo will bo two flplioioula, oilhoi of which will bo a possiblo 
form of Iho rolaUng lliud. 


I5(j. Approximate flalo} miiutlion of iho 'poailivo root of 
Iho equaiioh 


0 ) 

(a-'-hOCi^'+O) 


— Urn"' » 0 


Doiioting tho iimt moinbor by/(.i-), it will ho Imiiid that 


/(•O 


1 / I- i)y' 


this is poaitivo Iroin awO to and ia nftonvards 

nogativo; f (x) tliorofoio tnoiuasuH until ami then 

climmishos; aiich amco /(O) « 0 , y (.«) bogins by being 

posxtiYo. 
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By the use of the formula) 

. taii'^2=^+tan“*^ 

tau“^ 3 ^ ^ + tan"^ 

it -will bo found 'without' much difficulty that tlie root lies 
between 2 and 3, but tho application of No'wtou’s method 
with tho value 2 as an approximate one shows that a cloaor 
limit -will ho convonioiit. 


If then 2'5 bo substituted vfo obtain, by tho aid of tho 
formula 

tnn"^ (2-5) = tau"‘ ( 2 ) + tan"‘ j'j, 

/ (2'o) =t ‘0025 appvoximatoly. 

Let w = 2-5 +y, 

thou, approximately, y => . 

but > /' (2'5) = — "OSo, nearly ; 

y '=*0293 and fl;=:2'o203. 

The substitution of this valuo in ( 7 ) -will give 
fl = *I123, 

a)* 

na tho greatest possible value of e or . 

Hence, when <0 is such that e < ‘1123, there are two sphe- 
roidal forms of equilibrium. 

If e is very small, ono of tho values of w (i.o, \) 'will be 
very small and tho other Itu^o, and thorofovo as e clocreases, 
the ono spheroid becomes very oblate and diDproximates to 
a piano lamina, while the other approaches to the form of a 
apliero. 

To find tho bmall value of \ -which satisfies tlie equation 

3\ + 26\" _i - 
~3 + V ^ 
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oximnd in ascoiiding powoifl oi'X, and wo oliLain 

apinoxiiimloly, 

O’liia givoH a aphovokl vory wliglilly oblato, IIki inLlo of ila 
axes being \/( I d-X“) : 1, or voiy noaily t -I- ‘ 1. 

Xho Xixv(jQ valuo of \ is obtaiui'd by pulLiiig 
tan"* l,aif‘ ' , 

M A/ 

and expanding in powers of * , ainocoss wliich gives 

X 

TT H 

X'w involving positive powora of e, 

as an approximation 


J57. Application to the oaso of a> fluid, the d&nsiiii of 
which is equal to the lilartUa mean density, 

Tf rbo Lbo ISartli'a ladms and p ibo moan donslty of Ibo 
ISailb, 

■^irpr is tho afctiaction at ilio siufaco of a splioro of fluid 
of tho same radius as tbo JSartli, and of density p. 


Runpoao for a niomont that tho Karth is homogonoous, 
and splioiioal, 

ihon ^TTpv mcasuios ilio foroo of gravity at tbo polo. 


to 


But, since e = 7' ' , and tliorofovo 3g « 7 , 

‘I'TTp {irp)' 

fle : 1 : dilToronco of tho monsiuos of giavityat tbo jiolo and 
tbo oqualor : gravity at tho jiolu {f). 


Taking a second and a foot as tho nnils of timo and 
Bpaoo, 32 appioxiinatoly, ?• wdOOO x J7(J0 x .3, and it will 

bo found that tho tinio of rotation, , giving by Llio luniting 

value ‘ii28 of e, is a littio more than li^ftb of a day. 


TjIK KgUILlinUUM OF HEVOLVING LIQUID. 
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TIiIh tilt'll in tliii Hiiuillt’Ht tlmo in 'whidli a linmoj'cmoniis 
flniil iiiiiHH, ij 1‘ (luiiHity r'qmvl tn tin' EnriliH moan ilonaity, 
juuUl rutnto imiliivinly hu us Lo bu Hplinrtiidtil in ftivni. 

ir>H. Till' Kinili, u-H is known by gooiU'tio niofifiiu'omontfl, 
.liffuiH vory Mliglilly in its bivm from a sjiliuvi', and wo can 
dii'n'roi’o aitply I'lU' cnnalidns with groat oaso to tlio inios- 
tion of ibn lioiiiiigi'iii'iLy uf tlm I'liirtli, aHsinniiig it to Iiavo 
inki'ii its jiri'Mcnt fnriii wlmn in a stato of Ihiidity, nr to 
1)11 now a muss of Iluid (■ludaini'd within a oompamtivuly 
diin orust. 

It bus lii'oii Ibinid by (ibsni'vatinn, that for tlm Kavth tlm 
alio «*/■ ; g is aln»ut I : 2 H!), and wo havo tlioroforo 

Blit from Art. (ITjII), 
ind llio valio of thu axes of tho Hpliovoid 

w I ! l«2!12 : 231, nearly. 

This result does not aeeord witli tlm facts obtained 
jy actual nienMuroinr'nl, whieh give 301 i liOl) as an approxi- 
iiatu value of the ratio. 

Tlm infrroneo is that Iho Karlh is not boniogonooiiH. 

Ifif). Tlm foregoing artirles are tiikon ohiuHy from 
jnplano, dM’uiaV^nfl 6 Wp.v^’, Tonm ii. 

IL must be observed tliut tlm goiieral problem of tlm form 
if a rulJitiug Iluid is not solved ; all that is shewn lioiiig that, 
n oortaiii casos, an ublaLfi Biihoroitl is a jMissiblo form ol 
iqulllbrlmn. 

If (u bu Buoli lhat, « > d 123. it does nut follow that oqui- 
Ibnuui is impossible, but only that the H[)horoidal lorm 
lonnot exist fur that jiartioular angular vulocity. 

If wo put - X* fur taking us a positivu quantity loss 
ban unity, tlm equation ( 7 ) of Art. llinbocomoB 
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or c(i-V“)([)^V“)-l-2V^-(l, 

Ml cciimlion which has no loot losn Lliun unily. 

Fiom this it followH that a piolalc Kjilicionl 1*1 not a 
poiiiSiblo foim of oiiuililnmin*. 

100 An impoitaiit diMtiiiction ln'on luiinli'i] mit liy 
Poisson (Tonio II p 047), la'lwooii tlu' suiiiofs nl otpuil 
pu'Hsuio in a Iliihl at icst uikUm llin ikIioh jiI ("viianomm 
iou'cs, and in a iluul at vest, or u'VoIviiiljc miiloiinly alimii a 
(ixcd axis, uiuhu tho actum of Llio nintually alliiului ion'cs 
of its paiticlcis 

Let yiy^O ho tho Iks' suifacii, and /^A’A’any huilat'i* of 
Gipial puwuiu; tlioii, in tlio joimov ciisi-, Ihn loMihimt fnico 
at any point ()1 /M’A' ia poiimndu'ulai to Ihc huiIuco at (hat 
point, and is uiialfocU'd iiy tlio oMsIcnco of Iho ilniil hi'twiM'u 
/l/iOaiid tliis llual I'oidd thoivloio ho lonioioil with- 

out afh'ctiii^'' tho (spiilihuuni of (ho Ihud niasH hiiniidod liy 
J)J!JK In tlio laltor casu, tlio foioo at any pond nl /lA'A’, 
alLhouf(h pmiu'iidionlar to tho Hiniaco la find )iianl., is llin 
lOHidtant of (ho attiiiotiouK of llio mass of Hind coidaincd liy 
and ol Llio mass conLaini'd lii'l.woon /lA’A' and 
thoHo two coinpoiumtH of thoiosidimd fiiicoaio imt ins-oHHaiily 
poi'poiidicuhir to tho mnl'aco, and (ho ilnid oxlouad (u hl'fh' 
cannot 111 gonuial ho Kniiovoil wilhmit ulh'clnig (iio oipU" 
lihuum of tho loirmindoi, 

tl, liowuvor, tho Ilnid ho lumiogcm'ijus, ami (]m pailiclca 
attract cacli othoi acivnding tn tlio Nowlmnun law, an that 
tho lioo Hiuftu'o may ho Hpiioioidal, (ho HuilacoH of tsjmd 
pioasiuo will ho mmilar HpliomidH; and in (Ins (iiho, hmho Ihu 
icsiiltant al,tmntion of an ollipamdal hIu’ 11 mi an inLomal 
paitiolo is y.ovo, Iho jioitum of Ilnid hnt.wcon A HO and DUO 
may ho loiriovcti, piovidod tho ratu of lotalmn hmiiuIu un> 
altoiod. 

IVToioovor wo havo Hlmwn, Aii. (ISM), tliiU, for a glvoii 
valiio of ct) not oxcooding a dntoumnod limil. Umio mo two 
poBsihlo Rphoioidal fouiiH ; lot AHiJ, tho fioo auifuau, havo 

t. V I’hu Is ftlHo given la I’onWpoultna’H 

Hymine tin Moudf, Toai. n. p. aoi. 
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oiiu of llii'Hci fni'ms, iiiiil ilrHmbu -wilhiii Llm fluid iimss tv 
foucojilrii' Hiilu'mid, (illK, wiiiiiluv to tho ntlioi' Hpluiroul ; 
tliou till' fluid liLtlwri'ii Alid mid (UIK iniiy bo romovod 
AviLluiut iiQVrting Uio fluid iuuhs (iJlK, 

'Pbn lu'lidu Ilf llio nlmll upon iv piirtiolo iit iv point of 
Ibi' winiiii'o tiJlK \h not. [uajii'iidicnltiv to tlio Hiufaeu at P, 
Imt liiirt iiL-tinii, (‘iiiiibiui'il wilb Llio utUuobiou of tlio mass 
uu(\ llu' hypotbi'tind Ibivo luoiomrod by w®)', in porpou- 
dirulnr In I lio niufui’o, iil, l\ cif tbo Hphiu’oid ptiHsuig tlivough 

wliii'li Ih otjui'oiilno wilb, imil Hiiiiilivv to, Llio Hurfiuio AJJO. 

KM. If ii fluid iim.sn bi* Hot in motion, about iiu axis 
tluougli itM roiilro ol’gravily, wilb an migiilar volooity Huob an 
lo iniiko llio viiluo Ilf i> gri'al.i'v timii thn limit obtiiiiu’d iu 
(irifi), it iloort iinl, follow tbuL tlio fluid iiiiunot bo iu oqiii- 
liliriuiu iu tbi' Ibnu of u Hjiliovoid, for it may bo oonooivud 
llml till* iiiiiHM will ox|iivii<l latorally with voforonoo to tboaxlH, 
taking a iiioro llalloui'il Hliapr, until its ivnguliiv volooily in ho 
far diniinisbi'tl ini in mndor llm splmroidid fovni ]iossiblo, 

If llm mass I'oiiHist of ]ii<i li’ot fluid, iis fortn will osoillalo 
tbi'ougb llm sjilmi'oid of oipillibrluin, but if, as is tlio onsu in 

all known IliiiilH, friolimi 1 into play by lliu nibitivo 

dlHpbmoiimnl. of llm )iiii'ticl('H, tlio osoillabioiiH will gimlually 
diminlsli and al longtli a jmsifiou of uquilibriuiu will bo 
allainud. Kioiiloying dm priimijilo I, bat him 'Angular mo- 
montum' of llm Hystiuu, vobtlivo to llm axis, will romniii 
conHlanl, w«' <'an ib't.oriuiuo llm Hiial augubir vulooity, and tlm 
form ullimali'ly iisMunmd*. 

C'onHidoring tlm ipmslion goriuially, Kupnoso tho mass of 
fluid Jii’l in motion in any way. and Llion loft to itsolf; tho 
oontro of gravity will Im uillior at rost or moving imifurmly in 
a Btmiglit lino, and all wo liavo to aunsidor is tho motion 
rolalivo to tho contro of gravity. 

Draw flinjugli tim (lontro of gravity tbo piano, in the 
direction of wlilch Urn uiignlur momuntum is a maximum; 
Lhon, bowovor during tbo Hubsuipiunt motion tlio fluid 

• Tlio angular innnioiiUim of n roldllvo lo on oxln, Is tho Hiim of 

tho mnniooU of llio nionioiilA of Uio sovorol imrllolos of Uio systom obout 
UiD uU. 
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paibiolos acL on oacih otlior, Lliia piano, which may Ixi calh'tl 
Iho ‘momontal’ piano, will lonuuii IImmI, and wlnm tiio 
motion of tho paiLiolaa lulalivo to t'ach oflioi has hcmi chi- 
Rtioycdbythciii mutual fuel ion, thc'^ ukih iioiiHiiitlicular to this 
piano will bo tho axiH ol mtatiou of tho Ihuif masH in lUs alato 
of lolativo ocpiilibuum. 

Lot2/irbo tho given angular mnmoutmn of Iho KyHiom, 
and w itn ultimato angular velocity. 

Taking 0 and g^/{\ ‘l-X") foi the* a\('H of Iho Hphcuoid of 
ccpiihbuuni, and M for the' mass, Iho oxpioHMioii for tho 
angular momoiitum in K il/o'' (I *1 V) w ; 

//; 

wo havo also ^ irpo' ( I -h ^1, 

ami fiom thosu two ocpuitumH, oombiuod with tho oipuition, 

...Art. (I5:i), 

o A 

the values of 0 , <w, and \ can bo dotui’ininud. 


li’iom tlio /list two wo obtain 


" (J *1 X”) a, 


Ip (I Huppoaod ; 

”(I-|-X")S 

■h V 

is tho oquatiou which dutorminea X. 




Tho loft-hand inomhor of thia otpmtiou is nriRitivci when X 
is veiy small, and negative when X la iiulelhiitoly huge, 
and tho oquation has thoiofciici a positive loot; conHoqucmtly, 
tho fluid mass will at length attain a aphoroidal foiiu of 
oquilibuum. 

It can bo shown moreover tliat tho oquatiou lina only oiio 
positive loot, and thoroforo there is one aplioroldal form, and 
onoonly, towards which tho oscillating fluid moss oonUimally 
approximates. 
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Tlii« (liHnuMMiim U Uih'M frum tho Mi^caiiiqiu} 0(Uo8to, 
Toni. If. II. 7l.uiu\ fruiu Tuiitijcoulmib’fi »SWmo du Momle 
'roni. n. p. -K)!). 


1 ( 12 . It wan <liHnivi)iV(l by .Taaobi that an ollinsoid with 
Vlivoo \mo(pial uxLt'H ia a, pnHHiblo ibnu ol'njlatlvo ofpiilibrium for 
H nuiHH (it roltUiiiK ru|iii(b 

'iTi! r.illowinK proof of .Tiua»bi'H lliotfroiii in tiikun from a 
pallor liy bionvillo in iJio Jonnial do I'A’oolo rdyteohniquo, 
Tuiim XIV. 

Taking llm a^xin of roULioii for Llio axin of s, fliipposo, if 
pottnllilo, iliat till' Hinl'iuT ol llio Jiipiiil in o]‘ tliu form givon by 
llui oipuaiou 


I ’f" Ar 


, . (1). 


Tlmii. if M 111' llm nmNx of llio liqiiiil, fclm roHuUaub ivttrac- 
liunn on a pnrliolo al llm ihiint ?) of tiui Hiirfivco avo 
ru«i»cutivifly /l.r, lii/i lunl (/«*, 


wlicro 


«i' Ju(l-bAV)/r 


n 


II 

t\M fi 

u* J 


u*ilu 

1,(1 


^ nM 

fj «a 


if 


■/; 


jf ’ 


}f roproHuiiiiiij; tbo iixprojwion 


Tim iliirorciitial oqualion nf tbu froo flurfuoo ia 
(vfifl — n)*a;) tU 'p (Hi/ *- a,*;/) d}/ -h Csds w 0, 
and thoroforo, if llm froo Hiirfoco bo Llio olllpHoUl (1). 

0 ( 2 ). 

ISUnunallng co*, wu ublaiu 

(I + V} (I + O (A - 7i) ^ a (V' - V), 


* 8<o Um Af^dnffiic Cficm, Toms ir., or CuliAnol'i C^our< Ac 
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and, snbstiUiLing fo)‘ -J, //, and U, iliH kmIiu'ch tu 


(i -|-\«)(J -h^) 


,.,j -gv 

0 JP 


‘ n^dii 
0 // 


llojcclnig (lio HohUinn V — X, wliu'li IimkIh In Ilia casd nl'im 
oblalu s])l»oiuid, and iniiisiinsing, wo obliim 




Jl 


- 0 . 


an equation winch, if A- usHigncd, <lcL('nnm<'H W 

Assigning a positive \nlin‘ to A.“. Ilio IcK-lmnd nicmlH i til' 
tlio ('(piaUon IS pnsiLivo \i X' 0, and ia ucgiilno if A.’ , 

lienee tlieie is a positivo valno of A'“ winch will aalisly tlu- 
e(|uahoii 

Muioover, fioni the uqnations (2), 

« I f' 

“■'"‘“l-l-V 


” J.,(l -I V)(M XV)//’ 

and w" Ik Lhoiofoic a poHitive quantity 

Iloiico it IH oonqilotely cHliihlislied lliat uuelhjisuid uilh 
thieo nneipud axes, the Hiiiulli'Kt of which lonmdi'H with llie 
a\ia ol'iotation, ih a jiassihlu hum of tlio lice Huiluts'. 


lOJl 'J’iio resultant action ofguivify al llio smlace m the 
lOsuUaiit of tho loices (^| - w®).c, (7/ a)*)//, and ami 

is thoieloio invoiHoly propoitioiud to iho pel jiemlUndar I'lom 
tho contio oil tho tangent plane 

Also, hoaring m mind that Iho atliactious of a aohd uii an 
intouml paiticlu aui Air, Jh/, and (b, and ntih/lng lanhnity/8 
tliGOiom, it iH oaady shown that the K'wultant slicaa across 
any contial piano sootion ia iieipomlioulai to that plniie, and 
piopoitioiml to Its aioa. 

164. It was pointod out by Mr Todliuntcr, and ilemnn- 
strated in thu following mannur, that tho rolalivo etpulibiinm 
of tho lotating ollipsoicl cannot auhaiat when tho nxl« afuiUv- 
lion does not coinoido with a piiucipal oxU. 
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llofoiTfil L'J till! lu'inripal iwIm, l«l I, m, n, )ig tho dirootion 
(‘c)Hint.-a (if tliu MxiH of M luiy jiohit (j;, w, e) of tlio 

iiiuKH, nnd iV^ L)iu foot of llic jioipoiulionlar from M upon tlio 
uxIh. 

'PIioii iiX <^U'Vntij-\‘nz, 

juul* if ON^ 1'. coMiiellimloH of iV" iiro Iv, mv, nv. 

'riu‘ nn’rli'mtinu wMfiV, wli<*n rosolvud piiiullol to tlio 
nxoH, ^4 voh liw lo llu' fompimonlH 

fd’ (// ^ w), &)*(«-ni*); 

(Uuvuforo Hm ilillVrojiliitl (•ipinlion <;f Llio froo wu'ftico ib 

ln'nco Llu' form of iho fn-u Huifuoo in givoii by Llio oqim- 

lloii, 

nml Ihib ivimint ronnwiiL mi niforrod to iU principal 

axi'H, uhK'm (wo ci(^ lh«’ inmulitiuH I, m, ?t, vaniali. 

Mr ClroouliiU rcmiukK tlint* a particlo of tlio liipiid at tlio 
end of Lliu axin of rotation will lio nt roat umlur tlio iwlioii of 
tho aUrnctioii of tho li*|Mid alono, siiico tlio cmitrifugal force 
at that point vnnitihoji. 

l-|uiico tho nttmutiuii on Uu- partiolo nmat bo normal to 
tho smfaou, which ia only the ciuJu at tho und of an axis. 
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1. A com), wUli Us axis molhuMl at an an^ln 0 lo l,lio 
voriipal, contains somo wivloi ; it ih l-minul till its axis is 
voUical vShow tlmt tho ^Yholo picHsuvo is nlttnod iu iho 
ratio cos : 1. 


2. If inoi'oiuy is giadiially poiuod into a vossnl of any 
form containin^^ watm, inovo that lljo contiu of i^niivity of (lio 
moi'onry and waUir will l)o iu Its lowost jniHitmu wlion U« 
height above Llio common siunwo hoais to tlio doiitli of water 
tho latio ol the doiisity of water lo that of muieiny. 

n. If lUiid of which Iho density at dciilli z is fl -|*Xs) 
All a homisphoucal bowl, riwhiw a, provn (Imt Llio wlnnn picH' 
suio is tho saiiiu as if tho llnul woio innfoim and of density 
equal Lo tliat at a dupth H-w. 

4. Tho intonor of a poifc wmo glass is in tho fmm of a 
paiaboloid of rovolutiou whoso lioiglit is equal to its latus 
roctum If tho glass l)o Ailed with homogonorma l)(|iud, sliow 
that tho whole pvoasuio on tho glass is to tliu weight of the 
liquid aa 

25^5-11 ! no. 


6. Two buokota contaimug walcn, Iho inass of each 
buckot with the coiitmnod water lioing M, balanco each otlior 
over a smooth pulloy. Two pioooa of wootl of maMsoH in, m\ 
and apooiAo gravitioa aio thou lied to tlio botUnim of tho 
bnokots «o as to bo wholly iinmoiaod, piovo that tho tension 
of tho string altaohod lo tho innaa m is 
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0. A quantify nf HuMin lluM \vln»so paiticloB attract 
Olio luiiillitir m-‘{:nnlin;( ti» lliu luw of naturo Dlls a sphero 

iu wliLiMtj ui'iiLro rrsiilcM a a'lilriil forco Tlio mdiiia of tho 

apluTO J« c anil llm num of lliiiil (2A!-/i)t;, wlioro fc»^, 

P 

Show flint flu of oqiiililiriniit imi wiLisIlod if p cc 

iufi'rwi'ly ns ;■*. 

7. A Hjilioro (nnlioH r) In Jimt lllhiil with water, and 
roLnlos almut n vi iliral oxia wiili an^niliir vulnoity w, such 
that Hew' l!»/ ; [imvo ihuL llio pronsnro iu Llio Hiu'faoo of 
oquiil ini’sjou'ii whirh nils llu? hplioro at right luiglua is 
i\^po ’ 1*1 p Ixniig tho lioiiNity of watur. 

a. A small qnanlify of liiiiil is Hjiroiid ovwr Llio surfaco of 
IV nialrrial jimlulo ^|l)lo|•oill. Show lliat tlui IVoo mufmio of 
thu ilniit is nlso a Kplnaohl, iiinl l.liiit tliu ilniitli of llio fluid at 
tho equator is to tho ihqith itl ihu polo aa tho major axis of 
ihn Nplmroid to tho minor. 

!). A Hphi'rinil ^lo-U, wIiobo inlorior radiuH is a, in fillod 
with Hipii'I "f unil'orm doiiMiiy p, ami ruvolvoa with uniform 
nngulur voiority to ahouL iho vorlu-al diamolnr of tho sholl ; 
dhow that, if tho total nornml pri’SHiiro cm tho upper half of tho 
flhall l>n to that mi ihn htwor liriif as m i ii, tho prosniiro at 
tliQ highowl point of tlo' liqniil in 

” It I' 

10. A hollow sphort’, ftlh’d with equal quantities of two 
liquhla which do not mix, nivtilvoa unironuly aluiutitHvortioal 
diameter, ami tho liquid finriioieK iirn rulativoly at rost. ffiiitl 
Iho angular volooUy wlmn tho lighter liquid just touohos tho 
lowwt point In Lho Burfime of tin; splmro. 

l:l. A hollow cylindor i« (ilUnl with water and inodp to 
rovolvo nlwait a vortioal axin nttnchtid to tlio contro of its 
uniHsr pliLUo fane with a vclooily Midloiout to I'Otaiii it at tho 
mtno ineliuutiuii to the axw. h’iuc] nt what point ol tho 
lurffloo a hole might bo borocl without low of lluul. 

U— « 
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12. A nia88 of luiuifl ih ('(luLiunoil Ih-Uvoou lliroo m- 
ouUnalo each ol wliioli alluu Ih with a fou'o vaiying 

as tlio (liHtancn, and tlio alisoluk* fou’oH <i{ alLiaolum /x. fif, fi' 
aio 111 Imimoiiio pio^u’Hmoii Half an i'IIiiimuhI ih lixi-d witli 
its piano fiu'o agiuiiHL uiio of tlio cioindijiad’ plnncH, and il4< 
BUiftico touching llio othrr pliiiU'H, ita unjh luting [larullul to 
tlio co-onhnato iik('h and piojimtioiial to 

I I I 
V/t' V/' V/^'" 

Tf thoio ho not Hudlcionl, fluhi (piilct In onvor thu idlipwul, 
tlio nncovoiod ])avt will ho houudud hy a riu lo 

in A mass of Ihpiid in Huhjuct l<t tlio nmtuiil gmvUiitiou 
of its partialcH, and to a n'pulMvo I’oiao ti'iiding frt'in a^dano 
thiQUgli its ccntio of giavity and varying m thu poipomuaulai 
dislanco fioin that phinu ; slaiw (hut Ilia conditionH of 
oquilibiium will ho HatiHliod if tlai mufacci ho a prolato 
sphoroicl of a coiLain olliptioily, piovhlod tho lopulsivo foico 
ho not too gloat. 

14. A lijjht ovliiidrlcnl voHHul on a plaiiu Ihwo containa a 
certain quantity of gas, which is conniu’d within it hy a di^o 
exactly siinilai aiul paiallol to tho hawa; ahaw llmt thu 
])V0S8iu’o oil tho ciiivod Kin face of tho cylindoi' is indopondtuil 
of tho position of thu diao. 

L5, A oup floats upiight in oil, and Ik hallaKlod with 
water: find itH ibnn and Rkotch it, wlion tho diffoionoo of 
lovol of tho two liiputl Rurfac'os ih tho samn for ail dogroim of 
immersion. 

10. If a liquid bo inclosed in a voaael of any foim ami 
ho allowocl to run into another vosaol of din'orout fortn, and if 
p ho tho pi'osauro at w, y, s, in oithor of tho vosikoIh I'ofoiTBcl 
torootangular co-ovclinatcsindopoudontorthoin, the difTorouco 
hotWQon tho two valuos of ^jjp dc dy ds diftora from tlio work 
clone by tho liquid in lunnuig from tlio uppor to tho lowoi 
vossol by the work required to bring Uio aurfoco of tho fluid 
in tho lower vosaol to tho sumo hormoutal pluno with tlie 
original aurfaoo In tho upper. 
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17^ A v«-KH('l ill t)n* fnrm of a ImmiHjiiiovu n piano 
Hi| id lirltl with lliM li*l vcrlii’iil I’nivo llmt tlio rosuUant 
prcKHuri’ "U llin Miirfiii'i! mils ulun^ a duViun Inormod nfc 
\\\\ Um“‘ I 1*1 til.* vi riioul. If nnw tlio liomisplioi'o and 
Uuul lio niii'ln tip inliiit' iibnut tlm vnrtimd diiiinotor ^vUh 
uniform immil.ir v«'lor>ty m, kIuiw Unvt tin* resultant iJrossuro 
dun U\ tUo roluti'oii only “i* tin* f'urvrd auiTiiou in tliruo times 
aH ^ri'iit' OH lint roHiiUaiil, im'SHuvn dno lo liio ntlal'uni only on 
tin* \duni‘ Hiirfa.'i’, mnl dial (lio wlmln iVHulliuit prossuro on 
llio furvi-.l hiirfli".* now m-is along a mtVms inolinud to bliu 
v'oriinal III HU iinglo 


tan-^S 


Htf nfo\‘ 


*/J/ 

•-*7 


IH, A vi'RHi'l in lint sliiijHi of a jiamliolmd of lovohifclon 
couUvinH doiiio llititl wliioh Im rotiUing alumfc iliu vortical 
Hxi« of tlm pfiriilndoid. I'’inil tin* aiiguliir voinciby wiion tlio 

fluiil begins lo Npill, nini diuw lliat, if t!da is tbovossol 

nnial imvu born bull fnli ot Unid, 


If llu* jMiraboloiil lai not of ruvolulinn but of tho form 

* w * , Um nsis of j Imiiig vorLinil, aiul if bo tbo 

gcc'fttfst au«l lu'lgbUi of llu* rnrvo in \Yliich Uiu Burfrioo 
of tlio Kuiil iiu'oU ilio vrH>(i-I, provu liiul 


^tJQ 


n-n, 


whort) e is tba diRininat iirlworn Ibv^ vorlkoft of Ibo two 


l^l, A holliov vitawl ill llio form of nii anoiior ring, jufll 
niletl wiiii wnuw, rtdnti nuirurinly round liio yovUoal^ axis of 
gonumtioin tUo wliolu iitnving n« a solid ring, l^iud tbo 
wUcjI« proMuru on l(iu iiitppnn.1 snrfiicu. 


80. A cylindrical diving-boll ix Buinooilad with itBaxia 
verdoal at n ileiJtli aiiub Hint tbo water pimb iinlf-wny up tbo 
Ull*. dud tUo lottaL (lixiniico of tbo oontro of gnwity of tbo 
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boll from Uio coiiLio of its upiici- Ruiliiri', ouiiHiwlttut lln- 
comliUoii Llml fc!m oquililniuni may Im Htablu wiLli lolbiniw 
to an, juiguhu (liH]»lacoim!HL of tlio uxih. 

21. A cylimlor makoH v('i(i(’al (isulliilnuiH in a h(|niil 
conLamcd m unolliui' uylimloi, llni imlnis nl wlm-b is a (iuioh 
llmt oftlio foimor , hIiow that tlui tloplli ul llic avin unmriH’il 
when 111 a poHition of U'nt In . 7r''(a - 1) wlimu t ih llii- 
Llino oi an oHoillation. 


22. A vi'HHol in ilm hiiin of a jtaialmltmi \\ith its axia 
voiiu-al, conlaiiiH a qnanlily oriiipinl • qiial in U\ ihut 

o( a flciginont of a jiuiaboloid, of llio wium lulim irotuni. 
iloaiing in it: it tliin lio laisnl till ils Milrx is jnsl in dm 
mulaoo, and if it thou nink to a diqitli {Mjiial (<» ^ of lU axis 
bofoi’o lotuunng, hIiow that dio donwily of tho lujiml dial ol 
tho paiaboluid ;; .7. 

2a. A cloaod cylindiioal vt*w«ol ono Amt in Imlghl iw half 
AiUof water, tho otlnn half boiiig ooi'uiiioil liy allno^pht!^t> 
air; il'two ainaU a[30i'Lui'Liii bo inailo, oim at Uui Imao of thw 
cylinder and tlio oLhui five inchoM nhovo il, hIiow dial dm 
douBity of tho ivir in dm vohhoI will dooroaMo until it ik 

(^“ !2/t) aiiproxlinraoly, and du-a 

incronsos again, h buing the height of a walei -Imroinelor in feet. 

2 ‘1). lucoirqaoaHihlu ilnid ia at real midor the aclion of 
foi ‘008 

/wi fiy /43 


roBpootivoly pamllol to dm axea, and a iiardclo, dm density 
of which is loss than that of tlm fluid, ia jidaocid anywlmia in 
tho Biu'faco 


or , ir , s' 
a* 6* r ’ 


prove that, noglooting tlm roaialaimo, dm voloolty of dm 
partiolo when orossing dm Hiivfaao dofined by dm quantify 
tti' varies as 

Jin' - ni. 
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*i.1. U i\iv 'I *'‘n^ *<f liuui.l rotating miiformly 

ivUait It fiv‘<i iiM\ jiffnu i iii|i> jiinitinn- uccurding sncli i 

law tliivl Uu* huHitf.'H i.r 1 ‘ifim) luvsMurn aro miniliiv coaxial 
oblrtUi nplnTfid-^; provo llmr. |iii* ri-anlLaiiL attifuition of a 
lln’ n( wln'irli^ aflracL iiccoiding to tho 

jM\uvo (aw. it 111 '' li'Hidi.mf ••('iwo Hurra )iai'p(iU(li(iulai’ to tho 
iHjUiilnr niid tin uvia hC irvuitilaai rrspralivoly, uud varyiiiff 
pa ihv <UMaUi rihr uthiirird jiMiiit. IVnm llioui. ° 

ad. An rln«(i(i >*iilirrira1 riivrl.nir in in (imiilibnum when 
it c<iiiUiiM mv ul twu'(t ilir ianinH|jUi!nu cuniijity, and it« 

Tiulm>' Ivvirr (h" imdinil ni/.r; if ilin hiumnoLor full - th of 

n 

an inch, fin*l tin timr «f u Miiall iwirilluluiu iu tho iniigiiitudo 
of tin' rUVi l'da*. 

27, \ riiiht *•'»»«• iu n vonnul pamUunlng oiivml 
doptlia 'jf vertex liiHtonod to 

lUfl Iwlttiin nnd a»ia vrvlioai. l'‘jud tlio conditiou for 
tUiblo o<|iiilihrium, 

2K. A plraiv^lil iiriirMiiu IimI rojinliling of nmUor alLvoot* 
iug Ml (di^l I * ii* ^•nrr^«m*U'^l Uy Ihml nt inHt mihjucb to ita 
ttlimpinn v«»dy, •('»’« ilm! i)u* ilirfi’roiitiid uijualion to tho 
moridinii uf ila» ^urfHcira nf gipml proaHuro can ho put 

in tJjo rMrin 

( . I ft 

iLr ^ r 

r, r being liin nf ihr iminl ary from tlio OTuls of tho 

rod, and if- tlu? nugl” im\>l«>mU-d by thu rud at that point. 

20. If a, 7 . 8 bo U»o dLM>lh« of tho curnora of a 
quadrilttlonil nn^n wldcb w wbnliy imiiioiHod in liquid, 
Mid h tho depth Mf iu ecuiro uf gravity, tlioduptliofita conbro 
of prownro i» 

4 (a + ^ + 7 + 81 “ jjr (/#Y 7=" + 0^ + d- 75)' 

SO. A rigid irplioricnl mivolnpo of rndiuB a is ftllod with 
abutUo fluid of mwuhi M which i« aotod on by a rnpuUiya 
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foico (clist)’' from a imml in tlio Hiiinu’o of llio oitvolopo 
bKow lhal Uio total uoiiiml pU'HMUio on Ibo ouvebpu is 

I a?c “* dv 


/•I/ N 

-0''' 


31 A poi’tlon of a piimlioloHl, liiltiH u'ntuin ‘h, i*i imiI, olV 
by a piano puvpoiuhoutnr to tlio axis at a ilislaiu'o 'hi fioin 
tbo VGitox, il tho voitox of tlio pauibokml bu lixinl at a 


depth 


II bonoath Lbo aiufaeo of a hipiiil, hIiow that it will 


rest witli tho foouB in tho auifnco if tho laiio of tho tleiiHily ol 
tho li<iuid to Unit of tlio Htdid bo 72!) : 232. 


32 An ombnnkinoiit of tiiauguhirw'Otum A II 0 HuppoilH 
thopiossuio ol watoi on thuHido 11(1, iiiul tlio coinbtinu of 
its not boinff ovortnviiod about tho nn^lu A whon l)io watiu 
voaohoa to H, tlio voitox of tho tuanglo . and hIiow tbub whun 
tho aioa of tho tiiaiif^do la rcdm’od to tho ininhuuin cuiiHiHUmt 
with stability Ibi a given doptli of water, 


tan (l> 


JhU 2 .h !) 
' 3 -j/ 


, , \ 2 « -H 1 ) 

tan ^ 

«— 1 


wlioro s is tho apooiAo gravily of tlio innbauhmunt. 


33. A mass (Jl/) of nmd, in which tho dciiHity at any 
point ia tho sum of a given coiiHlaul ijiuintity and a ipiantily 
boaniig a givon constant mlio to tlio pioHHuro at that point. 
I'ovolyoB about a fixed oxIh with a given constant angular 
volooifcy, and is iiLtiaoteii to a point in that axia by a given 
f’oroo wliioli varies as the dialanco find tho foim of Uio froo 
aurfaco; and show that its least aoini-dinmoter (6) ia dulcr- 
ininod by tho equation, 

fb **-*< 

M e ®* {V*ck, 

J 0 

whon m and o are givoii couatuutH. 



MlHT'tll.I.AN'KnUH KXAMl'LBS. 


217 

:it, A ft'nti'M -if fonv. rupclliiig inviirmily m tho fKumro 
nf ilintjiiM'i*, IihImw tint Hnrfiu*n of n lumiogoiiooua 
hmliwlio llnitl, wIi’m'Ii in iiNn on l)y gravity and is at 
iv«L: di*' inlrnxiij nf iluf form, at, a jH»inL iti tlio HurfacQ of 
tint llnid vniliofilly almvu iu rtwjlio, in to that of 

umvily : pr.ivo llial lln« •‘Xinruul mniia'ii uf tlio Jtiild has a 
WiKonlJil n«\iiiplMtir |»hiiii', aml llmt llio ooiilro of forco is 
(’iivlron'’*! )»y aii I'uvity, flu?»unimit of wliioli is at tho ^ 

oxloriiul hurijii'n id I Ini lltiiil. 

Find tin* vnltmiu nf elm niviiy in Imuiu of iU iongth, 

arn A riglil priwiii mi ii x<|iiaro lias anoLlior prism, 
also nh a luuti', nUiu'lii'd la it, ho Unit Lliuir axoa are 

cidrit'iili'Ul aii«l |mralli‘l, mid i)m whole lluaU ou a lliiid 
witli tlii'ir eoMinimi ithtiut iu tin* plane of lloaUitioii, If the 
sidt« of till’ of ilm fwti pridniH are in the mtio 2 i 1, 

(irnl (heir iiniidng iieigliU iii onter that the eipulibriuiii 
may bu altildi'- * 

nn. A hi’-avy eubo ii tiioveable alioiit an axis, which 
juuiHOii llir<mgli. iiiid binerta, lUo ujipoMitu sidos uf ono faoo; 
thiR axiR bniii^ llti'd limv.<pMUlly within an empty vossol, ao 
that tho onlm is niiH|n'tidiHl in Uio prwilicin of orpiilibrium, 

Rnd (ho depth to whirft Ihiid must Im jKiiircii in, ao oa to 
rundor the i'<iMilil>ritint iniMahlo.niid (liegroiituBt ratio of tho 
deruitipR »r lliu uiiIhi and Ihiid, ihul thin may bo pcmsiblo. 

Hup|«»<iM{( tlio nibo half iiiimorRed aiul tho orpiilibrium 
sublo, nnd the* lime of a anmll oMcillnlion, 

n7. A rylindrr wliooo nxin U vertical is (loating in a Huid 
in wliirh ibo liemiiLy at any point varies oh Llto a'" poworof 
Ihodoplli: llio eyliiidor im lU^pruiuivd till its uppor ond juat 
coinddi:)* with thw mirraoo uf Urn fluid, and ou being lob go 
it riftem JuRl out of ihu (luidi tihow that, when tho oylinclor 
xtiiM floaiing. tho dupili iniinoraud was bo blio height of tho . 

bylindoriw I to fn + U)*'*. 

as. A wphoriejil homogflimous aoUd oartli, aupposed bo, .n 
bo liicti, wsurMundctl by a dmllnw wHi, which ifl atbrftotfld :ir,?is 
by a disuiut (ixtjd body; provo tlmt, noglootliig tha ottraoLlOi^ '^ 
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of waLol on ilmilf, Lho HUifaco of tlm Hca will lonniiu Hplioi umI, 
but tliuL its ct'uiKMvill iluviiUo fioia llio r(‘n{io of iht^ (‘iiith 
by a rbslanco ainouiitni^ to lho wuiin fiarimn oC ils inilum 
that tlio atUuction of tho <liKtinbiii^ boily h of tbo jiLUacUou 
of tlio OKI til on an olomont of Llio liqniil. 

80. If Lbo oaith ho mippoHiMl Hjilnwical luul ciiM'IcjI wilU 
an (ipean of nmiill doptb, iiml if tin* iitli actum <>{' llm jiailicli-H 
of watci on each otbei ho oniitb'i), llto ollipl icily of lbo occim 
Bplioioitl will ho j'lmi by (lio (‘<[Ualioii, 

conlnlnj'iil foico at llio oijiialoi 
Jbico of giuviiy at tho ouitirH HUilacn' 

40. An isoHcolos luaiiniilur liunnm, of wbicb llio huIch 
yl/?, ^1 6' aiu oi|ual, iloalH with tho aii^ulai iioint ilowijwanlK 
in a liiiuiil ol winch lho dmimly vain*H ns llio tlojiih i if A I) 
bo poipcndiciilai' to ]i(\ }no\o that if lho lainnia can final 
with tlio lino A /) iiicliiioil at an aii^io In tho vinticul, f? ]» 
givon hy tho ('(piation, 

8 1 O' Hill" O'^iihp coh" a (win* 0 - ain* «)*, 

wlicro 2>t iH tho angle KAO, or m lho doiiHily of lho lamina, 
and p iH tho douwily of Um lh|nhl at a do]>ih otpml to AH or 
AO, 


41. A solid of lovolnlion lloalw with ila axis voilical.and 
is sunk U) din'ciout dontli« hy jilaonig wolghtw at a fixed 
point of its axis Kinu thu fonn whim tho oijnilihrium la 
always lunitial. 

42. Tf a body float at roHl, show lhat for any disjilaco- 
inont, consiHlont with lho coiuliliou that Llio wiiglit of tho 
fluid displaced bn oipial to lliat of tlui Iluat, tho dilh'roiiou of 
tho distaiicoB of tho oontum of giavity of lbo float and of tliu 
fluid displaced bolow tho siirfaco nf tlio fluid will, in gontna!, 
bo a maximnin nr minimum nmnding as tho oijinlihiium is 
uiistablo or stablo. 

Moi’oovor if ^ bo this tUITniouco, and tho body bo symme 
trioal with roapuot to a vcitienl ]iiano, poiiKmclicnlar to tho 
lino about wliich tbo displiicwueiit arurowaid is iimdo, and 0 
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k' Ilia inrliiiali"ii nf imy lixi'il liiiu in tlio lnnly and in tliat 
pliiiio h» llir vi'iLirnl, llio limn i»i' u Hiinill osuillatloii ^vill bu 

tlmt "f u niniitlr ni'mlulniii nl' wliich tlin loiigtU U whovo 

(W^ 

k' is tlin rmliiH nf ulxnil, ii lim* tlinmgh Lhu uautro uf 

gravity ])iiialli'l l-i fli'* uxIm nf diHpliicuimmt;. 

MniMimi any rmuliliimi wliinh limit blm giuiorality of 

tlli'Mt) tlirtiri’Jiir*. 


An I’llijwijiil wilK tlm lun^st axin ( 2 c) vortical 
in II Ihiiil nf Lwirn il.s dmisily, iiml iiinlccH Hiiiall oHdillatioiiB lu 
a vnrMi'iil plan" ulnmi u |Mtin( iu llio majnr uxia ( 2 tt) whioli is 
flxL-il. JSIunv tliat ill" iH'ii'Hl is 



.V* - 1 ' n‘ W 

H- fU) 


whore K i« III" uciiLnil distam.'!' nf llm (ixml iioinl;. 


++. A (irimmnUii! railway cJirrlagu cim iruivu frouly wibli- 
nul rricii>>ii in a Miiiii"! wliirh it oxacliy llU. It is plauod at 
real fit MHO Olid, Mild mi "iigiim liogins In oxliauHl; Lno air at 
llio otliur, piimiiing out LHpml vnlumcs in oqual timoa. 

Show llml iiC liiii" / Urn ilinLince of the cnrritigo from tlui 
end to whii’h it i«> Iravolling is (lulnnninod by nn equation of 
the fbnn 

* d- U -h 71 (.c ht) « llfi, 


+3. A wilid I'f rovulnliun possoMCH I.Iuh propnrt^. A 
portion b«lng out olT hy a ijIhii" por^Himlioulnr to its axia and 
iramencil vorto* ilf»wiiwnrtw in a liquid iiml then cllajdacod 
through n unmll anglo. tho inumcnt Landing In resLoro oquili' 
hrium w indop«iidt;ril of lliu nimnuit out off. Show that, if 
ym/{m) U) tin? goimruling onrvo, to dotormiuo/wo have 

: [yx«)r - 1 1 + 1/ )* +/(^)/" (*)i Lfi^ +/('^')/' c®)i]’. 

p being tho density of the wlid ooniparod with tho ttuid. 
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40 If agivou quantity of liomoRnnnuuH matti'r l)ci fdimi'il 
into a mraboloul ol luvoliUion and iilldwcil to IIduI in waLci 
with tuo VQi’tox do^vn\vald'^, Lho hjjihuh «if llin <liHlaiico of lliu 
('onlio of gravity fiom tho piano ol lloatation ^vill Im luvoimily 
piopoitional to tlio latUH u’utiun. 

47. A body, floating in a fluid, is luinod (liunigh a flumll 
angle f?, lound a piincipal axis at tlio (’(‘ulio of giaviiy of tiio 
piano of floatation; hIiow lliat tlio woik dono to piothu’o Ibo 
displacoinont ia {Ah^ — K 11(1), 

From a Bohd lioiniHphoio, of ladina r, a poilion in tlio 
filiapo of a light oylindoi, of liuight /«, coaxial wi(h lho ht'ini- 
aphoio and having iho ccnlio ol iIh Imsu at tho ronlio ol (ho 
lumiisphoic, iH K'lnovi'd Into tliiH |)oiliou Ih filU-d a thin 
liibt* which exactly fits it. Tho solid is placed wilh Us vciti'X 
downwaidh in a fluid, and a fluid, of dinimi.v p, ih ponied into 
tho tubo. Find how much inust ho pouioil in, in oulei tliat 
tlio oquilihiium may ]>u mmtml; uml if tho tnhu bn llllud lu 
a hoight '‘Ih, hIiow tluit 

p 

fi b* ’ 

6 being tho douflity of tho roIuI. 

48. A flolid body is floating m a liquid of vaviablo don- 
8ity and its position iH slightly ehangtid so lliat tlu' mass of 
liquid displaced romains inmltoied rf/(4r) ho iho donsiLy at 
a depth IT, and (iw, 2 /) tlio cooidinates of any point in tho 
immersed suifacu of thu body, lofeired to tho siufaeu as tho 
piano «.’?/, provo that tho point in tlio piano of floatation about 
which tlio body turns la tho oontro of giavity of that piano 
treated ns a lamina, the density of widen at tlio i»oint (u*, y) 

49. A cup whoso outside suifaco is a paraboloid of rovo- 
liition of latus looLum I, anil whoso thicknoss inonsuvcd 
liorii'.oritally is tho saino at evory point and voiy small 
oomparod with I, has a circular ilm at a hoight h above tlm 
vortex, and lesLs on lho lushest point of a Bjinoro of ladius r. 
If water bo now poured in until its surfaoe cuts tho axis 
of tho cup at a distance from tho vertex, and if thu 
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v^i.jnplil, i»r waltT lia f'liii- thilOH lluit of tho cup, bIjow timt tliu 
v‘i)umlinmii will Iju hUiIiK*. if 

h 


no. All trmii}{ulur lumiim AiJll ia ab rest mth 

its plum* ViTiiivil. iiml iiu vurl^x tf iil: u iloplli o bolow 
lUo surfii'''* of u liipii‘l, lliu •li'tiHity of wliiuli varioa as tho ft 
iloplli’ ib'iiNily mI' Itu* luiiiiiin bu Liiu Kiiniu us Lbat of 

Uiu liciuitl III lliK lii'jilli (A him! if 0 l>i> tliu uiigln wlilch tlm 
nllilmli* /i uf lUi' irtuiigb* mukvn \viU» Ow vurtieul, pvovo Uuvt 

Si/A’i'on’f) j a . ruw' y ~ a »« Jk* OiiH* a . cua 0, 
lh(' niigli’ A ('li lu'iiig -a. 

fil. If n of rovnhition 1»‘ iiiiiiiurHi'd in tv bonvy 
lioiuagtuicous lliiiil Willi it« iixis viTljciil, pruvo tlml, when 
tho IftUil uofiiiul projisiin* on lli» siivliu.’u is u iniiunjuin, Us 
form must bo such ilmt ilu* iiiiiiii*rii*ul valuu of tbo dianiotfir 
ufcurvulnrc* nf tim im'iidinii nt iiiiy jioiul is u burnioiiio menu 
botwoon tlm st-gnu'riCs of Om imrnm) Lu Uiu mn-fuco ub tlifvb 
iwiiil lH'twin*ii llin iwiiia nm\ ibo BUtfivco of Ibo 

Quid nml Ih’lwoon tliu iHiiiil mul llio axis, roMiwctivoly. 

6% A lu'lluw ryliitili'r of ImigliL 2/i mill milius c with 
both omls uI.whI nuiuiiis wulur. niul is pluoml with iho 
centre of it* luok’ in i*oiiUu*l with llm liigiiubt point of iv rough 
inhere uf nvtiinw t : tlm wulglil of Lliu wulor is ouual to l;imt 
of Uio uyUmiur. slu’W Umt lliu uiphlibrium will bo Btftble 11 
lliQ wnlur tt I‘!"biIi uf llio oyVmtlor which lioa hobwoon 

Ujo rooU of 

Jir’ - 4 ( 8 r — A) IT + 0 * • 0 . 


fifl, A iMimtKiliiT Intti'mft, bounded by ft dnublo ordlntvU 
poriwndionlrtr to the wtw, flcmU in n liquid with lU fooiia in 


to the 


tho *uHhco tuid iu ftxi« iuollnwl nt im angle tan g 

VerUottl i prove that the density of iho limud i* U that of tho 
Iwniiift fti aid : lai, luid that tho ton^h of tho bounding 
^rdloftU k throe Um«» U« bvtui rooUiin, 


m 
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5d' A woigliLlcsH hIioU in Uio foim of a pamboloiil of 
lOVoliiUon icslR m a fihiiilai hIuiH, llm i>ainmc'li*i of whirh ih 
< loul)lo iliat of Urn Ibunor, and foiitaiiis lliml wliowo dciisily 
vanoa aa ((kipLli)". Kind tho dni»tli of tliu lluid ni «iidin LlmL 
tlio Q(|ndibniiin may bu noulial. 

f)6. A roiiical vorroI of liolglit h, Veilo^ {lownwaulR, ia 
rdlod willi iKiuld tho donmty of which ih A/c, .c IxMiig llio 
ilopth. Thifl iH pom i*d into iiiiollioi' vessel m ihe binn ol a 
BUifaco of lovohuion, and it m found that Iho new denwity ih 
liw^, Provo that tlio foiiu of tho vi'hhi'I iw given by llio 
oipmtion, 



60. Aw iiuh’flmtuly Hinall piece of ico, the Hhapo of 
whioli may bo taken to he that of a iiglit ciiciihii eyliuder, ib 
J loating with its axis voitical in watoi. Tlio pint iinmcusod 
locoivua duposLbs of ico m mich a manner an to coiitinuo 
oylmdrical, tho ladhis and axis lecciving oipnd IncionumU in 
equal tunes. I'ind tho ultiiriato sliapo of tho pait nut 
immoisgd 

If tho spooifio gravity of ico ho ‘.00, prove tliat tho ainfaco 
Ih formed by tho vovolutiou of y* (Da; - y)" » a”. 

67. A Hohd in tlio form of a iiiviaboloid of luvoliiLion 
floalH with its axis voitical; if tho contio of gravity comeido 
with tho motacontio, piovo that tho eqiuUbviiun ih stablo, 

68. If whoii tho baromolor standa at 80 inohos, the 
apociflo gravity of inovcury being 18*60(1 lefoired to water, of 
which a cubic inch wuiglia 25277 giaiim, a cubio yard of 
atmoRplioi’ic air is comnrcHRod into a vcshcI oouLainiug a cuIju* 
foot, find appioximatoly tho inunuucal inouauro of tlio UMurgy 
stored up Llioioin, 

69. Tho oxpflnaiona of wator and glass aio givim by tho 
formula) 

F( *=» [I -h a (f — 4)*), and ( L fiaO. 

where i Is tho toraporatura centigrado. If a wator IhcmiO' 
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iTnotor bo conatructoil and graduated in tlio sarao way as tho 
common morourial tliormomotor, prove that except at tlio froez- 
irig and boiling points it 'svill nlwayB give too low amading; 
that that reading will bo nogatlvo from 0* to a little ovor 13* ; 
and that tho error will bo a maximum when 5at" + = 100. 

60. A fjuaiitity of air, whoso density is p and prossiiro 
ifi onolosoil in a spherical vessel. Show that if a contra of 
■forCG imD" bo placed nt tho centre of tho sphoro the density at 
a distance r from tho coutro will bo 


V'*’’* w> »t.i 
HpJ _ I e p{»'i-iy , 

”‘"®i 

the intensity of ilio forco being supposed so groat that tho 
dousity of tho air in coutacb witn tho vessel may bo 
negloctod. 


Cl. Tlio pi'OHsuro and density of tho atmosphere at the 
oaith’a Bui'faco being p^ and tho tompomturo at highor 
points varying inveraefy as tlio 72th power of tho distance from 
the oontro of tlio earth ; prove that tho prossuro at a 
clistanco r from tho earth’s oontro is 

■vvhero a is tho mdius of bho earth. 


If 72 M 1, show that a aphoricsal balloon of material equally 
oxtouaiblo in all diroctions will have its volume greatest 
wlion r is given by tho equation 





wh6n m , "K is Iho modulus of olnsticifcy, and o is tho 

Pt 

tinatrotohod radius of the balloon, it being just flllod and 
WinaLretched wlion it loaves tho ground. 



JIISCELLANEOUS EXAMPLES 


22‘A 


62. A l)alloon is at a ceitain moment at a lioighi /», 
descending with velocity V, and moving hoiizoutally witli a 
velocity V' equal to the velocity of the wind at that height. 
If the velocity of the wind be pioportional to tlio height, and 
if with a view to descending at a paiticular spot, the escape 
of the gas he legulated so as to keep the velocity of descent 
constant, piove that a miscalculation dh in the initial hoighb 
will pioduce in the point reached an eiior, 

“4"* {1 + i c* - e-* (1 + c)}, whcie c = ^ . 

63 Prove that the woik done duiing the {n + 1^’’ stioko 
of a Smeaton’s air pump, supiwsing the expansion to bo 
iBothemnal, is equal to 

64! The condensation being isolheimal, find the work 
done duimg the ?i“' stiokc of a condensei 

65 A aoUcl is composed of two cubes, symmetiically 
joined together, hut of diffcient mateiial and size It floats 
with the common plane in tlio smface of a fluid Find the 
condition of stability 

68. A small sphencal cavity (radius = R) in an attiactin^ 
mass IS filled with a homogeneous incoinpiossible fluid, and 
lhe attraction at the ceiitie of the spheie is evanescont : 
prove that the fluid picssure at the centie cannot bo loss 
than — ^pcR^, and tho total pressure on the siufaco of tlio 
cavity not leas than - (o + ^ 7rp) whoie p is tho 

density of the fluid, and, U denoting tho potential of tho 

d*U 

attracting mass, c is the least algebraical value of -jj- at tho 

centre for an element ds drawn in any direction fiom tho 
centre. 

67. A soap-bubble of unifoim thickness is filled with a 
gas of such density that the weight of tho whole is that of 
the air displaced, find tho form of the bubble, winch ia 
supposed to differ but Uttlo fiom a sphere. 
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UH. A uloiulor jluM ring i'uvdIvoh unifunnly roiiiul a 
fimlru of ft»ri'u Bit\iaUul al itn cuntro, tlio forcu varying 
iuvorw'ly 08 tliu wpiaru uf llm diutnucu; lind u^Jiamimatuly 
tliu finin uf a hocLiou of Llio ring. 

Un. A Yciwul of givpii capacity, in Iho form of a Kurfaco 
of roviihuion with two cirmdav ends, is Just filled \Yitli 
iiiulfwLiu Hnhl winch rovolvus ahont Iho axis uf thu vossol, 
and is HUpnoHctl to ho frou fruiu llni action uf gravity: in- 
vcstiaalo tho furm of iho vcssul tliat the wlmlo jh'crsuvo 
winch tin' llnid exeats upon it may hu thu loiwt jitmsiblo, the 
nmgnitudcH i»l' tho circular ends hoing given. 

» Hhuw that, for a cialain velation huLwouii tho va<lii of the 
cinailar umls, thu gunia’ating cnrvu of tho Kurl'acc is tin* 
common caUanny. 

70. Employ tho prinoipln uf eiiorgy to find tliQ otpiatmn 
of tliD LUiloariiu 

71. Provo that tho oipnitiou, 

e' («*.[- 

ropwwcnt iv potaiblo form of iv liiinid lUm, tlio ju’usBuro on 
both sldea being the same. (Cutalan.) 

72. A cylindrical vomoI, tho croRs sootion of wliiuli is 
furmuil of twu cycloidal urcH with the ends fittina togothor, 
has an oxcohs of air pressuro inside j invosligato luo atroBtias 
along any gunorating lino. 

711. If the iiarlicli's of a Hiiliei'inal soap-biibhlu, of radius 
r artd tonsiun I, repel each uther aueordiiig to thu law of thu 
invorso sqnaro of the dislniiue, and if V bo tlm potential, 
provo that K* *■ 1 (Itn'i. 

74. Into a sphorical bnvss aliell, of vadius u, watur is 
forued until thu raelius of thu shell is found to I'Xjiand to r. 
Having given that ihu cuudicumt of elasticity of the hIioII fur 
Bti'otclniig 18 /i, and that thu cumprussibility of water is 
show Uiat tho ijuantlty uf watur in thu shull is 

(tr* 

(r-u) 

whero p is tho clunsily of iincomptussQd wntor. 


15 
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MiaCELLA-NlCOUH ISXAMl'I.EH. 


In ll\ti piovioua quoaLion you aio given ara'l-, ?•«."» 
ouuUms. ! ftud tlio following (Uila:— 

Tlio comprosaion of watov for 1 atmos. (L nuigndyno per 
aq. oni ) « L0“® x *5 ; tluoknoaa of hIkiU « ■/> nun., ami a bnias 
wiio of 1 H{[. mm auoUou uMjuiri'a a fou’(» of OOIK) im’gailymm 
to double ii9 kmgib, if ila olasUoity uimain ('oimliuii 
Dolormmo tlio muaauroa in r.u.H, luiiU of tbu quuntitu'H 
iiivolvod, and ibesm’o ahow LliaL (Jio niasH of watur in Ihu 
aphoro M f)}15 giania approvimatoly 

7fi. A soap bubble of iiiiifonn tbioknoHa m Hllod wilh a 
gas of fiucli donaily LliaL Llio woigliL of ibo wliolo ih ui|ual Lo 
tliat of llio air diniilacod ; liiul Ibo foim of Iho bubble, wliieb 
19 supposed to dilTor but litLlu from a H[ihQui. 


70. A Hoiip-bubblo oxtouds fiom IWcd bouudaiioH, ro m 
with tiiQiu lo form a olosod H}>acu wlioao voliiino is and 
ooufcabm a gas at nroasiiro i\ and nbHuluto UnniKuatuio 0^. 
Thu tompuiatiuo ot tho gas ib giadnally laisod. Lf A bu tlu' 
aioa of thu film when tUu lompumturo la Ot and prosHiuu p, 
show that 


dA 


ii\ 


0 dp\ 

p do) 


whoro L is tlio Hurfacu-tonaion supposud constant, and tlio 
oxtoriiiil prosHuro is nogk'otod. 


Kind tho rulation botwuon p and 0 in Iho caso oI 
a spliorical aoap-bubblo, and in this caao iutogratu the above, 


77. ’’ihvo equal oiroular discs of nidiua a aro placed witli 
Ihoir pianos porpomUoulav to tho lino whloh joins tlum con* 
tios, and tlioir edges aro counuotud by a soap film whicli 
onolosos a inaas of air that would bo just aufneiout in the 
saino ataiosphoro to fill a apluirical soaji-bubblo of mdina o. 
If tho film 1)0 oylindrioal wliou tho diatanco botwoon tlio 
discs 18 b, prove that in order that it may bocoino spherical 
tho distanoo botwoon tho discs must bo lesaonod to 2a whoro 

*(9a* + 2^') W-Sa!, I 

t yii h 
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78. A hemispherical bubble is floating on -water. As- 
mmm| that its radius is such that the ratio of the differeiico 
of the internal and exteraol presaurea to the external pressuTO 
is a small quantity whose square may be neglected, find tho 
form of the water surface maide the bubble, and shew that/ 
ita greatest depression below the external water surface is 

2a“ f, - Stt 1 

1 “/:H’ 

where v is the radius of the bubble and a“ the ratio of the 
surface energy for air and water per imit area to the weigUb 
of unit volume of water. {Mr Burnside.) 


79. Qiffard’s freezing maebine consists of two ovlindorn, 
the pistons of which work on to two cranks on the sai^ic^ 
shai't, driven by an external source of power, and of a largo 
air reservoir which is always maintained at the tempemturw 
of the external air. In the first cylinder air is comprosuod 
till its pressure is the same os in the reservoir, when valves 
open and the air passes, os the stroke is completed, into tliu 
reservoir. The second and smaller cylinder acts as an engines 
receiving compressed air from the reservoir for snob a portion 
of the stroke that being expanded for the remainder of thu 
stroke it is discharged at atmospheric pressure, but at a low ur 
temperature. If Kj and V. bo the volumes of the cylinclorw, 
and if the compression and expansion be supposed adiabatio, 
prove that the work done during each stroke in the 
~ V - F 
cylinder is II F, — ~ . ~-^y — ^ 


and in the second oylintlLsr 


IS 


(Dr Hophinson.) 


being the atmospheric pross-uvo. 


80. A mass of Hqiiid, in the form of on oblate spboroicl, 
rotates uniformly about its axis; if the normal at any point; 
P of the surface meet the axis in G, prove that the resulbing 
attraction at g varies as PG. 

If e, the elliptioiby, be supposed small, prove that, ho ti 
first approximation, w'* = wpe. 



MlHflCliUNlIOUS KX A \l I’l.rs 

Ifj III Ulo oaso wlioii llio cccont4ii5iLy ia vi'iy Kiiuill, Llm 
iiiu^a bo c'onU’ncling slowly luul uuifoiiiily luul bu ho vwcoim 
LliaL it taken up itn pOKiUoiis ot‘ iolativo uiiuihbuuni iiihIjui- 
Uuioously, jii’ove Uiat tlio ollipticity will vary as the tnibo 
loot ol tiio (loiisity. 

Ml. jr tho Kiulh bo pouiplnloly I’ovmoil by a Hoa of Hmall 
iloptli, piovo tliat Uio ilojitli in bvUtuilo I \h vovy noaily ispial 
to //(I “CHIU® i), wboi'o Jl m Uio iloptb at tlu* iMjualol, au<l t 
Ibo clUplicity of tho I'laitb. 

h2. A masa (lU) of homogonouuH lupiul ivvoIvch im u-la- 
Uvu oquililaiuiu about a lixtul aKW with a iimlbuu aiigulai 
velocity Huch that tbo olUplicily (u) of its Hmliifi' ih Hiiiall. 
If the pai't of Uio iihwh wiho colluoUsi into an infiniU'ly 
(ienso matui'ial puuit at ilu* cuutio, and tim diMiHity of the 
remaining part (I— ^)il/ woio diiniuiHlmd in tijo laliu ol 
1 — /A to I, tiud what would bo tbo I'llipLicily of tbo now 
Hiu'l'aco of o([mlibriuni, BUppomiig tbo liino of lotatiuu lo bo 
tlio Bamo 08 bofuvts 

8n. A solid olh])floid ol miifmiu duiiHily being HUppoBod 
to lovolvo round its lunat okIh of ligiui', and lo uauy with it 
a Ruri’ouudiiig oiivolopo of boniogonotmii liipiul of diilbioiil 
donsily, tbo untiio mnsw attruollng aveoiding to llm law of 
nature, iL is rotpuvod to lind tbo conditions usjniwto for Urn 
pormanoiit QBSuinpliou of llm olIipHOuiul (orm by llm frou 
HUifaco. (ib'o/ Tmmoitd. Muih, ufPM, VVmoa, V'ol, XX.X.V) 
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KillUon. Foaii.Bro. St 00, 

Uoioan Papon In Iiatln Proso and Vorso. With Hxamlnftllon 
QuihUom. llyT.O«>lHD»,M.\. 4tli M<lllloii. Vwp.avo. lU. CO. 

, lo Qrook ProM and Vorso. With Examination QuobHoub. 

DyT. Collin*. M.A fcirt IWltl-m. Pmii, Hvo. 

Tales for Latin Proio aompoalUon. Wltli Notoa oud Vooaou. 
Iwy. ny a. u. Wall*, M.A. fli. 



fi BftU and 8nm' 


Laliii VooftbalarloB for HopollUon Hy A Rf. Hli-ilimm, ^^.A, 

i'lap K\() In iIiI 

AnAlyUaal Latin IQxorQlflOB By 0 P. MuBOn, B A •Itli Kdll. 

I'lnH , In Oil, Vail If > Sn (lit 

Latin Examination Papora In Qmmmav anti Idiom lij 
A M M Hli (liimii, M A (liowH Kvii .!i< Ihl 1 lun fti ffn j i. < 

O^roek Examination Papora In Oiammai' and Idiom, iiy 

A M M Kli ilinau, At A i" (H 

Boala C^roooa aHciloHnfElomontaiyCIrflokKxarcIsofl Byllov J W. 

Davlii, M A I lUuUl. W AI A HmI KAIUoii Vrav Hv» (1,1. 

OreokYorHoaompoalUon ])y(l l'roHlon,M A. OiownBvo U <li/ 

draok ParlloloB and tlioir Ooiiililnalmtin naotndiiiK In Alllii 
A Bliml’i'iaiiUHi* ItvV A Valay, M A , l.l< 1) ‘Jn ll>) 

Graok ToBtaniont Boloolloiui, IlyA M kf. HtiHlinan, M A ri'ii)i 

Hvo In fill 

ttucUmontB of Altlo aonHlruollon and Idiom, Hy iln> Um. 

\V 0 Oom]il(iili M A > AhhIhIiiiiI McihV'I lit lIvylMKiiUiii Hi liiHil U ^ 

PaflBagon (or Trannlullon Into Lnlln Proitn By I'inf 11, Niiltlo 
alilii, "M A In Ki'Ji I" fW 

By TtiK Bhv. Pi FnoHT, MA.i Hr. Joiin'h OnrxKnn, OAMiminaH. 
Bologm Latlnto ; or, Fiisl Tiatin llondInK Book, with IUnRliili Holi'it 
ami a Dlollomiry. Now killlloH. Vm)i R*a fii Oil. 

UfttorlalB for Latin ProBO QompoBiUon llowKdItion, Fonn.Svo, 
in oa Koy, U. 

A Latin VorBO Book An Inlroiluoloiy Woik on IToxamolorB and 
PontaiiiolQU Now IMlUun Vonv Rva. fl*. iCny, Ba. 

Annloota Grteon Mlnorn. with Inlrodiiotory BantonaoB, EnKllHh 

NoloHiaml n DIoUoimry, HowKiUlloiii Ifmjt.Rvo lU 04, 

MatorlalB for Grook Froao QompoHlUon. Now klilil, Foan, &yo, 
111 04 Koy, Bn 

FlorUoglum PooUouw. Kloglao KxliaotH from Ovltl nnd Tlbullmt, 
Now Killllon. WlUi NoIoh, roap. Ato. On 

Anthologla Grtoon, A HolooUou of Oholoo Cl rook Poolry, with Holoit. 

Ily If. HI Ooliii Tliiusltnriiy. l(h unU OAmjwi’ NJIHoii lOmo. i« M 
Anthologla Latlnn. A Bolootlon of Oholoo Latin Pootry, from 
NiDvlijH to lloBUiliifl, with Notun lly ll«r, V. HI JHlmi'hm'kamy, lUiviNt'il 
ami Oiioniior KitlUoii lOiiio It IH 

By II. A. nor,DRH, LL.D. 

Follorum Sllvulo. Pait I. PtuiHAeoa for 'IVanfllatlon Into Iialln 

kloglao mill Ilorula Yorno, lOUi l&IIUon. I'ott S*o. 7i 04 

■ Bait II, Holoot PnsBBgoa for Ttanelallon itilo Latin Lyrio 

mid Ooiiila Imnblo Vomo. Uni IkllUon. Fotl 8vo At 

< — lyrtlll. Holoot PaBHagoaforTranBlatioululoOrookYarBO. 

OiiUlIdaioil VoRlBvfl 8t 

ffolla SUvnlo), flivo Kologro Pootamm AugHoomm lu Ijalimun ot 
urnoiiin ooummo Bvo. Vol, II. )9i, 

FoUorum aonlurlw Holoot PaeBacoB for TrauBlatlou Into LaUn 
tviul Clrook ProHO. Dili ndltlou, fit, 



J^duMlioual Tr’jjrAvj, 


TRAN8LAT10N9| SELECTIONS, &o. 

*, * Many of liio followhig liooku arc well aflaiilcd for Soliool PrlKea. 

iBIaohylui. TraiiHluloa Into VjiiuliHh 1 *i-oh« by F. A. Palov. M.A 
l.L.n, anilKilltlon. »»n. Vi-Oil. j > > 

— - TrtuiHluU'il iul(» KiiitltHh YotMO by Anna Swanwlok. fiih 
Kililllill. I'lolHvo, .'m. 

Horaoo. Tim (blmi ninl (larinon HiuomIutii. In EnitliHli Yiiraoby 
J. UoiiliiMtoii. M.A. ttUmUUim. Vmii.MMi. S 3 .G.I. 

— 'I'l'u Hiitiri'K nu.l KiiIhUhh. In Kiik1Ih]i Yortm by J. anninfl- 
Urn, M.A, 

Plalo. ffornitw. 'I’luimlul. iMiyl-’.M. .\I,A. Kvn, ‘.bid l-bl. Tx. 

I’ltHolimi. Tiimn.by r. A. I*iili*y, M.A., lilj.l), Hm.Hvo, ■]<. 

Thetiit' tiih. TTmiH.liyb'.A. l'«ili'y,kr.A.,IjTi,l). Hin.Hvn. lx, 

- — - AntUyi>lHiiii<lliiili'\ii(ilM>1>liiliiKiiii!<. llyDr.Day. I'ohIHvo. tlx. 

flophooloB. (I'MiitiiH TyniiiiinH, Jfy I)i-. KuiiniHly, lx, 
Tbaoorllua. In KiikIIhU VntHni by 0. ti> Oulvorloy, M.A, Now 

K>Hli<in, mylxttl. UrtiwnHvii. A*!. 

TrwiilaUoni Into KukIIhIi and I»alln. By 0. B. aiilvorloy, M.A. 
I’fwl 0YO. 7». M. 

TranfllnUoni Inin F.nRlInli, Ttnlhi, and Qrook. lily H. 0. Jobh, M.A,, 

H. Itllt.!),, timl W, K. tiiiinijr, M.A. HihiihuI KillLloii. B*. 

ffixlraoUi for Tranilallon. Uy It. 0. Jtibb, M.A,, 11. Jiioltdon, 
LIU, n.i Huil \V. K. (btrrujr, M.A. 4]i. iM, 

BotWQOD WbUoi. TmnxlHtloHN by Hoy. B, H. Konnody, D.D. 

linil RtllUmi, nrliod. OrcJtvnHvo. (to. 


REFERENCE VOLUMES. 

A IiOUn Gfmamar. By AHiort TTarlinotui. PohI Bvo. Oi, 
ByT.ll.KoyiM.A. ftUi TbuuHnuil. PohI 8 vo. 61 , 

A Short Latin Grammar for Bohooli. By T. H. Kuy, M.A. 

ir.ltfl. lOUi K'llDnu, rtwtitvii. lb. Oil. 

A C^ulcU to tbo Otaoloo of Olaialoul Booki. By .T.B. bfayor, M.A. 
nn1 RHItlfm, witli n Mn|i|i)DQiuiilHry Liiil. linmu Kvo, ia, Gi. Biijijilo. 
m«uUry 1<UI, It. G<i. 

Tb« Tbtalro of the Qrooki. Uy J. W. Donaldson, D.D. 8tli 

MIUod, I'Mlfixo. Si. 

IfalihUsy* Uyihology of itud Italy. 4th Sdltlon. 6i. 
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Qeorge Bell and Bonn' 


CLASSICAL TABLES. 

Latin. Aooldonoo. By tlio Bov. V. li'roiit, M A U. 

Latin Veraliioallon. tf. 

Nfot&bUla Qumdnm , or tho Prlnoliml TnnHon of mont of Ilia 
IiiOFOilni (Irfolc Vmlii* luul Ft(iiii«iiUr> (Iruok, fiiUiii, niul liroiioh Ooit* 
Rtiuiitioii Muw KiUlUiii. In. 

Elohmond Euleu for tho Ovldlan DUUoh, do. By J. TntOt 
M A 1(» 

Tho PrlnolploH of Latin Syntax 1«. 

Q-reok Vorbii A fliiliilonuf) of VmliH, In chuIiiv and Dnfoollvo 5 Iholr 
loii(llii)r fnntmllriiiH, Ii'iin.')), niiil IiiIIk'iIuiir, with I'niiiilhfjDHformiiliit'iklioiii 
lluloH ftn furiimllou of toiiMW, An An JlyJ H iMlul, TOll B* tid 

Qrook Aooontfl (NotoH on). By A Barry, 1)1). NowKtUHon. li, 

Homorlo Llnloot Ila Loiuling Kortna ami IVouliarilloa. By J. B, 
Iliiiul, T (M). Now LdlUon, hy W II lliillinifm.l. l.1. 1) ln 

Qreok Acoldonoo By llio Bov B Bawl, M A. Now BdlUon. li. 


CAMBRIDGE MATHEMATICAL SERIES. 

Arlthmetlo for Sohnolo By 0 I’omlli'lmiy, A. 'lit. Otf Tho 
Kximiiiloji (iiunily hUOO) in a miimialo vo) tie. (Id 

Algebra Olioioo ami Oliiuioc. By W. A ^VllU^vo^tll, M A. 4th 
tCdlMoii. Oi. 

Euclid BooIih T.-VI. nnil imittif BiioliMXf ami XTT. By II 

tinijflilon litOd Jlonlttil iiliinr,'di (A Arj/ In Ih’ IWnli'i’uii 

Buolld. ExmoiHoa on I'luolld iiml in Modern (Uioiuotry. By 
.1 MoDowulI, MA Hill NillUini lU 

Trlflonomotry Plano. By lUiv.T.Vyvyan.M A. JlttlKdll. B* Od. 
QoomotriunI Oonlo Scollona By ](. G. Willla, M A. Man 
ohunlui (iHtmiiiin Hnlmol 7 » Od 

Oonlou 'L’lio EloimmtaryGcoinotryDf. 'UliEcHlIon. ByO Taylor, 
D I) Is, Oil 

Solid Qoomotry. By W. fl. Aldla, M A. 'Uh Edit roviaod fl», 
aoomoLrloal Option By W. H Alclia, M A. andl'ldillon, ‘1«. 
Eight Dynamiau By W. H AIiIIh, M A 49 
Momentary DynamloB By W flnrnolt, ^r.A , D 0 L. ith Ed. 0*. 
Lynamloa. ATioaliBonn ByW.lI BoHanl, DHo , F.US, Y«. Od 

Heat AnEloracntaryTroallBo. By W OanieU, M A., B O.B 'Ith 
Ndliloii. 'U. 

HydromaohanloB By W. U. BoBanl, 1) Ho , E.B.S. 4th Edition 
Pn\tl Uytlroslalloft. Ss. 

Mathomtttloal HxnmpleB By J. M. Dyor, M A , and B Prowdo 
timilb, &t A , Aialiitniil Jirnaldis nt Ulii'Uoiilmiii Coltctfu (la (hf pm. 
MeobanloB Problomn In Eloracnlary. By W. Walton, M.A. 0». 
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OAMDRIDQE SCHOOL AND COLLEGE 
TEXT-BOOKS. 


A Setitt 0 / TreaH$et Jut lh« lua o/ 


AjrltbmaUo. ]ly Xqy.O.EIboo, M.A, Fcnp. 8vo, llitli Kiltt, Si, 0^, 

]Jy A. Wrl|{li‘y, M.A. Bi. OtJ. 

— — . A (Suirvo of l*'xAm)ilos, With Auawois, By 

J. Wntwiii, M.A. OrliK'llUim. 

Algflhrft. lly tlin Lov. C. F.Ihoo, M.A. TthKdlt. <lf. 

. ■ I'rPuruHMlvd (NmrHO of By Hot. W. P. 

H'UV«1ift«l, K. i'l'unJttltiuUlit U.A. 4lh Si. G<2. With 

Aiuwori, ii.jM. 

Plao« Aliroaomy, An lalmluoUou to. By P, T. Mahii M,A> 

All) K<llllo]i. u 

Ooolo SooUoQi IrBAlnil OnomolrInAlly. By W. H. Bosaut) B.Bo. 

■lih NUillun. 4i. (U. Huliillini Iv litn 4l. 

F.nniiclfitioiin niul FlKuron Huimnitoly. li. Oil. 

0t«Uo«, Itlotuoiiliiry. liy Itov, 11. (foodwiii, B.B. 9ml Edit. 89 , 
JSydrcuitAUos, KIoiiiuiilHry, Dy W.II.BoaAnt.B.Bo, ISlliEdlt. 49 . 
Mouaurallon, Att ElQiiK’uiuryTrontiaooQ. ByB.T.MoorOiM.A. Ci, 
Xfewton'fl Frinoinift, Tlio Flrul Throo Buolious of, wltli tin Apiiou- 

Sls I unit ibn Mmlli oml Jdvvvutb DmUoiu. U/ J. H. Kvmik, U.A. Qkb 
BailWn. b7 I'l T, UiUii, U.A. -l*. 

AnKiyUoul aaomatry forBoliook ByT.Q.Yyvyan. illiEcllt. 4 j.M. 
Ortok TeiUtnont, Ooiiipunioa to tho. By A, 0. Bncrott, A.M. 

aib Bditkiii, rovliml. ifMip.Hftf. Si. 

Book of Oommon Prayor, An UiNtorlenl and Explnnaloiy 'Jhioalleo 

OKllu. Jlj' W. U. Uduiiibry, 1)>U. OthKiUUon. Fo«i).Bro. ei.Od. 

Kuilo. Tflxl book of, By l’ryfo*Hor U, 0. Danlslor. lUUi Edition, 

rnylMlI, ft>, 

— ^ — Oonoifia lliNUify of. By Hov. 11. a. Bouavia Iliinti 

Uui. Biw. Lhillln. SlU KdlUoa mbnd, Bi.M. 


ARITHMETIC AND ALGEBRA. 

Bu the tw9/br49ohtg Beri»* 
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Qeorgt^ Bell and 3om’ 


GEOMCTRY AND EUCLID. 

ICuoUd llnol.H 1 -71. anil I'fiU of XT and MI A Now Tian«- 

litlion Hy 11. (l-Mfl Civmlii iil«" Mulli'niiniiiHl Hmliti, |i 8 ) 

'I'lKi HollnUionK of, willi KxiiluiiiitniiiM imd I'.xpuihoh, 

ftiiil ivu Amu iiillx of KxDUtiKiiM oil Hill 1 Iir'l Hook lly 11 Mulili, M A. 
I lowii 8vo In llii 

JJook I WiUi Notes and Kxi'ieimm foi llio iiho of I'ro- 

IHiiiiloiy HoUooIk, Ao lly nniiUiiMiIln Ai imU, SI A Hxd In (M 

— 'i'lio li'iiHt Two IJodkii oxidainod to 110({innt'rB, Uy 0. P. 

Mmou, Tl A ami ICillHoii reii)' 8vo Un (Id 
Tho UnunolaLiona and Flguroa to ffluolld'a Mlomonta By Itov, 
J llmBHO, D 11. KiiwKiUllnii Ime 8v(i la WlUioMt. Uio I'l^tiiioi, <ld 
Bxorolaoa on Huolkl and In Modern Gfoomolry By J.MoDowolli 

II A (ItowiiSvu HkI liiUllon luviiiDil Os 
Qooinotrioal Oonlo Bootlona ]lv H, (K WIIHh, M.A. 7*. fld, 
Goomotrloal Oonlo Bootiona ByW II. BriHant, M A. (Hoop 0) 
Blomontary ClQomotry of Oonloa By 0. Tayloi, 1) 1). <1111 Edit. 
Bvfl k. Oil 

An Introduollon to Anolont and Modern Qoomolry of Oonlow 

DyQ Tiiyioi.MA 8vti ISn 

Solullona of Goomotrloal Problomn, pionoHod nl Bt. Jobu'i 

Ooil«CO Bout 16!!0 to IBIO lly T. tlimlclii, M A dvo lOi. 


TRIGONOMETRY. 

Trlgonomolry, Intrndiiolioii to I’lann. By Bov. T. 0 Yyvynn, 

Oimiloiliuiifli) ilul Killllim Ui Kyn 'In IM 

An Momentary Treatlao on Monauralion. By B. T. Mooro* 
M.A. 6i. 


ANALYTICAL GEOMETRY 
AND DIFFERENTIAL CALCULUS. 

An IntroduoLlon to Analytloul Plano Goomotry. By W. P, 
Tin iiliiilt, M A 8vu lan 

Probloma on the Prinotploa oi. PUno Oo ordinate Goometrr. 
ItyW Wnlloii, M A. Ovu lOi 

TrlUnoar Oo orcllnatoa, and Modern Analytloal Goomotry of 
ivo TliiiimiAiuuii Uy SV A WhlUorUii M A. Bvo lOa, 

An Blomentary Tmatlae on Solid Goomotry. By W. S. AJdtiii 

MA -llh I'.illHoiui'vliiml <Ii 8vo O' 

MBptlo Punotlona Hllomontarv Troatlflo on Bv A. Onyloy.M.A. 

IVolossiu of t'uiu Miil.li.iiimliimnt; Oiuiilnlilt{<> UiilviiiHlly Uuiuy 8vo< 1S4» 



Edvtational Worh. 
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MECHANICS & NATURAL PHILOSOPHY. 


statics, ElomoQtary, By H. Goodwin, D.D, Fctip. 6 to, Snd 
EiliUoti, 89. 

Cynntnloa, A Troatlao on ElGmontary, By W. Gamott, M.A., 
D.C.Ii. dth B<Utlon, Grown 8 vOi 0*. 

DynamioB. Rlgitl, By W, S, Alclla, M.A, ii, 

-Dynamloa. A Trofitlsoon, ByW.n. Bosant, D,So.,P,R,S. 7i.(M, 

BJlementary MaohanloB, PrcUomsln. By \V. Walton, M.A. Now 
Itdillon, OrowaSvo. 0 «. 

TheoretlQal Moahanlos, Probloma In, By W. Walton, JI.A. Brd 
Kilitlou, BomyBvo. lOi. 

HydroBtatloa. By W,H.BoBau(,I).Bo. Foap.Svo. 12thE(lU1on. 4<. 

Bydromeobaolofl, A TreallBO on, By W. H, Bosimt, D.So,, F.B, 8 . 
8 ro, 4tli Killllon, i-QriKxi. Fniil. UydnitaUoi. Ifa. 

Optloa, Goomekrlool, By W, S. AldU, MX Crown 8 vo> 2d(1 
Udllloui 4i, 

Doable RefraoUoDt A Obaptot on Froiiiol's Theory o!. By W. S. 
Aldlt, U,A. 8 ro. it. 

Hoat, An Blomentnry Trontiee on. By W. Gamott) M.Ai, D.OJu. 
Grown 8 vo. ‘Itli BdlMoni 49 . 

Newton'B Prlnolpia, Tlio First Throo Soollons ol, with an Appon- 
ilix I and thn Nlutli tvnil Ittovontli BoqUoqb. St J. H, Svtuii, U.A. Sbb 
Saitlon, Kdltuil hy P. T. Mivln. U.A. 4i. 

.Aatronomy, An luLrorlnotlon to Plano. By P. T. Main, M.A. 
Foni). 8 ro. olotli, 6 tli K<Hlluii. 'I 4 , 

ABtronomy, Practical and Spherical, By B. Main, M.A. 8vo, I4f. 

Aatronomy, Elomontary Clmplora on, from the ' ABtronomle 
riiyilqiio' of Slot, ])y II, Goodwill, D.B. Svo, 81 . Od, 

,Fure Mathemailos and Natural Philosophy, A Coraponditim of 
Fnote will Formiil »3 In. Sy Q, It, flinnlloy. find Kdltlon, rovisod by 
J, Mol^woll, M,A. lionp, 8 ro. Si. 6(1. 

■BHomentary Mathomatloal Formults. By tho Hot. T. W, Open- 
■Law, li. Od, 

Hlementory Courae of MathemaUoa. By H. Goodwin, D.D, 
Otli Hdltloii. 8vOi 189 . 

Troblema and Hxamploi, adapted to tlia 'Blomontaiy Goimic of 
Matboioktloe,' 8r<1 Itdltlon, Svo. d. 

,floluUonB of Qoodwln'B OoUootlon of Problems and Examplae. 
By W. W. Hatb, M.A. 8rU ltdIUon, rovUod wjd onUrgod. Svo, 0*. 

AdeohatUoB of Oonstruotlon, With nnmerouB Bxamplcfl. By 
B, Foiiwlok, F.lUAiS. Bto. ISi. 
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Goorp Jhll and 8om' 


TEOHNOLOQIOAL HANDBOOKS. 

Rilitod by It. Tuui'Man Wood, Hcorulaiy of tho Hooioty o( AiIh. 

1. Dyolna and Tinauo Prlntlny ]Jy W.Ciooki-N, F 11 H. 5*. 

2 CHasa MftuufaoLuro IlyUeinyOhfiiiuo.M A., H. J.l’iwull.lJ A.; 
nmlK 0 lliuilH it* ImI 

8. OoUon Manufaoturo llyllioliHul Mmatlini, fit Miuu'hi'hti’r. 
Jiiil IMilimi, uiviH(ii) (Ih Oil 

4. OhoiiilHtry of Goal Tar Goloura Uyl'uif. lli'iuidikl 'riiiim. 

liiltiil 1 >y 1)1 KuiniliL Ilf Jlitulfiiid 'll 

C. ‘Woollon and WoiaUiil OfolK Manulntiinro ISy llidmUa 

Dimuiiiiiiil, All ilmaul litinLiiun iil ^ m k iliini ( >illiit,ii, ]iu ii) i ft iM, 


HISTORY, TOPOGRAPHY, fijo. 


Bomo and tho Oampngna lly It, Bum. M A. With 85 Rn* 
gmvltiKU nml 90 Miiiiii uiii) PlniiH will) Aii|iuiiillx Ho. Ul. SM 
Old Bomo A Jliuulbouk Inr Tiavullura. By B, Burni M.A. 

WltUAliiiiaMiiiriiMiu DinnyKvOi lUn (Kl 

Modem Ruropo By Dr T. Tl, Dyi’r. Siul Kditloii, rovlsod and 

ooiillimod OvoIn DomyBva 91 1 .Sk Oil 

Tho History of Iho Klnga of jRomu. By Dr. T 11. Dyer. five. 1(1*. 
Tho History of Fonipoii. un BuildiiiKa Aiul Anliimltloa. By 
T tl Dyoi. Bril KfUUuii, tirolixlitfliiwii Ul 1071. riMtKvo 7< 0<I. 

Tho OlLy of Homo ila llwtmy luul Monumonta, 9ml KcllUon, 

iuyIruU by 1 ' ]l Dyiii Bn 

Anolont Athona ■ its llmloiy, 'L'oiioHiupliy, amt Bomulns. By 
1' 11 Dyor. Niiiiui Hiyiil Byd OliiUi. It tU 
Tho Doollno of tho Homan llopubllo. By 0. I^ong. 6 vols, 

8yo. Ik uiu)k, 


A Hlaiory of JUiigland during tho Marly and MldcUo Ages. By 

0 U I’uiinwn, M A. 9iul IWltlim ruYUotl iiml oiiliuHnil. 8 yo. Yol I. 
1(1* Vol. II Ik 

Hlsturloal Maps of Mnalfttid. By 0. 31, BoarHcm. 3?ollo. flrd 

UiUUoii ruvUud. OU, Od, 


History of Mnsland. 1800 -iO By linniot Martinooii, with now 

and oopluUH ludQX, 6 voIr Ik Bil, ouoli 

I A Pruoiionl Synopsis of mnaUsh History. By A. Bowos, Will 
lOdltlon, loviaocl Syo 8 a 

Of Blnalond. By A. Btrloklund. library 
1* t on, a VO a 7». on orwli Ohuajior Hdltloii.Svolii, fk oaoli. kMUgwX 
KiUtloiLlvol (t« Od Winy Quuou of Boot#, a vola 6*. oaoh, Tndaratid 
Sliinibl’ihiooaiioa, Ba 

Ealnhard's Llfo of Karl the Omt (Oharlomagno). TranBlatad, 
wltli NolflB, by W. CHalBtor, M A , n 0 1/. Crown Byo. 4* Oil, 

Tho Hlomonts of enmorol History. By Prof. Tytlor. Now 
Milltlon, brought down to 1871. auiaUPoatBro. 8^04. 
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PHILOLOGY, 


WBBSTEn’B DIOTIONAHY OP THE BNOLIBn LAN- - 

(IlfMtK, Wllh Hr. MkMi'h lltyninli^y, 1 vnl, vnnfw, ItOTK) llUi*. 

ll->1>iiiio Uln, >VII1| Ali]n'lllll>’i'X i;iul 70 HiMIlllJIKll IHlKill ut lllUBln, 

linn., IHI'I !U.. lU. 

• TMKHkart H\< rii-Ai.KNiii mil l)i( rxTAHT,'— 

viilli ]iiiht rriiii mi uiiiilionllon. 

nifilmuHioH'H I’hlloloHliinl DlnHonory of thoEngHah Lnaguaga, 

I ihiiIpIiiIii/ l''\|'li'ii'Olipii wHli KNiii'iliwv. mill rn)>li>iiBly tll'Antratoil by 
UuMinlliin* rmiii llii' Aiillim ll Ii’h, \Vlt1i n Hu]i|i|iimoiit. ^ roll. 4to. 

41. lt> iM.i Im1( .11. I^i. il l.] I'liiiiila, 01, IUj, Hu|iiilninoiitiuiiiinitoly. 

4tii. VA^. 

Au Mrn. Killt. willmia tlin QiiiitHlImi^lSi.i linU niBBliB, IKI*.] mBala, Qk 

Briar IltBlory of Iho En(;Mah Languago, ])y 1‘i'of. JamonllaOIoy, 

I.Ti.U.) YkIh i:iill<>i.'<i. Ki'i'l'. Hill, la, 

Tho ElnmenU of Ihn PinRlIab Languago. By B. Adama, Ph.D. 

Ul*l K UUun. I'mLHm, iIa, iM, 

PhUoloelea) Biiayi. By T. U. Koyi M.A., P.B.B. 8yo. lOi. Od. 
ZittiRURgo, III OHgln and Duvolopmont. By T. n. Koy, M.A,, 

ir.ll H. St(i, I'W, 

BrnoDTtaa and Antonymi of tho Engllah Language. By Aroh* 

iUrt<H)D fl0Uh. Unit K'UMiin, I'lialHvo. ni. 

Bynonymi niicrlmlnalod. By AroliiloHCon Binltli. Bomy 8vo, 
liflil Kilitliiii rnalM"'. It*, 

Blblo KngliBh. fliniili'rn nn Wtinlu'nnil rJirawa in llio Blblo an 

ll'xiV. J»j T. I<. l>. Ikviix. Ha, 

The Qiioan'i English. A Manual of Lllnm and Uwiro. By tlio 

Into Ihmii Airi>r,| (lib K-lltIr.ii. Vcnji. Hvn. la, 

A TlUinry orEngllflh niiylhmB. By MilwinOnrat, 

1 , 1 ., ti. ^nn by W. W. HKi.pil, llmiiy Kr.i, 1ft», 

Blamrinl* nf CompanilWo nrainMav aiifl Plillolngy. For Uan 

t„ Il» A 1*. Ti'i .'I.A.i iliixli.r (it I.ixiiIh Clnimiiiiir 

ItniirnNim, 1,‘x, ll-l, 

OuaBtlcina for Bxanilnnlloii In Engllah Llleratura By Brof. 

^ H'. W, ahwi. lilnl K,lllli>h, h'vl,.,"!. lia. (111. 



trd, 74. All- 


8t$ iiho iiiige i'i. 
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Ocoi'gc Sell and Sons' 


DIVINITY, MORAL PHILOSOPHY, &o. 

Kovum Testaroantum Grmoe Editioinajoi. ByF TT Scuvouoi, 
AM, LIj D , 1) 0 L Doiiii^Mi onlaiMxirilil-iou, roiitamijiqr Hut UoikUiiu'h 
(if Woitcntt nncl lloit;, nnd thoio wfuptoil hy tlio Ilov|i<nifl, 7i. (Id 
ioi rddiaiis wPiMtjc > 

By the tame Author. 

Oodex Beaffi Oantabrlgloasis 4to 208 

A Plain lutrodqotlon to the OilUolam of the New Tostamont 
Wltli FoifcyFniainillaafiAui Anriont MauuHoriiita “Jid Rdlllnii Bvo IR?. 

Six Leoturea on the Text of tho Now Tentament Poi Eni^lish 
RpAilciB Clown 8vo C< 


The New Testament for BagUah Readers DytholatoTI Alford, 
DD Vol I Pait I 3i<l Kdili 12* Vol I Part II 2ih1 Kdit lOj Od 
Vol II Pnitl 2mlll<nt 10» Vol II Partli 2iid]«(lit Ids 
The Greek Testament By (be late H Alford, B B, Yol I Gtb 
Bdlt It 6( Vol n 0th fidkt It 1« Vol III 5th Edit IBn Vol IV. 
Parti 4thH<llt 18» Vol IV Paibll 4th Edit li» Vol IV U 12* 
Companion to the Greek Testament By A 0. Banott, M.A. 
Stli Edition, roviaod Toap 8ro 6i 

The Book of Psalms A Now Tianslation, with IntioiSnotioDB, iko. 
l^tlioVoiyEOT J J Stowart Poiowno, D D 8ve. Vol I Gth Edition, 
ISs Vol ll 0th Edit I6g 

— - Abridged foi Schools Cth Edition Oiown 8to. lOs. Od. 

History of tho Artloles of fElellglon. By 0. H. Haidwick, 8rd 

Edition Post 8vo 5a 

History of the Oreads By J R Lumby, D D. Hid Eclitiou. 

Grown 8vo 7» Od 


Pearson on the Creed Ooiotully punted from an oaily edition. 

with Analyaig and Indox by B. Walford, M A Poit 8 vo 69 
Liturgies and Offloes of the Churoh, for the use of EngllBli 
Roadops, ill IlluHtmtlon of tho Rook of Coniiuou Piayor Ry tho Rov 
Edwnul Rnihidgo, M A Oiown Hvo 0* 


An Historical and Explanatory Treatise on the Book of 
Oommon Prayor By Hop W G Hnrapliiy, B D Cth Bditioiu onlarfrod 
Small Post 8 vo 2* M I Oboap I^itloo, Is 


A Commentary on the Gospels, EplstleB, and Acts of tho 
Apostles RyRov W Donton, AM Now Edition 7 vols 8 vo 18s 
each, oxcopt Vol II of tho Aots, 14* Sold sojmratoly 


Notes on the Catechism By Rt. Rev. Bishop Barry 8kh Edit, 

Foap 2 s 


The Wlnton Ohuroh Oateohlst 
Toaohing of tho Ohuroh OatoiihiBm 
LL D Itii Edition Cloth, 8 s , or 


Questions and Answers on the 
By tho Into Ilov J S B MonsoU, 
inlwin Pnita, sowed 


The Ohuroh Teacher’s Manual of Christian Instruction. By 

ItoT, M< F. Sadlor. 38th Tkouiand 2s Sd. 
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FOREIGN CLASSICS. 


A Seriei for me in SoliaoU, icith Enfflith Notes, gramnaiiMl nnci 
explanatory, flJHi renderlngi of dificnll idiovtatio expresHom, 
Foap. 8t)0. 

Sohlller'B Wallenstein. BvDr. A. Baolihelm. Ctli Sdit. Ci. 

Or the Lagor and Flooolomini, 3a, Sd, WATl«DSt«tn'H ToA, 3), Od, 

— Maid of Orleans. By Dr. W. Wagnor. 2ml Relit, li. fit?. 

—— Marla Stuart. ByT. Kastnor. 2ncl Rdiiion, li. Od. 

Q-oothe’s Hermann and Dorothea. By B. Boll, M.A., and 
R. Wfllfol. la. Od, 

German Ballada, from Uliland, Qootbo, ami Sohlllor. By 0. B. 
niolofolil, SrtllMIUou, la, OA. 

Oharles XU., par VoUalro. ByL. Biroy. 7th Edition, la. 0d. 

A.7enturefl de T61Smaciue, par ir6a(61oa. By 0. J. Dolillo. 4tli 
saitloni Sa.Cd. 

Beleot Fables of La Fontaine. ByF.B.AiGASo, ISthEdlt. U^Ctil, 

Ploolola, by X.B. Sniutlno. ByBr.Dabnoi Idth Tlioneand. Is. Qd, 

LamuUno’B Le Tallleur de Flenes do Saint-Point. By 
J. holollo, <lt1i iboiiaaiHl. Poap. Bro. U M. 

Ilnllon Primer. By Hoy, A. 0. Olapln, M,A. Poap, 8vo. 1«, 


FRENCH CLASS-BOOKS. 


French Grammar for Pablio Schools. By Bov. A. 0. Olapfu, MiA. 

Ponp. 8 to. llthHilltlon, rovl»il. 8i, (W. 

French Primer. ByRov.A.O.Olapin.M.A, Foap-Sto. TthBd. Is. 

Primer of French Philology. By Iter, A. 0. Olapln. Foap. 8vo. 
anlHUlb. li. 

Le Nouveau Tr6aori or, French Studont'a Oompouton. By 
M. R, B. IStlilMItlon, Bmp. 8to. la. fld. 

French Examination Papers in MiBCollanoous Grammnr and 
Irtiomfl, Oompllotl liy A. it, M. Btmlmnn, M,A. 2n(l Edition, mrliwl, 
drown Bro, Ba. (U, 

Key to tiio above. By G. A. floliriimpf, TJnlv. of Franco. Grown 

8vo. III. 

Manual of Frenoh Prosody. By Artlinr Qossot, M.A, Grown 
8to. Si, 
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Gm go Boll and Som' 


PEA. CfASO'S FRENCH COURSE. 

First French Book Peap. 8vo 98th Thousand. 1» 

Second Frenoh Book 47rti Thonsand, Poap 8yo. 1«. Cd. 

Key to Fust and Second Pionoh Books CtliEcht Pop 8vo 8« Od 

Prenoh Fables forBegfimors, mPioso, wtth Index IGtliTliousftnd 
12mo 

Select Fables of La Fontaine 18tli Thousand Fcap 8vo Cd. 

Hlabolres Amusautes ot InatmoUves With Notes. lOthThon 
uind 8vo Cd 

Praotloal Q-nlde to Modem Frenoh Conversation 17th Thou 
sand Foap 8vo 2» 

French Poetry for the Young With Notes. 6th Edition. Poap. 

8ro 2a 

Materials for French Prose Oomposltion , or, Selcotions from 
tlio boat Engliah Pioao Writora 18tU 'fhoiiaand Foap 8vo la. Od 
Ko 7, da 

Prosateurs Contemporains. With Notes. lOtb Edition, lo 
vUod 12rao la 0<1 

Le Petit Oompagnon , & Frenoh Talk Book foi Little Children, 
llfcb Tliousnncl ICmo 2i 

An Improved Modem Pocket Plotlonary of the Prenoh and 
Cngllah Languagoa SSkhTboiuond, nitli Additions IGmo 2a Cd 

Modem Frenoh English and English Frenoh Elotlonary 8rd 
and Olionpoc Edition, corisod In 1 vol lOa 6ci 

The ABO Tourist's Frenoh Interpreter of all Immediate 
Wftnta By F J3 A Gaao la 


GOMBEST'S FRENOH DRAMA. 

Being a Selection of the host Tiagodios and Comedies of MoliMo, 
Raonio, OoinciUo, and Voltniro With Argiimonta and NotOR by A. 
Qoiubert Now Edition, coviwd byF B A Gobo Foap 8vo la oneb} 
sowed, ed 

OOHTERTS 

UourRFi— La MlBAnthropo Ii’Amro Lo Boni^ooiB Qontilbomnio Lo 
Tftrtnffo Le blalado Imnglnniro Loa FemmoB Bft\antOB Lob Foinboiioa 
do Scapin Loa Fidaleitaoa Ridloiilos L'Ecolo doa Fommea L'Ruolu dos 
Matla Lo MMooln matgrd Lnl 

lUoiME I— Fbtfdro Eatber Atbnbo Ipbigdnia Lon Plnldoma Li\ 
Tiidbnldo) on, Loa FrdroB Bnnoinlfl Andiomnquo Brltnnniona 
P OonMnu.LHi— LoOld Borneo Olrnuu Polyonoto 
VOI/TAIBH I— ZdlM 


GERMAN CLASS-BOOKS. 

Materials for Gorman Prose Composition By Dr Buohlioim. 
lltb Edition, tlioiongblyroTiaod Fonp 4a 6d Koy, PtvitsI nndll.Ha 
Pmtaltl iMul IV , la 

German Conversation Grammar By I Sydow SncT Edition. 
Boob I Etymology 2a dd Book II Syntax la Od. 


EdiwatioMl Wod-8. 
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(lermEiii Uxaralntvtlon Ootiraa, ComprisiTig Matoruila for Trans- 
Intlon, Qmminar, and OouTorenlion. Hjr P. LaiiBO, Ph.D., Prorounr 
It M. A. Woolwloli. GK)\vn 8yo, Blomoiilar7. ‘it, IiUormodlalo. 28. 
AcItriicoiI. 1*. fliL 

Wortfolgo, or Rules and BxerolaaB on tho Order of WoriB In 
Qormau BoDtoiicoa, Dr, P. Btook. I*. Gd, 

A Gorman Grammar for Piibllo ScIlooIh. By tlio Bov. A. 0. 

Olftpln ftiMl P. Holl Mailoc. dlh Killtlon, Fmp. Ss. Od. 

A German Primor, with BxeroUea, Dy Bov. A. 0. Olapin. Is. 
Kotaebue'B Der Goftingone. WtUKotoabyDr.W.airombeTg. li. 
German Bsamlnatlon Papem In Grammar and Idiom., By 
It J, Moricb. ‘.t. 4i(l. 


MODERN GERMAN SOHOOL 0LABSIC8. 

Molflter MnrLln, dov KilEnov. EratlltlunR von B. T. A. Hoffman. 
1)7 Prof. F. Dniigo, Pli.D. FcAp. 8vo. It. Od. 

Hans LanRQ. Bulmusplol von Paul Heyso. Uy A, A. ^[aa- 
(loiKill, MiA., I’li.i), Fmii, 8vo. Se. 

AufWaohei Novollo von BovUiold Anorbach. Dnn OKirnonEMB 
KvB9, Novollo von Otto lUxiuntto, 1)7 A, A, Un<'<luuull, M,A, Vonp, 
8vo, 28. 

Per Blbllothekar. IjUBtHpiol von G. von Mosoi. By Prof. F. 
Lnncroi Pill Di Auflior/Kdedilioii, 2i. 

Plo fJournaliBlen, LustAplol von Qnetav Froylng, By Pro* 
fuwov P, Leiigo, Pb.Di 2i. 6d. 

Bine Frags. von Goorgo Bbore, By F, Stotr, D-A,, 

OlUof UuUt! of Aloiloruldiibjoott In HocotantHnylon' ^liool, St, 

Zopf und Sobwort, Luataplel von Karl Gutzkow. By 
ProfosBOr F, Lnugo, I’h.D, 28. Aulhoriied Jidlltoft. 


ENGLISH CLASS-BOOKS. 

A Brief History of the BneRsh Language. By Prof, Jab, Hadloy, 

IiTj.D,, of YdJo OoUago. Fotip, 8vo. 1*. 

Oomparative Grammar and Philology. By A. 0. Prloo, ILA. 

2t. Qil. 

The Blementa of the BngllBh Language, By B. Adams, Fh.D, 
2lBt Bdltlou. PosfcSTO. 4*. dd. 

The BudlmenU of Bngllsh Grammar and Analysis. By 
B, Adftms, Pli.D, 10th TUqubmuI. FooikSto, U. 

A Oonolse Bystem, of Parsing. By L. B. Adams, B.A Foap. dvo, 
U6d. 

By 0. P. MaboHi Follow of Xlnlv. Ooll. London. 

First Kotlons of Grammar lor 7ouQg Loomors. Fosp. 8vo< 
86tU to 40th I'UciiuMid, Oloth, CKI. 




(t'rotiii' Hill mill iSini-^' 


1H 


Flrnb Stops In ISngUDh Orurnmnir lor Junior (JliuBttoH. Doiuy 
lUmo Ulli TIiiiuntuKl In, 

OutltnoB of ]!]uBUflh Grummnr for Itiu uhu of Junior OlnnKoii. 

lliilU Ui 7 <'||| 'i'liiiiiMiitil (ItinMiHvo 

JUnHllBh Grammar, inoluJiuK llui t'rIiu‘i)>UtM of Cluuiuunluinl 

Atiiilyiiiii Halt Killtlim U<'tii l» IJttli 'llitnintin'l, liiitMiHrd. {O rj<l 

A Shorlor BingUnh Grammar, with uoiiiuiui Kxou'iukh unlit lo 

'llKitiinixl (.litwMi Uvo '<> (III 

SInKUBh Qtammar FruoUao, bciiiK lliu Kxorolucfl tmpiirnlrly li, 
Ooclo Slanclnid Grammarii I'lirlul nml 11.. ‘iit racli. I'iiUm III , 

IV , iiud V., ill urn’ll 

NoIor of LeuBonH, Ihoii X'ri'imralinu, lU' Hy Join' Uiukaul, 
I'aik I, >1110 lloHiil HuImiiiI, IiH’iI', nml A H ’Jttjrliir, lioiUur llount 
Ki IkkiI, liinilii UikI 1 itltliiii. I'lnWiiHrd .ji ||it 

A Byllnblo Bynlom of Tonnliius to Ilond. i iiiuhliiiiix llio iu]\nn 

tiiKKK of lli<’ ' L'liiiiilii’ nml till’ ' IhjiiIi nml Huy ' Hye(..im) ( row it Hto 1 

PraoUoal HinlD on TonohlnH ll> Itov J M A. (Uli lililil. 

luvlHud Uiuwiillvn iiikiiur, Uii 

XIow to XUnrn Iho Moril Grant K Manual of Hrliool Maimoc 
iiiKiil lly 11 Mnjnii UA, 11 Ku Jml liilll rnvlnoil I'lirb 1 liifniil 
tiiOiuuIi Il« i’nrl 11 h niiiii|iliili>i Ur 

iroatLuBHonBlnlDlolaUon. llli Kilitiun. I'upor oovofi h ()if> 

Drawing OoptoB lly 1*. H. DulnmoUo. ObluiigBvo. ]»i. Sold 
aluuiiiiiitiU itlii. uavli. 

Footry for tlio Sulioohoom. Now Ktllllon. 1%]!. Bvo. li, (lit. 

Tho Botanlat'fl Pookot Book. Wllli a ooploua Intlosc. By W. U, 
nnymid Allt Kdllluit, uivInuiI, OiowuHro. rliatU 4fl. tkl. 

Bxporlmotttal Ohomlalry, fouudoil on tho Work of Di. BlOokliartU 
liy Ui W. lioiituii. I'okIBvu. bn. 

LooturoH on Musloal AnalynlB Hiiimtu foiiii, Iiihuo IUuh 
liiituil ftum Uln^slwil Mimlum. ItyViuf 11 U, liniilotui ?« 0<1. 


(jJ'lOOUAPllIOAIj H13HIE9. Jly M. J. lUuuiNttioN Wviio, M.A 

The Map and tho OompaaH. A Uoiiding Hook of aooMrauliy 
auudnid 1 . Od « i J 

Tho Round World. A Reading Hook of Cleography For 
Htniiiliuil II. 10(1 

Tho Ohlld’8 Oooarnphy. l-or Uio Uho of Hohoole and for Homo 
TiilUmi (III 

Tho OhikVa Goography of JOnglond With XnUodnolory Kxor 
uIhuu im bliQ llrlllalt UIom nml llmiilri} 

Tho Ohild'u Goography of Dngland With Inlroduotoiy Ifixor 

iiodH un the lliitlali liiloa and 1 miilro, wlllt QtioAlloitii. J) 0tl, 

(Iliwi In prfpamlhn, 
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J'AliU'iilhiHiil JKorh. 


IIolpB Coxirao of Pootiy, rnr Hi'IiohIk. A Now Holoollon from 
Urn KhijIIkIi l'(vrlB|i'iii'i’tiillyn>iii)il1i‘*l luid Hdiiitlntl to thowivoralHtniulavilH 
liy K, A, IliiliH, mm i»f liihinntcrH of HpIjooIb, 

lliHik I. IiifditlH Biitl HliiiiiIiivdH L mill II, 1111 iiii, Htimll 8vo, W. 
Hunk H. Hliuiiluvils 111, mill IV, ll'll ii|), ovowii Hvo. In, (kl. 

Hunk III. HtmnlnvilH V., VI., iiinl VII. IIS'J pii. pout Hvo. liei 
Of III I'AU'J’H. Iiirniifii, ‘Jil. I HLiiuilard I., liJ, i HtoiKlord 11., i!d. i 
Htiiuilanl 111., Ill, 


Ploluro Bohool'UookB. In flimplo Laagvmgo, wUh numoroue 

lUiulrnllimn, ltoj«l lOino. 

Tim Iiifmil’* rfliinif. IM.— Hnliiml I’fliiior, Cd.— Holionl lloador. By J. 
Tlllimnl, O.—l'imlry lliMik for tinlumlii, l«,-~Tliu TAfo of Jowpli, li-^lio 
Hi'rl|iliini I'HrAliliva, J|y Oio llov. J. K, Ulnrkn, li,— TliQ HorliitUM MlmoloB. 
lly Urn Unv. J. K. (llnrkii. I*,— Tim Nnw TunUimniit lIlnLory. By tUo Hot, 
J. <1, WihhI, M,A. 1«, -Tlin OM TnnUimniit lllKtory, Hy tlio ilor. J. G. 
Wiwxl, M,A. 1«.— Tho Htnry of llimyiiii’M I’Hjfriui'n rroKruaa. !»,— Tlio Llfo 
of Mmitii Iiulliur. Uy Hiirah (Irnuiiilon. li, 


BOOKS FOR YOUNG READERS. 


A S^rii'-ii/JirnUingJIutihihiiiifiiril (n/ncitilaif.lkoactiuiiUionqflhtpoicer 
•if lUuiUiir/ hjf wri/yoiiiig VhihlirH. /nil yobi. limp cloth, Qd. each, 


‘ I'ho Old Bonlhoiue. Boll nnd Fnn; or, A Gold Dip, \ 

' Pot and Iho OnL A Bit of Oako, The Jay. Tho / 

lllnnk llnii'o Kf«t. Tnm iiud Nml. tliK. Bno. f {ludnUi 

' rho Oat and the Hon. Sam and hlo Dog Bed-leg. } 

Ikili m.il Turn fxw. A Wronk. I 

• Pho New.bom Lamb. Tho Roaowood Bor. Poor j 

pMi. HbMp IhiK. ' 


'Pbo story of Three Monkeya. 


'Story of a Oal, Told by Horaolf. 


Tho Blind Boy. The Mute airl. A New Tale of 

BkW In % WiHxl. 

The Day and tho ICnlght. Tho Now Bank Note. 
Tlia lloynl VUlt. A Wnlk on n WluUii-'ii I)ny. 

'Queen Bee and Buiy Beo, 


SuUnblD 

/or 

filandardi 
' i.tn. 


*aull'i Orag. 


'A Flnl Book of aeogmphy. By the Hot. U. A. Johua. 

llliutraiid. DtnibU »iM, li. 



20 Qcorgc Bell and Mikadtimal Worh, 


BELL’S READING-BOOKS. 

UOR BOJIOOi.H AND PAUOtlHIAl, I.IIUUUII.H 

NowHeady, PontOi'O. .SVronj/li/tiiiimlnn/nf/i, 1* furlt 
‘‘lilfo of Ool«nil)U'i 

" GWtnm’u Gorman ThIob {Mi'li'dU-il ) 

*Au(loruouB Divnitili Tiikiii llluauitdl 
Groal It’iJiHUBlmuni Hlimtliivt'n fni \ mints (iinlili mi 
Gloat iiJiiKllfiliwornfm iiiimtl.iM i of 
Gioal Buutuiimn Hiimt I.im h of 
"Mastormau Uondy J^ydaiit Mnnint. lllim (Al^l ) / 

"fjtiotl'o Titlltirnitn ) 

*li’riondn in li'ur and l/'miHnmi \\y (Uvmifun ') 

*L)tolcmiHi( Llllln Noll Aliinli'i IfiomUii’' limdll / 

( iiiliiMllYi^Imn' I 

ParabloB from Naturn (Hi'li'ilml) IWMih. Ualiy 
Lwnb'H Talon from Blrnkmivimna (MuiiitiU il ) \ f''*" i'";'* 

BldgowoilK’n Tail'll (AHilmlrnn) / G « l' 

*(3ulllvorn Travoln (Alnnli ul ) 

"Boblnnou QruHoo lllimtiiiinl 
•Ariiblan NlMiita (A Hi Im Imn Kownllmi ) 

Llfihl of Truth nyMiKdiiUy, / 

n’hoVloarofWakoiUilcl 

•aotllorn In Oimacla liy On|it (Mm.lj;,,! ) ' 

Mario GllmpHOH of Llfo In I'nuit'n \ ij I 

Toolry for Boyo. Hitlu'tmlhy 1>. Mnnro. ' 

Southuy'a Lira of Nolnon (Aliiiilt'i>.l ) Rim. iv,,,!, 

*Uf®oftUoDukQofW6lUnBU)Q,\MtliM.nMnmH'kn«i. I'/l/ 
Sir Kofsor do Qovorloy anil ullim 1 M.iiyr, from Um ' 

Wi'itidiiii ' 

Talon of thoOoaal lly .T. Kmunmnn. J 

rnlumm Ilia l|j|tii||.i(f I ' 


Nml il >e 

/II. 

' Niiiil II /h 

III .8 ir 


Ihii/onH with ihf .S'u/m, tii l(,ni> thlh. k/ ruth 
ShakflHpoaro’n Plays Kmnliln'M ItmiOmii l''.tiiimi With E, 

l.lniiikU.ry Nolpi (or Hdluiiil t)«n, 


JUIilUH 0/U<iAU a’JlK MISIWIKANT Oli’ VlgNT'IR KlNO .TnllK 
JIKNIIY THB nmf MAOHI'TU AH YOU (!lKll IT 


romlfliii rrlnU.U./8ri.*vaBWMii*/<o?... l«w*rBiml CAmto.iUo w t' 




